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Let Vectn be the moduli stack of vector bundles of rank n on 
derived schemes. We prove that, if E is a Zariski sheaf of ring 
spectra which is equipped with finite quasi-smooth transfers 
and satisfies projective bundle formula, then E∗(Vectn,S) is 
freely generated by Chern classes c1, . . . , cn over E∗(S) for any 
qcqs derived scheme S. Examples include all multiplicative 
localizing invariants.
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0. Introduction

In algebraic topology, the cohomology of the classifying spaces of unitary groups is 
fundamental: for a complex oriented cohomology theory E and n ≥ 0, there is a canonical 
ring isomorphism

E∗(BU(n)) � π∗E[[c1, . . . , cn]],

where c1, . . . , cn are the universal Chern classes. The goal of this paper is to establish 
its algebraic counterpart. Examples of algebraic cohomology theories our results apply 
to are localizing invariants in the sense of [6] such as algebraic K-theory and topological 
Hochschild homology, as well as non A1-localized algebraic cobordism, which we define. 
In order to work in this generality, we develop a version of motivic homotopy theory 
and show that all localizing invariants are representable there. This would be the key 
computational step toward further study of algebraic K-theory and algebraic cobordism 
beyond A1-homotopy invariance.3

Let us start by discussing what the algebraic counterpart of complex oriented coho-
mology theories should be. To detect orientations, we take the viewpoint of transfers; 
see [22, §1] for the relation between complex orientations, cobordism, and transfers in 
algebraic topology. On the algebraic side, it is shown in [7] that the algebraic cobordism 
MGL is universal among A1-local motivic spectra with finite quasi-smooth transfers. 
Taking this into account, we consider Zariski sheaves with finite quasi-smooth transfers
on derived schemes, which we call sheaves with transfers for short, cf. Definition 1.1 and 
1.6. In practice, we restrict to sheaves on the ∞-category SchS of derived schemes of 
finite presentation over a qcqs derived scheme S. We remark that derived schemes are 
essential to formulate sheaves with finite quasi-smooth transfers.

Instead of the A1-homotopy invariance as in Morel-Voevodsky’s theory [20], our basic 
input is the projective bundle formula. We say that a sheaf E with transfers on SchS

satisfies projective bundle formula or is pbf-local if the map

ι∗ ⊕ p∗ : E(Pn−1
X ) ⊕ E(X) → E(Pn

X)

3 In the sequel [2], the results and techniques obtained in this paper are applied to prove a universality 
of K-theory. Generalizations of the results in this paper are also established in [2].
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is an equivalence for every X ∈ SchS and n ≥ 0, where ι∗ is the pushforward along a 
fixed linear embedding Pn−1 → Pn, which comes from the transfers of E. All localiz-
ing invariants satisfy projective bundle formula, while they do not satisfy A1-homotopy 
invariance in general.

To state our main result, we introduce some notations. Let Shvtr(SchS) be the 
∞-category of sheaves with transfers on SchS (Definition 1.6), Shvtr

pbf(SchS) its full sub-
category spanned by pbf-local sheaves with transfers, and SHtr

pbf(SchS) the ∞-category 
of spectrum objects in Shvtr

pbf(SchS). Then SHtr
pbf(SchS) has a canonical symmetric 

monoidal structure and an algebra object there is a sheaf of ring spectra which is equipped 
with transfers and satisfies projective bundle formula. For example, a multiplicative lo-
calizing invariant yields an E∞-algebra in SHtr

pbf(SchS) (Corollary 5.4). Let Vectn be 
the moduli stack of vector bundles of rank n. If E is a presheaf of spectra and X is an 
algebraic stack, then we write E∗(X) := π−∗ Map(Σ∞

+ X, E).

Theorem A (Corollary 4.7). Let S be a qcqs derived scheme and n ≥ 0. Let E be a homo-
topy commutative algebra in SHtr

pbf(SchS). Then there is a canonical ring isomorphism

E∗(Vectn,S) � E∗(S)[[c1, . . . , cn]].

The isomorphism is well-known for oriented A1-local motivic ring spectra, cf. [21, 
Proposition 6.2]. For algebraic K-theory, the isomorphism was known when the base is a 
regular scheme as a special case of the A1-local motivic result. Topological Hochschild ho-
mology is not A1-homotopy invariant, but it would be possible to prove the isomorphism 
directly by using the comparison with the de Rham-Witt complex; see [24] for a related 
computation. Our theorem extends these to results on general localizing invariants over 
general bases and gives a unified proof.

Theorem A follows from a comparison of the “motivic” homotopy type of Vectn and 
that of the infinite grassmannian Grn. The cohomology of the latter is rather simple to 
calculate and we get Theorem A. The comparison is stated as follows. Let γ∗ be the 
left adjoint of the forgetful functor Shvtr(SchS) → Shv(SchS) and Lmot the localization 
functor enforcing projective bundle formula on sheaves with transfers. Then:

Theorem B (Theorem 3.1). For every qcqs derived scheme S and n ≥ 0, the canonical 
map

Lmotγ
∗Grn,S → Lmotγ

∗Vectn,S

is an equivalence.

We believe that our methods would give new insights into the theory of motives beyond 
A1-homotopy invariance. Over the past few years, there have been several attempts to 
study non A1-local motivic phenomena as in [4,5,12]. However, all of them have technical 
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limitations; for example, one cannot expect that general localizing invariants are repre-
sentable there (since their categories are Z-linear), while they are representable in our 
category. In addition to localizing invariants, we are pursing more general theories such 
as algebraic cobordism. The initial algebra object in SHtr

pbf(SchS) should be regarded 
as the “periodic algebraic cobordism” PMGL, which has not been constructed without 
A1-localization. In fact, we have a modification so that the initial algebra object repre-
sents the non-periodic algebraic cobordism MGL. Then Voevodsky’s cobordism should 
be recovered as the A1-localization LA1MGL and Annala’s cobordism in [1] should be 
recovered as π0MGL. We hope to discuss these comparisons elsewhere.

We conclude this introduction with a brief outline of this paper. In Section 1, we build 
setups for sheaves with transfers which satisfy projective bundle formula. In Section 2, we 
prove some basic properties of pbf-local sheaves with transfers in terms of Euler classes. 
In Section 3, we prove a key technical lemma for the proof of Theorem B and prove the 
comparison for n = 1. In Section 4, we develop a theory of Chern classes and use it for 
computing the cohomology of grassmannians. Then we complete the proof of Theorem B
and get Theorem A as its corollary. In Section 5, we prove that every localizing invariant 
is representable in SHtr

pbf(SchS) so that a multiplicative localizing invariant yields an 
E∞-algebra in SHtr

pbf(SchS).

Convention. We use the language of ∞-categories as set out in [16,17]. We refer to [18]
for the theory of derived schemes. We assume that all derived schemes are qcqs (quasi-
compact and quasi-separated). We say that a morphism X → Y of derived schemes is 
quasi-smooth if it is of finite presentation and the cotangent complex LX/Y is of Tor-
amplitude ≥ 1, cf. [14, §2]. A vector bundle on a derived scheme X is a locally free 
quasi-coherent module of finite rank on X. Our treatment of sheaves with transfers are 
strongly influenced by the theory of framed correspondences as developed in [8], from 
which we adopt some notations.

