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This paper deals with estimating the probability of a binary counterfactual out-
come as a function of a continuous covariate under monotonicity constraints.
We are motivated by the study of out-of-hospital cardiac arrest patients which
aims to estimate the counterfactual 30-day survival probability if either all
patients had received, or if none of the patients had received bystander car-
diopulmonary resuscitation (CPR), as a function of the ambulance response
time. It is natural to assume that the counterfactual 30-day survival probabil-
ity cannot increase with increasing ambulance response time. We model the
monotone relationship with a marginal structural model and B-splines. We then
derive an estimating equation for the parameters of interest which however fur-
ther relies on an auxiliary regression model for the observed 30-day survival
probabilities. The predictions of the observed 30-day survival probabilities are
used as pseudo-values for the unobserved counterfactual 30-day survival status.
The methods are illustrated and contrasted with an unconstrained modeling
approach in large-scale Danish registry data.

K E Y W O R D S
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1 INTRODUCTION

We are interested in estimating the counterfactual probability of an outcome if everybody in the population follows a
certain exposure level. In particular, how this probability varies according to a covariate. In many practical examples, it
is natural to assume that the counterfactual probability of interest is a monotone function of the covariate of interest.
We are motivated by a recent study1 that examines the effect of ambulance response time on 30-day survival proba-
bility in out-of-hospital cardiac arrest (OHCA) patients if either all patients had received or none of the patients had
received bystander cardiopulmonary resuscitation (CPR). It is genuine to assume that the 30-day survival chances for both
cases—if all OHCA patients had received or none of the OHCA patients had received bystander CPR—should not increase
when the ambulance response time increases. There are several estimation methods in the causal inference literature
for estimating the counterfactual probability of interest, including marginal structural models2-4 that enable to directly
model the counterfactual probability of interest. Here we discuss how to estimate a monotone relationship between the
counterfactual outcome and the covariate of interest using marginal structural models with monotonicity constraints.

Various constrained smoothing techniques have been developed for estimating a monotone function.5-9 Ramsay5

used integrated splines with nonnegative spline coefficients and Wang6 adapted the method of Ramsay to settings with
This is an open access article under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction in any
medium, provided the original work is properly cited and is not used for commercial purposes.
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604 STARKOPF et al.

generalized linear models with a single smooth function. Many others have developed monotone regression approaches
using B-splines.10-14 We will combine regression models with monotonicity constraints14 and the causal inference theory
to estimate the counterfactual probability of interest. Specifically, we propose to use a logistic regression model with a
parametric term for the CPR status and a monotone function of the ambulance response time as a marginal structural
model for the counterfactual 30-day survival probability. The function of the ambulance response time is modeled by con-
strained B-splines to satisfy the monotonicity assumption. To control the smoothness of the monotone function, we use
a penalty on the coefficients of B-splines.14

Since the counterfactual outcomes are not always observed, we cannot fit the marginal structural model directly to
the observed data. Therefore we develop a pseudo-value approach whereby the unobserved counterfactual outcomes are
substituted by the pseudo-values obtained as predicted probabilities from an auxiliary regression model for the observed
outcome (Section 3). The marginal structural model is thereafter estimated using penalized estimating equations with
the predicted probabilities as pseudo response variables. Our approach is closely related to g-computation estimation of
marginal structural models.4,15,16

Our estimating equations are not asymptotically unbiased due to the penalization term. Therefore, the usual sandwich
estimator of the standard errors of the marginal structural model parameters will have poor performance.17 In addition,
the variability induced by substituting the counterfactual outcomes by predicted conditional probabilities has to be taken
into account. We therefore use a nonparametric bootstrap procedure to obtain confidence intervals for the counterfactual
probabilities of interest (Section 3.3).

In our motivating example, Rajan et al1 used a logistic regression model to estimate the 30-day survival probabil-
ity conditional on bystander CPR status, ambulance response time and other patient and OHCA characteristics. They
then applied the g-formula to estimate the counterfactual survival probabilities. However, the results presented in Rajan
et al1 show that for ambulance response times above 15 minutes the estimates of the standardized 30-day survival
probabilities for both, patients with bystander CPR and those without, increase slightly with increasing response time.
We show that our marginal structural model with monotonicity constraints provides estimates of the counterfactual
30-day survival chances according to bystander CPR status that respect the monotone dependence on the ambulance
response time.