1. Sheaves with transfers and projective bundle formula

Fix a qcqs derived scheme S. Let SchS be the ∞-category of derived schemes of finite 
presentation over S and Corr(SchS) the ∞-category of correspondences/spans in SchS , 
cf. [3, Appendix C]. By the assumption of finite presentation, the ∞-categories SchS and 
Corr(SchS) are essentially small. Recall that an object of Corr(SchS) is an object of SchS

and a morphism from X to Y in Corr(SchS) is a diagram in SchS

Z

X Y.
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Let Corrfqsm(SchS) be the subcategory of Corr(SchS) spanned by morphisms whose left 
span is finite and quasi-smooth.

Definition 1.1. A presheaf with transfers on SchS is a presheaf of spaces on Corrfqsm(SchS)
which preserves finite products. We write PShtr

Σ(SchS) for the ∞-category
PShΣ(Corrfqsm(SchS)) of finite-product preserving presheaves.

Remark 1.2. Since the ∞-category Corrfqsm(SchS) is semiadditive by [3, Lemma C.3], 
presheaves with transfers take values in E∞-spaces by [10, Proposition 2.3].

Notation 1.3. Let f : Y → X be a morphism in SchS and E a presheaf with transfers 
on SchS . We let !f = f : Y → X denote the morphism in Corrfqsm(SchS) and let f∗ :=
E(!f) : E(X) → E(Y ). If f is finite quasi-smooth, then we let !f : X → Y denote the 
dual morphism in Corrfqsm(SchS) and let f∗ := E(!f) : E(Y ) → E(X). One can think of 
f∗ as a Gysin morphism.

Example 1.4. We write FQSmS for the presheaf with transfers on SchS represented by 
S, which is by definition the moduli stack of finite quasi-smooth derived schemes.

The canonical functor γ : SchS → Corrfqsm(SchS) preserves finite coproducts and 
Corrfqsm(SchS) is canonically endowed with a symmetric monoidal structure for which 
γ is symmetric monoidal. It follows that γ induces an adjunction

γ∗ : PShΣ(SchS) � PShtr
Σ(SchS) : γ∗

and γ∗ is symmetric monoidal. Here, we endow PShΣ(SchS) and PShtr
Σ(SchS) with the 

unique symmetric monoidal structures for which the Yoneda embeddings are symmetric 
monoidal and the tensor products are compatible with small colimits, cf. [17, Proposition 
4.8.1.10]. We note that the projection formula is automatic for presheaves with transfers.

Lemma 1.5 (Projection formula). Let E be a presheaf with transfers on SchS and f : Y →
X a finite quasi-smooth morphism in SchS. Then the following diagrams commute

E(Y ) ⊗ E(X)
id⊗f∗

f∗⊗id

E(Y ) ⊗E(Y ) (E ⊗E)(Y )

f∗

E(X) ⊗ E(X) (E ⊗E)(X)

E(X) ⊗ E(Y )
f∗⊗id

id⊗f∗

E(Y ) ⊗ E(Y ) (E ⊗E)(Y )

f∗

E(X) ⊗ E(X) (E ⊗E)(X),
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where E ⊗E denotes the tensor product in PShtr
Σ(SchS).

Proof. Since the tensor products commute with colimits, we may assume that E is 
representable by a derived scheme in SchS . Then the commutativity is straightforward 
to check. �
Definition 1.6. A sheaf with transfers on SchS is a presheaf E with transfers such that 
γ∗E is a sheaf on the Zariski site SchS,Zar. We write Shvtr(SchS) for the full subcategory 
of PShtr

Σ(SchS) spanned by sheaves with transfers.

For each non-negative integer n ≥ 0, let

Δ̄n := Proj
(
Z[U, T0, . . . , Tn]
U −

∑n
i=0 Ti

)
Δ̄n

∞ :=
{
V+(U) if n ≥ 1
∅ if n = 0.

Let p : Δ̄n → Spec(Z) denote the projection and ι : Δ̄n
∞ → Δ̄n denote the inclusion of the 

subscheme. Since ι is quasi-smooth, it yields a morphism !ι : Δ̄n → Δ̄n
∞ in Corrfqsm(Sch).

Definition 1.7. We say that a (pre)sheaf E with transfers on SchS satisfies projective 
bundle formula or is pbf-local if, for every X ∈ SchS and n ≥ 0, the map

p∗ ⊕ ι∗ : E(X) ⊕ E(X × Δ̄n
∞) → E(X × Δ̄n)

is an equivalence. We write Shvtr
pbf(SchS) for the full subcategory of PShtr

Σ(SchS) spanned 
by pbf-local sheaves with transfers.

Remark 1.8. If E is a pbf-local presheaf with transfers, then for any X-points a, b : X ⇒
Δ̄n

X not meeting Δ̄n
∞,X the two maps a∗, b∗ : E(Δ̄n

X) ⇒ E(X) are homotopic to each 
other.

Remark 1.9. Every pbf-local sheaf with transfers has its values in grouplike E∞-spaces. 
We give a proof in the next section, cf. Corollary 2.9.

The ∞-category Shvtr
pbf(SchS) is an accessible localization of PShtr

Σ(SchS) by [16, 
Proposition 5.5.4.15]. We denote the localization functor by

Lmot : PShtr
Σ(SchS) → Shvtr

pbf(SchS).

Then Shvtr
pbf(SchS) admits a unique symmetric monoidal structure for which the local-

ization functor Lmot is symmetric monoidal by [17, Proposition 4.1.7.4].

Definition 1.10. A pbf-local sheaf of spectra with transfers on SchS is a spectrum object 
in the ∞-category Shvtr

pbf(SchS) in the sense of [17, §1.4.2]. We write SHtr
pbf(SchS) for 

the ∞-category of spectrum objects in Shvtr
pbf(SchS).
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Remark 1.11. A pbf-local sheaf E of spectra with transfers can be identified with a 
presheaf of spectra on Corrfqsm(SchS) such that Ω∞−nE is a pbf-local sheaf with transfers 
for every n ≥ 0.

There is an adjunction

B∞
mot : Shvtr

pbf(SchS) � SHtr
pbf(SchS) : Ω∞

and the left adjoint B∞
mot is called the infinite bar construction.4 Then SHtr

pbf(SchS)
admits a unique symmetric monoidal structure for which the infinite bar construction is 
symmetric monoidal by [10, Theorem 5.1].

Example 1.12. Every localizing invariant in the sense of [6] naturally defines a pbf-local 
sheaf of spectra with transfers on SchS for each qcqs derived scheme S. Moreover, if a 
localizing invariant is multiplicative, then it defines an E∞-algebra in SHtr

pbf(SchS). We 
give a proof in Section 5.

Base changes. Let f : T → S be a morphism of derived schemes. Then the base change 
functor SchS → SchT induces adjunctions

f∗ : PShtr
Σ(SchS) � PShtr

Σ(SchT ) : f∗
f∗ : Shvtr

pbf(SchS) � Shvtr
pbf(SchT ) : f∗

f∗ : SHtr
pbf(SchS) � SHtr

pbf(SchT ) : f∗.

It is straightforward to see that the left adjoints f∗ are symmetric monoidal and com-
patible with the localization functor Lmot and the infinite bar construction B∞

mot.

Approximation of the motivic localization. The assignments n 	→ Δ̄n and n 	→ Δ̄n
∞ form 

semi-cosimplicial objects in the category of schemes in a standard way, and the map 
ι : Δ̄n

∞ → Δ̄n is assembled into a morphism of semi-cosimplicial schemes ι : Δ̄•
∞ → Δ̄•. 

Since the square

Δ̄m
∞

ι Δ̄m

Δ̄n
∞

ι

θ

Δ̄n

θ

is cartesian in Sch for each injection θ : [n] ↪→ [m], the map ι yields a morphism of 
semi-cosimplicial objects !ι : Δ̄• → Δ̄•

∞ in Corrfqsm(Sch).

4 In fact, this is an adjoint equivalence, as proved in [2, Theorem 2.4.5], but we will not use it in this 
paper.
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Lemma 1.13. Let E be a presheaf with transfers. Then the canonical map E → LmotE

factors as

E → |E(Δ̄•)| → |cofib(E(Δ̄•
∞) ι∗−→ E(Δ̄•))| → LmotE,

where |(−)| denotes the geometric realization.

Proof. Note that if E is pbf-local then there is a canonical equivalence

E(X) � |cofib(E(Δ̄•
∞ ×X) ι∗−→ E(Δ̄• ×X))|,

from which the desired factorization is immediate. �
2. Euler classes

Definition 2.1. We define PMGLS := LmotFQSmS , which is a unit object in the symmet-
ric monoidal ∞-category Shvtr

pbf(SchS).

Remark 2.2. PMGLS is a version of the periodic algebraic cobordism. Comparison with 
the existing theories will be discussed elsewhere. See [7, Corollary 3.4.2] for the similar 
description of the A1-local algebraic cobordism.

Definition 2.3. Let E be a vector bundle on a derived scheme X ∈ SchS . We define the 
Euler class e(E) ∈ π0PMGLS(X) by e(E) := s∗s∗(1X), where s denotes the zero section 
of the total space of E

s : X → V (E) := Spec(Sym(E∨)).

Remark 2.4. The Euler classes are compatible with base changes, i.e., for a morphism 
f : Y → X in SchS , we have f∗e(E) = e(f∗E). Since every pbf-local sheaf E with 
transfers is a module over PMGLS , the Euler class of a vector bundle E on X yields an 
endomorphism of E(X) up to homotopies.

Let a be a global section of a vector bundle E on X. Then the derived vanishing locus
Va of a is a derived scheme defined by the cartesian square

Va

ja
X

s

X
a

V (E).

By definition, we have e(E) = j0∗(1V0).
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Lemma 2.5. Let E be a vector bundle on a derived scheme X ∈ SchS. Then, for any global 
section a of E, we have ja∗(1Va

) = e(E). In particular, if E admits a nowhere vanishing 
global section, then e(E) = 0.

Proof. Let V be the derived vanishing locus of the global section at0 of the twisting 
sheaf E(1) on P 1

X , and let j : V → P 1
X be the inclusion. Then i∗0V = V0 and i∗∞V = Va. 

Therefore, i∗0j∗(1V ) = j0∗(1V0) and i∗∞j∗(1V ) = ja∗(1Va
). We conclude the proof by 

noting i∗0 = i∗∞. �
Lemma 2.6. Let E be a pbf-local sheaf with transfers on SchS. Let E be a vector bundle 
of rank r ≥ 1 on a derived scheme X ∈ SchS and ξ the Euler class of the canonical line 
bundle O(1) on P (E). Then the morphism

r−1∑
i=0

(ξi · p∗) :
r−1⊕
i=0

E(X) → E(P (E))

is an equivalence.

Proof. Since the question is local on X, we may assume that the E is trivial, i.e., E = Or
X . 

We prove by induction on r. The case r = 1 is trivial, and let r ≥ 2. Fix a linear 
embedding j : P r−2

X → P r−1
X , which is given by x ∈ H0(P r−1

X , O(1)). Then we have a 
cartesian diagram

P r−2
X

j
P r−1
X

s

P r−1
X

x
V (O(1))

and j∗(1) = ξ by Lemma 2.5. It follows that the diagram

⊕r−1
i=0 E(X)

∑r−1
i=0 (ξi·p∗)

E(P r−1
X )

⊕r−1
i=0 E(X)

1⊕
∑r−2

i=0 (ξi·p∗)
E(X) ⊕ E(P r−2

X )

p∗⊕j∗

commutes. The right vertical arrow is an equivalence since E is pbf-local. Therefore, the 
result follows from the induction hypothesis. �
Corollary 2.7. Let E be a homotopy commutative algebra in SHtr

pbf(SchS), i.e., a commu-
tative algebra object in the homotopy category. Then there is a canonical ring isomor-
phism
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π∗E(Pn
X) � π∗E(X)[ξ]/ξn+1

for every X ∈ SchS and n ≥ 0.

Proof. By Lemma 2.6, it remains to show that ξn+1 = 0 in π0PMGLS(Pn
X). By the 

projection formula (Lemma 1.5), ξn+1 is the image of the unit by the Gysin morphism 
along the inclusion of the derived intersection of (n + 1)-copies of a hyperplane in Pn, 
but this is empty and thus ξn+1 = 0. �

We prove that every pbf-local sheaf with transfers satisfies Bass fundamental theorem, 
cf. [23, §6]. Consider the affine cover

{D+(T0), D+(T1)} → Δ̄1.

The Euler class e(O(1)) ∈ π0PMGLS(Δ̄1
X) is sent to zero in π0PMGLS(D+(T0)X) and 

π0PMGLS(D+(T1)X) by Lemma 2.5. Therefore, it lifts to ν ∈ π1PMGLS(D+(T0T1)X).

Lemma 2.8 (Bass fundamental theorem). Let E be a pbf-local sheaf with transfers on 
SchS. Then, for every X ∈ SchS and i ≥ 0, there is a split exact sequence

0 → πi+1E(X) → πi+1E(D+(T0)X) ⊕ πi+1E(D+(T1)X) → πi+1E(D+(T0T1)X)

→ πiE(X) → 0,

where the multiplication by ν gives a splitting πiE(X) → πi+1E(D+(T0T1)X).

Proof. Consider the diagram

πi+1E(D+(T0)X) ⊕ πi+1E(D+(T1)X)

πi+1E(D+(T0T1)X)

∂

πiE(X)
e(O(1))·p∗

πiE(Δ̄1
X) πiE(X)

p∗

πiE(D+(T0)X) ⊕ πiE(D+(T1)X).

The vertical sequence is exact since E is a sheaf and the horizontal sequence exhibits 
πiE(Δ̄1

X) as a direct sum of two copies of πiE(X) by Lemma 2.6. The boundary map ∂
factors through the left summand as indicated since the right diagonal map is injective. 
Now the result follows from a simple diagram chase. �
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Corollary 2.9. Every pbf-local sheaf with transfers on SchS has its values in grouplike 
E∞-spaces.