2 MARGINAL STRUCTURAL MODELS WITH MONOTONICITY
CONSTRAINTS

Let O = (W ,A,Y ) be the observed data structure, where A is a binary exposure, W a vector of covariates and Y a binary
outcome such that W can affect A and Y (but not the other way around) and A can affect Y (Figure 1). Further, let
W = (C,Z), where Z is a continuous covariate of interest and C = (C1

, … ,Cp) is a vector of covariates. For each sub-
ject i, i = 1, … ,n, we observe Oi = (Ci,Zi,Ai,Yi). Let Y (a) be the counterfactual outcome under exposure a, that is,
the outcome we would observe had the exposure A been set to a. We use X = (C,Z,Y (1),Y (0)) to denote the counter-
factual data structure. We assume that the observed data can be linked to the counterfactual data by the consistency
assumption:18

A = a ⇒ P(Y = Y (a)) = 1. (1)

The consistency assumption states that the observed outcome is equal to the counterfactual outcome corresponding to
the exposure level that was actually observed.

We are interested in estimating the counterfactual probability

Fa(z) = P(Y (a)) = 1|Z = z,

F I G U R E 1 Assumed underlying causal structure
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STARKOPF et al. 605

of the outcome if everybody in the population follows a certain exposure level a, as a function of the continuous covariate
Z. In addition to consistency we assume exchangeability, that is,

Y (a)⊥A |Z,C for a = 0, 1, (2)

and positivity

P(P(A = a|Z,C) > 0) = 1 for a = 0, 1. (3)

Furthermore, we assume that the counterfactual probability Fa(z) is a monotone decreasing function of the covariate Z,
that is, for both values a = 0, 1 and all possible values z1 ≤ z2 of Z:

Fa(z1) = P(Y (a) = 1|Z = z1) ≥ P(Y (a) = 1|Z = z2) = Fa(z2). (4)

Robins2 introduced a class of regression models for Fa(z) called marginal structural models. To estimate Fa(z) under the
constraint (4) we suggest to use a marginal structural model with a monotone smooth term given by

logit(Fa(z)) = 𝛼0 + 𝛼1a +m(z), (5)

where m(z) is a smooth function of the variable Z satisfying

m(z1) ≥ m(z2), (6)

for all values z1 ≤ z2 of Z. For simplicity, we first consider a monotone function m that only depends on the continuous
covariate Z. In our application (see Section 4) we consider a function m that is allowed to vary for different exposure
values a = 0, 1. It is easy to see that if condition (6) is satisfied then

Fa(z1) = expit(𝛼0 + 𝛼1a +m(z1)) ≥ expit(𝛼0 + 𝛼1a +m(z2)) = Fa(z2),

for all possible values z1 ≤ z2 of Z, because expit is a monotone increasing function.
Following Pya and Wood,14 we use B-spline basis functions to model the monotone function m(z). Let Q be the number

of basis functions and Bk
q(z), q = 1, … ,Q the B-spline basis functions of kth order based on evenly spaced knots. For

detailed expressions of the basis functions see Appendix A. Using the B-spline basis functions, we can parameterize the
model (5) as

logit(Fa(z)) = 𝛼0 + 𝛼1a +mQ,𝛾 (z), (7)

where

mQ,𝛾 (z) =
Q∑

q=1
𝛾qBk

q(z),

and 𝛾 = (𝛾1, 𝛾2, … , 𝛾Q) are real-valued parameters. By definition of B-splines, the function mQ,𝛾 (z) is k-times differen-
tiable. Therefore, a sufficient condition for (6) to be satisfied is that the first derivative of mQ,𝛾 (z) is negative. De Boor
et al19 show that the derivative of mQ,𝛾 (z) based on equally spaced knots is equal to

𝜕mQ,𝛾 (z)
𝜕z

= 1
h

Q∑

q=2
B(k−1)

q (z)(𝛾q − 𝛾q−1),

where h is the distance between the knots and B(k−1)
q (z) are B-spline basis functions of order (k − 1). Since all B-spline

basis functions are positive (see Appendix A), it follows that the monotonicity constraint (6) is satisfied if

𝛾q − 𝛾q−1 ≤ 0, (8)
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606 STARKOPF et al.

for q = 2, … ,Q. We reparameterize the function mQ,𝛾 (z) as

mQ,𝛾 (z) =
Q∑

q=1
𝛾qBk

q(z) =
Q∑

q=1

(

𝜃1 −
q∑

j=2
exp(𝜃j)

)

Bk
q(z) = mQ,𝜃(z),

with

𝛾1 = 𝜃1, 𝛾q = 𝜃1 −
q∑

j=2
exp(𝜃j), q = 2, … ,Q. (9)

The reparameterization (9) implies that

𝛾q = 𝜃1 −
q∑

j=1
exp(𝜃j) = 𝜃1 −

q−1∑

j=2
exp(𝜃j) − exp(𝜃q) = 𝛾q−1 − exp(𝜃q) < 𝛾q−1, (10)

for q = 2, … ,Q and hence (8) is satisfied. From now on we will refer to 𝜃 = (𝜃1, … , 𝜃Q) as the unconstrained spline
parameters and to 𝛾 as the constrained spline parameters of (7).