Proof. It suffices to show that if E is a pbf-local sheaf with transfers on SchS then 
π0E(X) is a group for every X ∈ SchS . Since π0E(X) is a quotient of π1E(D+(T0T1)X)
by Lemma 2.8, it is a group. �
3. Moduli stack of vector bundles

In this section, we study the homotopy type of the moduli stack of vector bundles. 
We start by recalling the construction of the moduli stack of vector bundles. Let Sch be 
the ∞-category of all derived schemes. Then there is a functor QCoh: Schop → Cat∞
classifying all quasi-coherent modules, which is constructed as in [18, §6.2.2], where Cat∞
denotes the ∞-category of possibly large ∞-categories. For a non-negative integer n, let 
QCohlfree

n be the subfunctor of QCoh spanned by locally free quasi-coherent modules of 
rank n. Then the moduli stack Vectn of vector bundles of rank n is the functor defined 
as the composite

Vectn : Schop QCohlfree
n−−−−−−→ Cat∞

(−)∼−−−→ S,

where (−)∼ is the functor taking the maximal subgroupoids of ∞-categories. We write 
Pic := Vect1, which is by definition the Picard stack.

The presheaf Vectn is a fpqc sheaf since so is the presheaf QCoh classifying quasi-
coherent modules by [18, Proposition 6.2.3.1] and the property being locally free of rank 
n is local for the fpqc topology by [18, Proposition 2.9.1.4]. The presheaf Vectn is finitary 
in the sense that it carries filtered limits of qcqs derived schemes with affine transition 
maps to colimits by [18, Corollary 4.5.1.10]. For a qcqs derived scheme S, we write Vectn,S
for the restriction of Vectn to SchS . Then Vectn,S is compatible with base changes, i.e., 
for every morphism f : T → S of derived schemes, the map f∗Vectn,S → Vectn,T is a 
Zariski local equivalence, cf. [7, Proposition A.0.4]

For non-negative integers n and N , the n-th grassmannian Grn(ON ) of ON classifies 
all quotients ON � E , where E is a vector bundle of rank n. The projection ON+1 → ON

discarding the last factor induces an immersion Grn(ON ) ↪→ Grn(ON+1). Let Grn :=
colimN Grn(ON ) and regard it as an ind-scheme. We write P∞ := Gr1, which is the 
infinite projective space.

Theorem 3.1. For every qcqs derived scheme S and n ≥ 0, the canonical map

Lmotγ
∗Grn,S → Lmotγ

∗Vectn,S

is an equivalence.
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The proof is completed in the next section. In this section, we prove a key technical 
lemma (Lemma 3.3) and prove the equivalence for n = 1. Note that we may assume that 
S = Spec(Z) to prove Theorem 3.1 since both sides commute with base changes. In the 
rest of this section, we work over the ∞-category SchZ := SchSpec(Z) unless otherwise 
stated.

Lemma 3.2. The canonical map

Lmotγ
∗P∞ → Lmotγ

∗Pic

admits a left inverse.

Proof. Consider the universal line bundle Luniv on Pic. Then the total space V (Luniv)
is defined as the stack classifying line bundles with a global section, i.e., V (Luniv)(X)
is the space of all maps OX → L with L being a line bundle on X. We have a map 
s : Pic → V (Luniv) classifying zero sections, which can be expressed as a colimit of quasi-
smooth closed immersions. Hence, the Gysin morphism s∗ is well-defined and the Euler 
class of Luniv is defined by ξ := s∗s∗(1) ∈ π0PMGL(Pic). We note that PMGL(Pic) is 
complete with respect to ξ since it is a limit of PMGL(G×n

m ) where ξ = 0 and a limit of 
complete modules is complete. Then we have a commutative diagram

∏∞
i=0(Lmotγ

∗P∞)(Spec(Z))
∑∞

i=0(ξ
i·p∗)

�

(Lmotγ
∗P∞)(Pic) (Lmotγ

∗P∞)(P∞).

The left vertical map is well-defined because of the ξ-completeness of PMGL(Pic). 
The diagonal arrow is an equivalence by Lemma 2.6. In particular, the canonical map 
γ∗P∞ → Lmotγ

∗P∞ lifts to a map γ∗Pic → Lmotγ
∗P∞ up to homotopies, which gives 

a desired left inverse. �
The next goal is to construct a right inverse of Lmotγ

∗Grn → Lmotγ
∗Vectn. In order 

to do that, we pursue the idea of closed gluing as in [8, §A.2], which provides a method 
to show that some map is an A1-homotopy equivalence. See [11, Proposition 4.7], where 
it is used to show that the canonical map Grn → Vectn is an A1-homotopy equivalence 
on affine schemes. Adopting this to our situation, we can try to solve the lifting problem

|Grn(Δ̄•)|

Vectn
p∗

∃?

|Vectn(Δ̄•)|.
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However, it will turn out soon that this is impossible, mainly because the sheaf cohomol-
ogy of Δ̄∗ is non-trivial. To fix this, note that for each l ≥ 1 the twisting sheaves O(l)
on Δ̄∗ define a point of the semi-simplicial sheaf Pic(Δ̄•). Then we prove the following.

Lemma 3.3. Let k be a non-negative integer.

(A) The diagram

|coskk(Grn(Δ̄•))|

Vectn
O(k+1)⊗p∗

|coskk(Vectn(Δ̄•))|

admits a lift Zariski locally as indicated.
(B) The composite

Vectn
O(k+1)⊗p∗

−−−−−−−→ |Vectn(Δ̄•)| → γ∗Lmotγ
∗Vectn

is homotopic to the canonical map on its finite truncations, where the second arrow 
is the map in Lemma 1.13.

Proof. Note that the ∞-category Shv(SchZ) of Zariski sheaves is a hypercomplete ∞-
topos since each derived scheme X ∈ SchZ is assumed to be of finite presentation over 
Z.

(A) Let F be the semi-simplicial object in Shv(SchZ) defined by the pullback square

F coskk(Grn(Δ̄•))

Vectn
O(k+1)⊗p∗

coskk(Vectn(Δ̄•)).