3 ESTIMATION

3.1 Counterfactual world

In this section we assume that we are able to observe the counterfactual data X , that is, we observe both Yi(1) and Yi(0) for
all individuals i = 1, … ,n. Model (7) is a generalized linear model (GLM) with parameters 𝛼 and 𝜃. For a fixed number
Q of basis functions, the parameters 𝛼, 𝜃 can be estimated by maximum likelihood estimation. However, before moving
on with coefficient estimation, we should control the smoothness of the function mQ,𝜃 . The smoothness of mQ,𝜃 is con-
trolled by the number Q of the basis functions. The model may be overfitted if too many basis functions are employed,
in contrast, a too small number Q may lead to underfitting. Pya and Wood14 suggested using a relatively large number of
basis functions together with a penalty on the unconstrained spline parameters given by

𝜆

Q−1∑

q=2
(𝜃q+1 − 𝜃q)2.

For a fixed smoothing parameter 𝜆, the parameters 𝛼 and 𝜃 of (7) can be estimated using penalized maximum likelihood
estimation. The resulting estimators �̂� and ̂

𝜃 solve the penalized maximum likelihood score equation given by

U(�̂�, ̂𝜃, 𝜆) = 1
n

n∑

i=1

∑

a=0,1

{
Yi(a) − 𝜇(a,Zi; �̂�, ̂𝜃)

}
̃W i − 𝜆

Q−1∑

q=2
( ̂𝜃q − ̂

𝜃q+1) = 0, (11)

where 𝜇(a, z; 𝛼, 𝜃) = expit(𝛼0 + 𝛼1a +mQ,𝜃(z)) is the reparameterized marginal structural model (7) and

̃W i =
𝜕𝜇(a,Zi; 𝛼, 𝜃)

𝜕(𝛼, 𝜃)
|(𝛼,𝜃)=(�̂�, ̂𝜃)(𝜇(a,Zi; �̂�, ̂𝜃)(1 − 𝜇(a,Zi; �̂�, ̂𝜃)) )−1

.

The estimates �̂� for the constrained spline parameters 𝛾 can be obtained by

�̂�1 = ̂
𝜃1, �̂�q = ̂

𝜃1 −
q∑

j=2
exp( ̂𝜃j), q = 2, … ,Q.

Pya and Wood14 proposed using the Newton-Rhapson method for solving the penalized estimating equations like (11) for
generalized additive models with monotonicity constraints. The smoothing parameter 𝜆 can be estimated by minimizing
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STARKOPF et al. 607

a model fitting criterion such as the Akaike information criterion20 or a generalized cross validation score.21 Minimization
of the chosen criterion requires choosing a grid of possible smoothing parameter values and applying some numerical
optimization method. Thereby, the model fitting algorithm must be iterated for each value of the smoothing parameter
on the grid so that the criterion can be evaluated. The interested reader is referred to Pya and Wood14 for more details and
discussion of the smoothing parameter estimation.

3.2 Real world

Let us now move back to the real world situation where we instead of X only observe O. For each individual i = 1, … ,n,
we only observe the counterfactual outcome Yi(Ai) = Yi under the actual exposure value Ai. Let F(A,Z,C) denote the
conditional probability of the event {Y = 1} given (A,Z,C) and G(c|z) the conditional distribution of the covariates C
given Z. Under the identifiability assumptions stated in Equations (1)–(2) the counterfactual probability of interest Fa(z)
can be expressed as

Fa(z) =
∫c

P(Y = 1|A = a,Z = z,C = c)dG(c|z)

=
∫c

F(a, z, c)dG(c|z), (12)

where the formula on the right-hand side only depends on the observed data and is a special case of the g-formula (see eg,
Reference 16, 22). Essentially, Equation (12) states that under identifiability assumptions, the counterfactual outcomes
Y (a) and the conditional probabilities F(a,Z,C) have the same conditional expectation with respect to the distribution
G(⋅|Z). The g-formula (12) motivates us to substitute the counterfactual outcomes Yi(a) in the score function (11) with
estimates of the conditional probabilities F(a,Zi,Ci). To estimate F(a,Zi,Ci)based on the observed data we use an auxiliary
regression model. This can be any kind of parametric, nonparametric, or semi-parametric model that provides a consistent
estimate of F(A,Z,C). In what follows we work this out by considering a logistic regression model

logit(F(a, z, c)) = 𝛽0 + 𝛽1a + 𝛽2c1 + … + 𝛽1+pcp + f (z), (13)

where f (z) is a smooth function of Z and 𝛽 = (𝛽0, 𝛽1, … , 𝛽1+p) are regression parameters. Note that estimating f also
requires some smoothing method. In our application we use regression splines to approximate f (see Section 4). Let
f (z;𝜙) denote the approximation of f obtained from using regression splines with parameter 𝜙. Let ̂𝛽 and ̂