We show that the induced map |F | → |Vectn| on the geometric realization is an equiva-
lence in Shv(SchZ). By [18, Theorem A.5.3.1], it suffices to show that the map F → Vectn
is a trivial Kan fibration, i.e., the map

F [Δm] → Vectn[Δm] ×Vectn[∂Δm] F [∂Δm]

is an effective epimorphism for every m ≥ 0, see [18, A.5.1.6] for the notation. This map 
is identified with the map

Vectn ×coskk(Vectn(Δ̄•))[Δm] coskk(Grn(Δ̄•))[Δm]

→ Vectn ×cosk (Vect (Δ̄•))[∂Δm] coskk(Grn(Δ̄•))[∂Δm]

k n
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and it is an equivalence for m > k, and thus we may assume that m ≤ k. Then, since Grn
and Vectn satisfy closed gluing by [18, Example 17.3.1.3], the map is further identified 
with

Vectn ×Vectn(Δ̄m) Grn(Δ̄m) → Vectn ×Vectn(∂Δ̄m) Grn(∂Δ̄m)

by [8, Lemma A.2.6]. Over an animated ring A such that π0(A) is local, π0 of the 
right hand side is identified with the set of homotopy equivalent classes of surjections 
O⊕∞

∂Δ̄m
A

→ O(k + 1)⊕n|∂Δ̄m
A

. We have to show that such a surjection lifts to a surjection 

O⊕∞
Δ̄m

A

→ O(k + 1)⊕n up to homotopies. Consider the diagram

O⊕∞
Δ̄m

A

α′

O⊕∞
∂Δ̄m

A

α

O(k −m)⊕n O(k + 1)⊕n O(k + 1)⊕n|∂Δ̄m
A

for a given surjection α. Note that the bottom row is a fiber sequence. Since 
H1(Δ̄m

A , O(k−m)⊕n) = 0, there exists a lift α′ as indicated. Furthermore, since O(k−m)
is globally generated, we can add extra sections to ensure that the lift α′ is surjective. 
This completes the proof of (A).

(B) For each m ≥ 0, we have a commutative diagram of semi-simplicial objects

Vectn⊗Δm

�

O(k+1)⊗p∗

Vectn(Δ̄m) ⊗ Δm γ∗Lmotγ
∗Vectn(Δ̄m)

γ∗Lmotγ∗Vectn(Δ̄m
∞)

⊗ Δm
γ∗Lmotγ

∗Vectn⊗Δm
p∗

�

Vectn
O(k+1)⊗p∗

coskm(Vectn(Δ̄•)) coskm

(
γ∗Lmotγ

∗Vectn(Δ̄•)
γ∗Lmotγ∗Vectn(Δ̄•

∞)

)
coskm(γ∗Lmotγ

∗Vectn).
p∗

�

Hence, it suffices to show that the top horizontal composition is homotopic to the canon-
ical map. Note that, for any point ∗ ∈ Δ̄m not meeting Δ̄m

∞, the pullback along the 
inclusion i : {∗} → Δ̄m induces an inverse of p∗ on the top. Since i∗O(k + 1) is trivial, 
the assertion follows. �
Corollary 3.4. For every n, k ≥ 0, the diagram

(γ∗Lmotγ
∗Grn)≤k

Vectn (γ∗Lmotγ
∗Vectn)≤k

admits a lift Zariski locally as indicated, where (−)≤k denotes the pointwise k-truncation.
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Proof. By Lemma 3.3, we have a commutative diagram with a Zariski local lift as indi-
cated

|coskk(Grn(Δ̄•))| |coskk(γ∗Lmotγ∗Grn)| (γ∗Lmotγ∗Grn)≤k

Vectn
O(k+1)⊗p∗

can

|coskk(Vectn(Δ̄•))| |coskk(γ∗Lmotγ∗Vectn)| (γ∗Lmotγ∗Vectn)≤k,

where the rightmost horizontal arrows come from the canonical map |coskk X| →
|coskk X|≤k � |X|≤k for a semi-simplicial space X. Hence, we get a desired lift. �
Corollary 3.5. For every qcqs derived scheme S, the canonical map

Lmotγ
∗P∞

S → Lmotγ
∗PicS

is an equivalence.

Proof. We may assume S = Spec(Z). By Corollary 3.4, we have a commutative diagram

LZar(γ∗Lmotγ
∗P∞)≤k

Pic

φk

LZar(γ∗Lmotγ
∗Pic)≤k.

The map φk is characterized as a unique map which makes the diagram commutative 
since the right vertical map has a left inverse by Lemma 3.2. In particular, these maps 
are assembled into a map

φ : Pic → lim
k

LZar(γ∗Lmotγ
∗P∞)≤k.

Since the ∞-topos Shv(XZar) has finite homotopy dimension for each derived scheme X ∈
SchZ, we have an equivalence limk LZar(γ∗Lmotγ

∗P∞)≤k � γ∗Lmotγ
∗P∞. Therefore, we 

get a morphism Pic → γ∗Lmotγ
∗P∞ inducing a right inverse of the canonical map 

Lmotγ
∗P∞

S → Lmotγ
∗PicS . Since the canonical map has a left inverse by Lemma 3.2, we 

conclude that it is an equivalence. �
Corollary 3.6. Let E be a homotopy commutative algebra in SHtr

pbf(SchS). Then there is 
a canonical ring isomorphism

π∗E(PicS) � π∗E(S)[[t]],

where t is the Euler class of the universal line bundle.
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Proof. This is immediate from Corollary 2.7 and Corollary 3.5. �
4. Chern classes and formal group laws

Definition 4.1. Let E be a vector bundle of rank r ≥ 1 on a derived scheme X ∈ SchS . 
We let c0(E) = 1. For 1 ≤ i ≤ r, we define the i-th Chern class ci(E) ∈ π0PMGLS(X)
to be unique elements which satisfy the formula

r∑
i=0

(−1)iξi · p∗cr−i(E) = 0

in π0PMGLS(P (E)), cf. Lemma 2.6. We write c(E) :=
∑r

i=0 ci(E)ti, which is the total 
Chern class.

Remark 4.2. The Chern classes are compatible with base changes since the Euler classes 
are. If L is a line bundle, then c1(L) = e(L).

Let m : Pic × Pic → Pic be the map classifying the tensor products of line bundles. 
Consider the induced map

m∗ : PMGLS(PicS) → PMGLS(PicS × PicS),

and let funiv be the image of c1(Luniv) in

π0PMGLS(PicS × PicS) � π0PMGLS(S)[[x, y]],

where the isomorphism is by Corollary 3.6. Then funiv is a formal group law over 
π0PMGLS(S). Moreover, the formal inverse power series of t in π0PMGLS(S)[[t]] �
π0PMGLS(PicS) corresponds to the first Chern class of L−1

univ. The next two lemmas are 
the standard properties of Chern classes and formal group laws.

Lemma 4.3. Suppose that X ∈ SchS is noetherian and admits an ample line bundle. Then 
the first Chern classes of line bundles on X are nilpotent in π0PMGLS(X) and we have 
an equality

c1(L ⊗ L′) = funiv(c1(L), c1(L′)) ∈ π0PMGLS(X)

for every pair of line bundles L, L′ on X.
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Proof. If L is a globally generated line bundle, then it is generated by a finite number 
of global sections since X is noetherian. Then it is immediate from the definition of the 
Euler class that e(L) = c1(L) is nilpotent. It follows that the map

π0PMGLS(X)[[t]] � π0PMGL(PicS) → π0PMGLS(X)

induced by the map X → Pic classifying L factors through π0PMGLS(X)[t]/tm for 
some m > 0. In particular, c1(L−1), which is the image of the formal inverse of t, is also 
nilpotent.

Since X admits an ample line bundle, every line bundle L on X can be written as 
L1 ⊗ L−1

2 for some globally generated line bundles L1 and L2. Since we have seen that 
c1(L1) and c1(L−1

2 ) are nilpotent, the map

π0PMGLS(X)[[x, y]] � π0PMGL(PicS × PicS) → π0PMGLS(X)

induced by the map X→Pic×Pic classifying ( L1, L−1
2 ) factors through π0PMGLS(X)[[x, y]]

/(x, y)m for some m > 0. Since c1(L) is the image of funiv, it is nilpotent. Then the last 
claim is an immediate consequence of the construction. �
Lemma 4.4. Suppose that X ∈ SchS is noetherian and admits an ample line bundle. Let 
E be a vector bundle of rank r ≥ 1 on X. Then the following hold in π0PMGLS(X):

(i) e(E) = cr(E).
(ii) ci(E) is nilpotent for each i ≥ 1.
(iii) If E admits a filtration

0 = E0 ⊂ E1 ⊂ · · · ⊂ Er = E

such that Li = Ei/Ei−1 is a line bundle for 1 ≤ i ≤ r, then

c(E) =
r∏

i=1
(1 + c1(Li)t).

(iv) If we have a fiber sequence

E ′ → E → E ′′

of vector bundles on X, then c(E) = c(E ′) · c(E ′′).

Proof. Firstly, (iv) follows from (iii) by taking the pullback of E to the derived scheme 
representing full flags of E . Similarly, (ii) follows from (iii) and Lemma 4.3. We need a 
splitting trick for the other assertions. Suppose we are given a fiber sequence
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E ′ f−→ E → E ′′

of vector bundles on X. Let t0, t1 be homogeneous coordinates of P 1, and let Ẽ be the 
cofiber of the map

(id ⊗ t0) ⊕ (f ⊗ t1) : E ′ → E ′(1) ⊕ E(1)

of vector bundles on P 1 × X. Then i∗0Ẽ = E ′ ⊕ E ′′ and i∗∞Ẽ = E , and thus we get 
c(E) = c(E ′ ⊕ E ′′) and e(E) = e(E ′ ⊕ E ′′).

(i) It is obvious for line bundles. For the general case, we may assume that E is a direct 
sum of line bundles 

⊕r
i=1 Li by the splitting trick. Since Sym(

⊕
Li) =

⊗
i Sym(Li), we 

have e(E) =
∏

i e(Li), and thus the assertion follows from (iii).
(iii) We may assume that E =

⊕r
i=1 Li. Consider the universal quotient E → O(1) on 

P (E). The induced map Li → O(1) gives a global section si of L−1
i (1), and let Di ⊂ P (E)

be the derived vanishing locus of si. Then the intersection of all Di for 1 ≤ i ≤ r is empty, 
from which it follows that 

∏
i c1(L−1

i (1)) = 0. By the formal group law (Lemma 4.3),

ξ = c1(Li ⊗ L−1
i (1)) = c1(Li) + c1(L−1

i (1)) +
∑
p,q≥1

apqc1(Li)pc1(L−1
i (1))q

for some apq ∈ π0PMGLS(S), and therefore 
∏

i(ξ− c1(Li)) = 0. This implies the desired 
equation. �

We can compute the cohomology of grassmannians in terms of Chern classes by using 
Lemma 4.4.

Lemma 4.5. Let E be a pbf-local sheaf with transfers on SchS and n ≥ 0. Let E be a 
vector bundle of rank r ≥ 1 on a derived scheme X ∈ SchS and Q the universal quotient 
bundle of E on Grn(E). Assume that X = S ×S′ X ′ for some noetherian derived scheme 
X ′ ∈ SchS′ admitting an ample line bundle and that E = E ′

X for some vector bundle E ′

of rank r on X ′. Then the morphism

∑
α

(c(Q)α · p∗) :
⊕
α

E(X) → E(Grn(E))

is an equivalence, where α runs over all n-tuples of non-negative integers with |α| ≤ r−n

and cα :=
∏

cαi
i .

Proof. We prove by induction on n. The case n = 0 is obvious, and let n ≥ 1. By 
Lemma 2.6, the map

∑
ξi :

n−1⊕
E(Grn(E)) → E(P (Q))
i i=0
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is an equivalence. Hence, it suffices to show that the composite

⊕
i

⊕
α

E(X) c(Q)α−−−−→
⊕
i

E(Grn(E)) ξi−→ E(P (Q))

is an equivalence. Note that P (Q) is isomorphic to the grassmannian Grn−1(E ′) of the 
universal subbundle E ′ of E on P (E). Therefore, by the induction hypothesis, the map

∑
j,β

c(Q′)βξj :
⊕
β

r−1⊕
j=0

E(X) → E(P (Q))

is an equivalence, where Q′ is the universal subbundle of Q on P (Q) and β runs over 
all (n − 1)-tuples of non-negative integers with |β| ≤ r− n. By Lemma 4.4 (iv), we have 
ck(Q) = ck(Q′) + ck−1(Q′)ξ. Therefore, it remains to show that the family

{
ξi
∏

k(ck(Q′) + ck−1(Q′)ξ)αk

}
0≤i≤n−1,α

forms the same linear system as {c(Q′)βξj}0≤j≤r−1,β , and this is elementary; or we can 
refer to the classical computation of cohomology of grassmannians (as in [9, §14.6], for 
example), since it gives a desired invertible matrix over Z. �
Corollary 4.6. Let E be a homotopy commutative algebra in SHtr

pbf(SchS). Then there is 
a canonical ring isomorphism

π∗E(Grn,S) � π∗E(S)[[c1, . . . , cn]],

where ci is the i-th Chern class of the universal quotient bundle on Grn,S.

Proof. By Lemma 4.5, the map

π∗E(S)[c1, . . . , cn] → π∗E(Grn(ON
S ))

sending ci to the i-th Chern class of the quotient bundle Q is surjective, and if we 
let IN be its kernel then 

⋂
N IN = ∅. Since Grn(ON

S ) is a base change of Grn(ON
Z ), 

Lemma 4.4 (ii) implies that ci(Q) ∈ π∗E(Grn(ON
S )) is nilpotent for each i ≥ 1. Hence, 

π∗E(Grn(ON
S )) is complete for the (c1, . . . , cn)-adic topology and the above map factors 

through π∗E(S)[[c1, . . . , cn]]. Taking limits with respect N , we obtain a map

π∗E(S)[[c1, . . . , cn]] → lim
N

π∗E(Grn(ON
S )) � π∗E(Grn,S),

which is injective since 
⋂

N IN = ∅ and induces the identity modulo (c1, . . . , cn). Note 
that π∗E(Grn,S) is separated for the (c1, . . . , cn)-adic topology since we have an injection
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(c1, . . . , cn)m lim
N

π∗E(Grn(ON
S )) → lim

N
(c1, . . . , cn)mπ∗E(Grn(ON

S ))

and the right hand side is zero when m → ∞. Then the result follows from the following 
observation: if A is an I-adically complete ring and B is an extension ring of A such that 
A/IA = B/IB and that B is separated for the I-adic topology, then A = B. Indeed, 
B = A + IB = A + I(A + IB) = · · · , and thus the separatedness implies the claim. �

Now we can complete the proof of the main theorem.