𝜙 be consistent
estimates of 𝛽 and 𝜙, respectively. We denote 𝜈(a, z, c; ̂𝛽, ̂𝜙) = expit( ̂𝛽0 + ̂

𝛽1a + ̂
𝛽2c1 + … + 𝛽1+pcp + f (z, ̂𝜙)) for the pre-

diction of F(a, z, c) under the model (13). Now we can substitute the predictions 𝜈(a,Zi,Ci; ̂𝛽, ̂𝜙) as pseudo-values for the
counterfactuals Yi(a) in the score function (11).

In the light of (12) we have that for 𝜆 = 0 the estimating equation (14) (below) would be unbiased if both the auxiliary
regression model 𝜈 and the marginal structural model 𝜇 were correctly specified at the same time. Unfortunately, this
cannot be true for our chosen parametric models, see discussion in Section 6. To proceed we assume that both models are
nearly correctly specified and work with the estimates �̂� and ̂

𝜃 that solve the estimating equation

̃U(𝛼, 𝜃, ̂𝛽, ̂𝜙, 𝜆) = 1
n

n∑

i=1

∑

a=0,1

{
𝜈(a,Zi,Ci; ̂𝛽, ̂𝜙) − 𝜇(a,Zi; �̂�, ̂𝜃)

}
̃W i − 𝜆

Q∑

q=2
( ̂𝜃q − ̂

𝜃q+1) = 0, (14)

for given estimates ̂
𝛽,
̂
𝜙 and a fixed smoothing parameter 𝜆 and where ̃W i is defined as in Section 3.1. The smoothing

parameter 𝜆 can be estimated as described in Section 3.1 only now the fitting algorithm that is iterated for each value of
the smoothing parameter has to solve the estimating Equation (14) instead of (11).

3.3 Implementation

The penalized maximum likelihood method for generalized additive models under various shape constraints has been
described in Pya and Wood.14 A major challenge of the estimation approach is computationally stable and efficient
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608 STARKOPF et al.

implementation. The estimation approach has been implemented in the scam (shape constrained additive models) pack-
age in R23 and an extensive discussion on convergence, initialization, use of splines and other aspects of the optimization
method is given in Pya.24 Unfortunately, the estimation procedure cannot be applied to marginal structural models
directly since the response variables Yi(a) are only partially observed. Our implementation of the pseudo-value approach
described in Section 3.2 is illustrated in Figure 2 and example R code is provided in Appendix S1 published on Github.25

4 APPLICATION

4.1 Data source and setup

We will now illustrate the proposed method described in Section 3.2 by analyzing the data of Rajan et al.1 The aim is to
examine the effect of bystander CPR on 30-day survival after out-of-hospital cardiac arrest and how it depends on the
ambulance response time. All OHCA patients between 2005 and 2011 were identified through the Danish Cardiac Arrest
Registry. In total 7623 OHCA patients were studied. The detailed inclusion and exclusion criteria are given in Rajan
et al.1 The Danish emergency medical service personnel are required to complete a short case report from the Danish
Cardiac Arrest Registry for every OHCA case. Among others, it includes information on year, time and location of arrest
(private home vs public), witnessed status (witnessed by a bystander or EMS vs non-witnessed) and whether bystander
performed CPR. The time from the call receipt by the emergency medical services until the ambulance arrived at the
site of OHCA was defined as the ambulance response time. Ambulance response time was used as a proxy for the time
to advanced treatment, that is, the time in minutes from the emergency call to CPR and potential defibrillation given
by the emergency medical services. Information on age, sex, comorbidities, and 30-day survival status were obtained
from nationwide administrative registers and linked to the Danish Cardiac Arrest Registry data using the unique Civil
Registration Number provided to all residents of Denmark.

We work with the causal structure given in Figure 3, where Z denotes the ambulance response time, C denotes patient
and OHCA characteristics, A is the bystander CPR indicator and Y denotes the 30-day survival status. The patient and
OHCA characteristics C include age, sex, location of arrest, witnessed status, comorbidities, and the year of arrest.