Proof of Theorem 3.1. We may assume that the base scheme is S = Spec(Z). We first 
prove that the canonical map

Lmotγ
∗Grn → Lmotγ

∗Vectn

admits a left inverse. Let Euniv be the universal vector bundle of rank n over Vectn. Then 
the projective space P (Euniv) is defined as the stack classifying quotients Euniv � L with 
L being a line bundle. Then the Euler class ξ of the universal quotient bundle on P (Euniv)
is defined as in Lemma 3.2 and the map

r−1∑
i=0

(ξi · p∗) :
r−1⊕
i=0

E(Vectn) → E(P (Euniv))

is an isomorphism for any pbf-local sheaf E with transfers by Lemma 2.6. Hence, we 
can define the Chern classes ci of Euniv by the formula in Definition 4.1. Then we get a 
commutative diagram

∏
α(Lmotγ

∗Grn)(Spec(Z))
∑

(c(Euniv)α·p∗)
�

(Lmotγ
∗Grn)(Vectn) (Lmotγ

∗Grn)(Grn)

and the diagonal arrow is an equivalence by Lemma 4.5. Hence, the canonical map 
γ∗Grn → Lmotγ

∗Grn lifts to a map γ∗Vectn → Lmotγ
∗Grn, which gives a desired left 

inverse.
The rest of the proof is identical to that of Corollary 3.5. By Corollary 3.4, we have 

a commutative diagram

LZar(γ∗Lmotγ
∗Grn)≤k

Vectn

φk

LZar(γ∗Lmotγ
∗Vectn)≤k.
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The map φk is characterized as a unique map which makes the diagram commutative 
since the right vertical map has a left inverse. In particular, these maps are assembled 
into a map

φ : Vectn → lim
k

LZar(γ∗Lmotγ
∗Grn)≤k � γ∗Lmotγ

∗Grn,

which induces a right inverse of the canonical map Lmotγ
∗Grn → Lmotγ

∗Vectn. Since 
we have seen that the canonical map has a left inverse, we conclude that it is an equiv-
alence. �
Corollary 4.7. Let E be a homotopy commutative algebra in SHtr

pbf(SchS). Then there is 
a canonical ring isomorphism

π∗E(Vectn,S) � π∗E(S)[[c1, . . . , cn]],

where ci is the i-th Chern class of the universal vector bundle of rank n.

Proof. This follows from Theorem 3.1 and Corollary 4.6. �
5. Representability of localizing invariants

Examples of pbf-local sheaves of spectra with transfers are supplied by localizing 
invariants. Let Catex∞ be the ∞-category of small stable ∞-categories and exact functors. 
A localizing invariant is a functor Catex∞ → Sp which carries exact sequences in Catex∞ to 
fiber sequences of spectra, cf. [15, Definition 1.2].

Let Sch be the ∞-category of all qcqs derived schemes and suppose that it is marked 
with respect to finite quasi-smooth morphisms in the sense of [19, Definition 2.6.1]. Then 
the functor Perf : Schop → Catex∞ of perfect complexes is bivariant in the sense of [19, §3.2]
by [18, Corollary 3.2.3.3, Theorem 6.1.3.2]. Hence, by [19, Theorem 3.8.1], the functor 
Perf extends to a functor

Perf† : Corrfqsm(Sch)op → Catex∞.

Lemma 5.1. If E is a localizing invariant and S a qcqs derived scheme, then the composite

Corrfqsm(SchS)op → Corrfqsm(Sch)op Perf†−−−→ Catex∞
E−→ Sp

is a pbf-local sheaf of spectra with transfers on SchS.

Proof. It suffices to show that the composite E ◦ Perf† satisfies Zariski descent and 
projective bundle formula. The descent essentially follows from the work [23], see also 
[15, Lemma A.1], and the projective bundle formula is satisfied by [13, Theorem B]. �
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We regard a localizing invariant as a pbf-local sheaf with transfers by Lemma 5.1. The 
next goal is to show that a multiplicative localizing invariant yields an E∞-algebra in 
SHtr

pbf(SchS). A multiplicative localizing invariant is a lax symmetric monoidal functor 
(Catex∞)⊗ → Sp⊗ whose underlying functor Catex∞ → Sp is a localizing invariant.

Lemma 5.2. Let C⊗ be a cocartesian symmetric monoidal ∞-category whose underlying 
∞-category C is equipped with a marking with collar change [19, 3.1.3]5. Let F : C⊗ →
Cat∞ be a lax cartesian structure [17, Definition 2.4.1.1]. Assume that:

(i) The underlying functor F : C → Cat∞ is right bivariant with collar change [19, 
3.2.5].

(ii) F satisfies projection formula, i.e., for any marked morphism f : X → Y in C, the 
canonical map

f∗(−) ⊗ (−) → f∗((−) ⊗ f∗(−))

is an equivalence, where f∗ := F (f) and f∗ is a right adjoint of f∗.

Then F extends to a lax cartesian structure F † : coCorr(C)⊗ → Cat∞, where coCorr(C)
is the ∞-category of cocorrespondences in C, i.e., coCorr(C) := Corr(Cop)op.

We remark that the functor F : C → Cat∞ factors through the ∞-category 
MonE∞(Cat∞) of symmetric monoidal ∞-categories, but F † : coCorr(C) → Cat∞ does 
not factor through MonE∞(Cat∞) in general.

Proof. We equip C⊗ with the vertical marking, i.e., a morphism f in C⊗ is marked if and 
only if it lies over the identity 〈n〉 → 〈n〉 for some n ≥ 0 and f is a product of marked 
morphisms in C. It suffices to show that the functor F : C⊗ → Cat∞ is right bivariant 
with collar change; then we can apply Macpherson’s extension theorem [19, Theorem 
3.8.1] and the extension is lax cartesian since C⊗ → coCorr(C)⊗ is essentially surjective. 
We have to show that, for a cocartesian square

(Y1, . . . , Ym)

g

f
(X1, . . . , Xm)

g′

(Y ′
1 , . . . , Y

′
n)

f ′

(X ′
1, . . . , X

′
n)

in C⊗ with f being a product of marked morphisms, the base change map g∗f∗ → f ′
∗g

′ ∗

is an equivalence. This is clear if g is an inert morphism and thus we may assume that 

5 I.e., C is equipped with a distinguished class of morphisms which are stable under pushouts along 
arbitrary morphisms.
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g is active. Then, by induction, the problem is reduced to the right adjointability of 
cocartesian squares of the form

(Y, Y )

δ

(f1,f2)
(X1, X2)

δ′

Y
f

X,

where δ is the codiagonal map. The square is cocartesian if and only if X � X1 �Y X2, 
and in this case the base change map δ∗(f1, f2)∗ → f∗δ′ ∗ is identified with f1∗ ⊗ f2∗ →
f∗(f ′ ∗

1 ⊗ f ′ ∗
2 ), where f ′

i is the canonical map Xi → X. Then it is an equivalence by the 
projection formula. �
Lemma 5.3. Let C⊗ be a symmetric monoidal ∞-category and F : C⊗ → Cat∞ a lax 
cartesian structure. Assume that:

(i) The underlying functor F : C → Cat∞ factors through the subcategory Catex∞.
(ii) For each morphism (X1, . . . , Xn) → X in C⊗ lying over the active morphism 〈n〉 →

〈1〉, the induced functor

F (X1) × · · · × F (Xn) → F (X)

preserves finite colimits in each variable.