4.2 Modeling

Rajan et al1 use the g-formula to compute the standardized 30-day survival chances for given ambulance response times
in two hypothetical populations—one where all the patients received bystander CPR and one where none of the patients
received bystander CPR. The conditional 30-day survival probability is modelled by a multiple logistic regression model
adjusted for bystander CPR status, ambulance response time and other patient and OHCA characteristics. Since Rajan
et al1 do not provide the formula of their estimate, and for the convenience of the reader, we state the model used in Rajan
et al1 using our notation. The logistic regression model is given by:

logit(F(a, z, c)) = 𝛽0 + 𝛽1a + 𝛽2c1 + … + 𝛽10c9 + f (z, a), (15)

where the relationship with the ambulance response time f (z, a)was modeled by restricted cubic splines and was allowed
to have an interaction with bystander CPR status a. The patient and OHCA characteristics included age, sex, location of
arrest, witnessed status, comorbidities, and the year of arrest. In particular, for a given grid 0 = z0 < z1 < … < zk = 30 of
ambulance response times (in minutes) and bystander CPR status a, the standardized 30-day survival probability for the
ambulance response time zj, j = 1, … , k is computed from the g-formula as

1
∑n

i=1I(Zi ∈ (zj−1, zj])

n∑

i=1
I(Zi ∈ (zj−1, zj])𝜈(a,Zi,Ci; ̂𝛽),

where 𝜈(a,Zi,Ci; ̂𝛽) is the predicted conditional 30-day survival probability under the model (15) given that all the patients
received bystander CPR status a, but the ambulance response time Z and other patient and OHCA characteristics C were
kept at their observed values.
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STARKOPF et al. 609

F I G U R E 2 Implementation of the penalized maximum likelihood estimation of marginal structural models under monotonicity
constraints based on g-formula
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610 STARKOPF et al.

F I G U R E 3 Assumed underlying causal structure for out-of-hospital cardiac arrest patients

Assuming that the identifiability assumptions hold (Equations 1 and 2) and that the model (15) is correctly specified,
the counterfactual 30-day survival probability for the ambulance response time zj and bystander CPR status a can be
estimated as the corresponding standardized 30-day survival probability, that is,

̂Fa(zj) =
1

∑n
i=1I(Zi ∈ (zj−1, zj])

n∑

i=1
I(Zi ∈ (zj−1, zj])𝜈(a,Zi,Ci; ̂𝛽), (16)

for j = 1, … , k. However, since there are no restrictions on the probabilities 𝜈(a,Zi,Ci; ̂𝛽)with respect to Zi, the g-formula
(16) does not guarantee the monotonicity constraint (4). In fact, the results presented in Rajan et al.1 are non-monotone
for the long ambulance response times, zj > 15 minutes.

We extend the setting of Section 2 and employ the marginal structural model (5) where now the monotone smooth
function m of ambulance response time is allowed to vary according to the exposure level. In particular, the results pre-
sented in the next section are obtained with Q = 25 third order (k = 3) B-spline basis functions based on equally spaced
knots and the parametrization

mQ,𝛾 (z, a) = I(a = 0)
Q∑

q=1
𝛾

0
q B3

q(z) + I(a = 1)
Q∑

q=1
𝛾

1
q B3

q(z),

where both 𝛾

0 = (𝛾0
1 , … , 𝛾

0
Q) and 𝛾

1 = (𝛾1
1 , … , 𝛾

1
Q) satisfy (10). To compute the pseudo-values we use the logistic

regression model (15) with Q = 25 third-order (k = 3) B-spline basis functions based on equally spaced knots and the
parametrization

f (z, a) = fQ,𝜙(z, a) = I(a = 0)
Q∑

q=1
𝜙

0
qB3

q(z) + I(a = 1)
Q∑

q=1
𝜙

1
qB3

q(z),

where both 𝜙

0 = (𝜙0
1, … , 𝜙

0
Q) and 𝜙

1 = (𝜙1
1, … , 𝜙

1
Q) satisfy (10). The smoothness of fQ,𝜙 is controlled by the penalty

introduced in Section 3.1. To obtain confidence intervals for the counterfactual 30-day survival probabilities we repeat all
steps of modelling (see Figure 3) for fixed Q = 25 in L = 2000 bootstrap data sets obtained by drawing with replacement
from the original data. We report confidence intervals obtained as quantiles of the bootstrap estimates.

4.3 Results

Figure 4A shows the estimated counterfactual 30-day survival probabilities according to bystander CPR status and
ambulance response times together with 95% pointwise confidence intervals obtained from a bootstrap procedure. The
estimated 30-day survival probabilities decrease as response time increases for both bystander CPR and no bystander CPR.
In particular, within 5 minutes the 30-day survival probability under bystander CPR is 16.7% (95% CI: 13.7-19.0) compared
to 8.6% (95% CI: 7.1-11.4) under no bystander CPR; within 10 minutes, the corresponding 30-day survival probability was
9.0% (95% CI: 6.1-11.4) under bystander CPR compared to 4.0% (95% CI: 2.4-6.5) under no bystander CPR.

Figure 4B shows the estimated counterfactual 30-day survival probabilities according to bystander CPR status and
ambulance response times in comparison to the estimates provided in Rajan et al.1 We can see that for long ambulance
response times, ≥ 15 minutes, the estimates obtained from the marginal structural model with monotonicity constraints
decrease with increasing time and are considerably lower than the estimates in Rajan et al.1 In contrast, the estimates
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STARKOPF et al. 611

F I G U R E 4 Estimates of the counterfactual 30-day survival probabilities according to duration of ambulance response time and
bystander cardiopulmonary resuscitation status. (A) Estimates are obtained from the marginal structural model (7) under monotonicity
constraint (8); 95% pointwise confidence intervals are based on a bootstrap procedure with 2000 samples. (B) Comparison of constrained
estimates obtained from the marginal structural model (7) under monotonicity constraints (8) and unconstrained estimates based on the
g-formula provided in Rajan et al.1

in Rajan et al1 are somewhat lower than the corresponding estimates obtained with the marginal structural model when
the ambulance response time is between 3 and 15 minutes (Figure 4B).

5 SIMULATION STUDY

The following simulation study investigates the bias-variance tradeoff of the proposed MSM estimator with monotonicity
constraints in comparison to the unconstrained g-formula estimator. Furthermore, the simulation study investigates the
sensitivity of the constrained model to the choice of auxilliary regression model and the distribution of the continuous
variable of interest.

5.1 Simulation setting

We have generated data from two different data generating mechanisms. In setting 1 the data generating mechanism is
based on the case study of Rajan et al.1 In particular, we simulate a covariate sex (C1) from a Bernoulli distribution, a
covariate age (C2) from a Gaussian distribution and a continuous covariate ambulance response time (Z) from a Gamma
distribution. A binary bystander CPR status (A) is drawn following a logistic regression model with additive effects of age
and sex. Another logistic regression model is used to draw the outcome of 30-day survival. The covariate effects on the
30-day survival are controlled by including additive effects of sex and age and a smooth monotone decreasing function m
of the ambulance response time. In the second setting, we use a similar data generating mechanism with the exception of
the distribution for the ambulance response time which is chosen to be uniform. When ambulance response time follows
a gamma distribution, the majority of the observed response times are expected to be between 5 and 12 minutes, where as
using a uniform distribution guarantees that all response times have similar support in the observed data. The first setting
corresponds to the scenario we would expect to see in our case study, where as the second setting serves as an illustration
of an ideal situation we would like to observe. Details of the data generating mechanism and R-code for the simulations
study can be found in the Appendix S1 published on Github.25

We report the results of the proposed MSM estimator with monotonicity constraints (14) and the unconstrained
g-formula (16) across 2000 simulations for sample sizes 500 and 5000. A logistic regression model with penalized B-splines
and restricted cubic splines were used as the auxiliary regression model, respectively. In addition, to estimate the sensi-
tivity of the proposed method to the selection of auxiliary regression model, we report the results from a MSM estimator
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612 STARKOPF et al.

with monotonicity constraints where we assume that the functional form of ambulance response time in the auxiliary
regression model is known and correctly specified. As mentioned before, due to curse of dimensionality, it is impossible
to correctly specify both of the regression models. Using the correct auxiliary regression model allows us to investigate
the sensitivity of our proposed estimator to the use of splines in the auxiliary regression model.

5.2 Simulation results

Figures 5 and 6 show the mean (lines), and interquartile range (shaded areas) of the point estimates of the counterfactual
30-day survival probabilities in setting 1 with sample size n = 500 and n = 5000, respectively. We show the estimates from
the proposed constrained approach and compare it to the estimates from the unconstrained g-formula and the constrained
MSM with correct functional form of the ambulance response time in the auxiliary regression model. We also show the
true counterfactual 30-day survival probabilities that are estimated from a large simulated data of counterfactual outcomes
by using a logistic regression model with the correct functional form of m.

nn

F I G U R E 5 Mean value of the point estimates according to duration of ambulance response time and bystander cardiopulmonary
resuscitation status across 2000 simulated datasets with 500 observations when ambulance response time follows a Gamma distribution.
Shaded areas correspond to interquartile range for each point estimate.

n n

F I G U R E 6 Mean value of the point estimates according to duration of ambulance response time and bystander cardiopulmonary
resuscitation status across 2000 simulated datasets with 5000 observations when ambulance response time follows a Gamma distribution.
Shaded areas correspond to interquartile range for each point estimate.
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STARKOPF et al. 613

The simulation setting 1 shows that all estimators perform similarly well for ambulance response time between 5
and 12 minutes, with both of the constrained estimators having overall slightly less bias and variance than the g-formula
estimator (Figures 7 and 8). However, for short ambulance response times for which we do not have a lot of sup-
port in the data, all three estimators perform relatively poorly in terms of bias and variance (Figures 7 and 8). The
two constrained estimates seem to slightly underestimate the counterfactual probabilities for long ambulance response
times (Figures 5 and 7). As expeceted, this bias decreases when we increase the sample size (Figure 9). In contrast, the
unconstrained g-formula approach has smaller bias, but larger variance for longer ambulance response times (Figures 7
and 8).

In simulation setting 2, we have more support in the data for shorter and longer ambulance response times which
results in better performance for all three estimators compared to setting 1 (Figures 10-12). Overall, the two constrained
approached perform slightly better compared to g-formula (Figures 11 and 12). As expected, the constrained MSM with
correct auxiliary regression model outperforms the proposed estimator, but the difference between the two estimators
decreases when sample size increases (results not shown).

n n

F I G U R E 7 Bias of the point estimates according to duration of ambulance response time and bystander cardiopulmonary resuscitation
status across 2000 simulated datasets with 500 observations when ambulance response time follows a Gamma distribution.

n n

F I G U R E 8 Variance of the point estimates according to duration of ambulance response time and bystander cardiopulmonary
resuscitation status across 2000 simulated datasets with 500 observations when ambulance response time follows a Gamma distribution.
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614 STARKOPF et al.

n n

F I G U R E 9 Bias of the point estimates according to duration of ambulance response time and bystander cardiopulmonary resuscitation
status across 2000 simulated datasets with 5000 observations when ambulance response time follows a Gamma distribution.

n n

F I G U R E 10 Mean value of the point estimates according to duration of ambulance response time and bystander cardiopulmonary
resuscitation status across 2000 simulated datasets with 500 observations when ambulance response time follows a uniform distribution.
Shaded areas correspond to interquartile range for each point estimate.

n n

F I G U R E 11 Bias of the point estimates according to duration of ambulance response time and bystander cardiopulmonary
resuscitation status across 2000 simulated datasets with 500 observations when ambulance response time follows a uniform distribution.
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STARKOPF et al. 615

n n

F I G U R E 12 Variance of the point estimates according to duration of ambulance response time and bystander cardiopulmonary
resuscitation status across 2000 simulated datasets with 500 observations when ambulance response time follows a uniform distribution.

6 DISCUSSION

In this paper, we use a marginal structural model with a monotonicity constraint to estimate the counterfactual 30-day sur-
vival probabilities in OHCA patients for given ambulance response times in the counterfactual worlds where all patients
(or none of the patients) received bystander CPR. In addition to the marginal structural model our algorithm needs an
auxiliary regression model for the observed 30-day survival probabilities. The predictions of the auxiliary regression model
are used as pseudo-values for the unobserved counterfactual outcomes.

We have demonstrated through data application and simulation studies that our approach compared to the uncon-
strained g-formula preserves the monotone relationship of the 30-day survival and ambulance response time and generally
shows slightly better performance in terms of bias and variance, especially for the ambulance response times with more
data support.

For valid inference both the marginal structural model and the auxiliary regression model have to be correctly spec-
ified. This can be especially challenging since specifying a model for the observed survival probability may impose
restrictions for the marginal structural model and the other way around leading to incoherent model specification. Due to
the non-collapsibility of the odds ratios,26,27 the proposed logistic regression model for the observed survival probabilities
and the logistic marginal structural model can never be correctly specified at the same time. Note that if the auxiliary out-
come regression model is correctly specified but the marginal structural model is not, the marginal structural model can
still be viewed as a summary measure of the true counterfactual probability.4,15 To assess the sensitivity of the estimated
30-day survival probabilities, we compared the results obtained based on the logistic regression model (15) with penalized
B-splines to more flexible machine learning methods. Specifically, we used a random forest algorithm (see eg, References
28-30) implemented in R package randomForestSRC29 and a Super Learner algorithm (see eg, References 31-33) imple-
mented in R package SuperLearner34 to obtain the pseudo-values. The collection of estimation algorithms used for Super
Learner included logistic regression with main effects and random forest. The tuning parameters of random forest were
fixed to the default values provided by the software packages. Figure 13 shows that the estimates of the 30-day survival
probabilities are very similar for ambulance response times between 5 and 12 minutes. However, for longer and shorter
response times the estimates differ somewhat between the three models. The longer and shorter response times are also
the response times that have the least support in the observed data (median 7 minutes, IQR [5;11]). We further compared
our proposed estimator to a constrained MSM based on a logistic regression model as an auxiliary model where we cor-
rectly specify the functional form of ambulance response time (e.g., assume the functional form is known) in a simulation
study. The results show that our proposed approach performs quite similarly for ambulance response times between 5 and
12 minutes, but has a greater bias for longer response times (>12 minutes). This observation changes when we increase
the sample size or when the distribution of the ambulance response times is uniform. In the future, the behavior of the
proposed estimator needs to be further studied in simulations to see how far from the truth can the estimates be and if
incorporating more flexible methods for the auxiliary regression model improves the estimates.
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616 STARKOPF et al.

F I G U R E 13 Estimates of the counterfactual 30-day survival probabilities according to duration of ambulance response time and
bystander cardiopulmonary resuscitation status obtained from the marginal structural model (7) under monotonicity constraint (8) using
either a logistic regression model (15) with penalized B-splines, random forest, or SuperLearner to compute the pseudo-values.

The proposed approach shares the strengths and limitations of the g-computation estimators of unconstrained
marginal structural models.4,15,16 In particular, if the exposure is strongly associated with the covariates, modeling the
exposure-outcome relationship may be difficult and the predictions obtained from the auxiliary regression model are
likely to be biased due to extrapolation.35 As an alternative, one could use inverse probability weights to account for the
missingness of the counterfactual outcomes. Inverse probability weighting circumvents the problems with extrapolation
and coherent model specification by not relying on the outcome regression model.35 Instead, modeling the conditional
probability of the exposure given the covariates is required. Another advantage of inverse probability weighted estima-
tors is that they do not require specifying exposure effect modification by the covariates. In the out-of-hospital cardiac
arrest study,1 the ambulance response time is likely to not affect the bystander CPR status but be an effect modifier
for the effect of bystander CPR on 30-day survival. Therefore, the ambulance response time may be excluded from the
exposure model required by the inverse probability weighting and the additional smoothing procedure used for the
outcome regression in the pseudo-value approach can be avoided. However, in situations where there are some con-
founder values for which only few individuals receive the exposure, the inverse probability weights become extreme
for these individuals resulting in overall unstable estimation and making the proposed approach more appealing.3,15,36

In addition, the proposed estimation procedure could be extended to be doubly robust by combining the pseudo-value
approach with inverse probability weighting. Future work is needed to develop the inverse probability weighted and
doubly robust estimators and to see how much it would change the estimates of the counterfactual 30-day survival
probabilities.

Another limitation of the proposed estimation procedure is that the number of the basis functions has to be chosen
by the user. Pya and Wood14 argue that the choice of the basis dimension is not crucial, but has to be large enough.
In our application, we have chosen 25 basis functions. The choice was made rather arbitrarily based on some general
suggestions.24 In the future, simulations are needed to investigate how the estimates of the counterfactual probabilities
change for various basis dimensions.

A major challenge of the proposed approach is the estimation of SEs of the marginal structural model param-
eters. Due to the penalty term in the estimating equation, the estimating function is not asymptotically unbiased.
This leads to poor coverage probabilities for the confidence intervals computed based on the usual sandwich esti-
mator of the SEs.17 Furthermore, using the pseudo-values when estimating the marginal structural models intro-
duces some extra uncertainty we need to take into account. Therefore, we have proposed a bootstrap procedure
that should reflect the right level of uncertainty we have. However, the bootstrap procedure requires iterating both
the algorithm for estimating the marginal structural model and the algorithm for choosing the smoothing param-
eter for each bootstrap sample. Therefore, the bootstrap procedure is very computationally extensive. Future work
should focus on deriving estimates for the standard errors based on asymptotic theory to avoid the bootstrap
procedure.
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STARKOPF et al. 617

Finally, the resulting estimates can be interpreted as counterfactual survival probabilities only if the identifiability
assumptions hold (Equations 1 and 2). Since some of the identifiability assumptions can never be tested based on the
observed data, interpretation should be done with care.
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APPENDIX. B-SPLINE REPARAMETRIZATION

Let t1 < t2 < … < tQ+k+2 be a sequence of evenly spaced knots, where Q is the number of basis functions and k is the order
of the B-spline basis functions Bk

q(z), q = 1, … ,Q. Then a smooth function f ∶ [t1, tQ+k+2] → R can be represented as

f (z) =
Q∑

q=1
𝛾qBk

q(z),

where

Bk
q(z) =

z − tq

tq+k+1 − tq
Bk−1

q (z) +
tq+k+2 − z

tq+k+2 − tq+1
Bk−1

q+1(z), q = 1, … ,Q,

B0
q(z) =

{
1, tq ≤ z ≤ tq+1

0, otherwise
, (A1)

satisfying the constraint

Q∑

q=1
Bk

q(z) = 1,

and 𝛾q, q = 1, … ,Q are the spline coefficients.
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