Then F uniquely lifts to a lax symmetric monoidal functor C⊗ → (Catex∞)⊗.

Proof. By [17, Proposition 2.4.1.7], the ∞-category Funlax(C⊗, Cat∞) of lax cartesian 
structures is equivalent to the ∞-category Funlax(C⊗, Cat×∞) of lax symmetric monoidal 
functors. Under this equivalence, a lax symmetric monoidal functor F : C⊗ → Cat×∞
factors through the subcategory Cat∞(K)⊗ constructed in [17, Notation 4.8.1.2], where 
we take K to be the set of all finite simplicial sets, if and only if the ∞-category F (X)
admits finite colimits for each X ∈ C and F satisfies the condition (ii). Furthermore, 
since Catex∞ is a reflective subcategory of Cat∞(K) and the left adjoint is symmetric 
monoidal, we conclude that F uniquely factors thought a lax symmetric monoidal functor 
C⊗ → (Catex∞)⊗. �
Corollary 5.4. Let E be a multiplicative localizing invariant and S a qcqs derived scheme. 
Then the associated pbf-local sheaf E of spectra with transfers is promoted to an E∞-
algebra in SHtr

pbf(SchS).
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Proof. We apply Lemma 5.2 to C = Schop and F = Perf. Then Perf satisfies projection 
formula by [18, Remark 3.4.2.6], and thus we get a lax cartesian structure

Perf† : (Corrfqsm(Sch)op)⊗ → Cat∞.

This extension satisfies the condition of Lemma 5.3, and thus Perf† lifts to a lax sym-
metric monoidal functor to (Catex∞)⊗. Then we get a lax symmetric monoidal functor

E⊗ : (Corrfqsm(SchS)op)⊗ → (Corrfqsm(Sch)op)⊗ Perf†−−−→ (Catex∞)⊗ E−→ Sp⊗.

We can regard E⊗ as an E∞-algebra in the symmetric monoidal ∞-category
Fun(Corrfqsm(SchS)op, Sp)⊗ of presheaves of spectra and the Day convolution products. 
Since the localization functor Lmot is symmetric monoidal and E⊗ underlies the pbf-local 
sheaf E of spectra with transfers, we conclude that E = LmotE

⊗ is an E∞-algebra in 
SHtr

pbf(SchS). �
References

[1] T. Annala, Bivariant derived algebraic cobordism, J. Algebraic Geom. 30 (2) (2021) 205–252.
[2] T. Annala, R. Iwasa, Motivic spectra and universality of K-theory, arXiv :2204 .03434, 2022.
[3] T. Bachmann, M. Hoyois, Norms in motivic homotopy theory, Astérisque 425 (2021).
[4] F. Binda, A motivic homotopy theory without A1-invariance, Math. Z. 295 (3–4) (2020) 1475–1519.
[5] F. Binda, D. Park, P.A. Østvær, Triangulated categorical of logarithmic motives over a field, 

Astérisque 433 (2022).
[6] A.J. Blumberg, D. Gepner, G. Tabuada, A universal characterization of higher algebraic K-theory, 

Geom. Topol. 17 (2) (2013) 733–838.
[7] E. Elmanto, M. Hoyois, A.A. Khan, V. Sosnilo, M. Yakerson, Modules over algebraic cobordism, 

Forum Math. Pi 8 (2020) 1–44.
[8] E. Elmanto, M. Hoyois, A.A. Khan, V. Sosnilo, M. Yakerson, Motivic infinite loop spaces, Camb. 

J. Math. 9 (2) (2021) 431–549.
[9] W. Fulton, Intersection Theory, second edition, Ergebnisse der Mathematik und ihrer Grenzgebiete. 

3. Folge. A Series of Modern Surveys in Mathematics, vol. 2, Springer-Verlag, Berlin, 1998, xiv+470 
pp.

[10] D. Gepner, M. Groth, T. Nikolaus, Universality of multiplicative infinite loop space machines, 
Algebraic Geom. Topol. 15 (6) (2015) 3107–3153.

[11] M. Hoyois, J. Jelisiejew, D. Nardin, B. Totaro, M. Yakerson, The Hilbert scheme of infinite affine 
space and algebraic K-theory, J. Eur. Math. Soc. (2021), in press, arXiv :2002 .11439.

[12] B. Khan, H. Miyazaki, S. Saito, T. Yamazaki, Motives with modulus I: modulus sheaves with 
transfers for non-proper modulus pairs, Épijournal Géom. Algébr. 5 (2021) 1.

[13] A.A. Khan, Algebraic K-theory of quasi-smooth blow-ups and cdh descent, Ann. Henri Lebesgue 3 
(2020) 1091–1116.

[14] A.A. Khan, D. Rydh, Virtual Cartier divisors and blow-ups, arXiv :1802 .05702, 2019.
[15] M. Land, G. Tamme, On the K-theory pullbacks, Ann. Math. (2) 190 (3) (2019) 877–930.
[16] J. Lurie, Higher topos theory, https://www .math .ias .edu /~lurie/, 2017.
[17] J. Lurie, Higher algebra, https://www .math .ias .edu /~lurie/, 2017.
[18] J. Lurie, Spectral algebraic geometry, https://www .math .ias .edu /~lurie/, 2018.
[19] A.W. Macpherson, A bivariant Yoneda lemma and (∞, 2)-categories of correspondences, Algebraic 

Geom. Topol. (2020), in press, arXiv :2005 .10496.
[20] F. Morel, V. Voevodsky, A1-homotopy theory of schemes, Publ. Math. Inst. Hautes Études Sci. 90 

(1999) 45–143.
[21] N. Naumann, M. Spitzweck, P.A. Østvær, Motivic Landweber exactness, Doc. Math. 14 (2009) 

551–593.

http://refhub.elsevier.com/S0001-8708(22)00455-8/bib82E335F7AC0E0E412B2AE15ABE662110s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib0A40E3C91A3A55C9A37428C6D194D0E5s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib1BAA5A77AEFF33338948C1E0C4466462s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib807DBE7D1C25A633894D4A231B1C76D3s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bibF952D365FD4CF556FC91D12F8933A95Es1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bibF952D365FD4CF556FC91D12F8933A95Es1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib40E7DC38F9677BA3A87B00F51FCF8256s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib40E7DC38F9677BA3A87B00F51FCF8256s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib93B2298649F41E4604AB38BFE036B065s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib93B2298649F41E4604AB38BFE036B065s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib950BB89C5AE6603A70026B371EAEC7C5s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib950BB89C5AE6603A70026B371EAEC7C5s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bibC5024034426ABF34039E0FE95CD405AFs1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bibC5024034426ABF34039E0FE95CD405AFs1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bibC5024034426ABF34039E0FE95CD405AFs1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bibDD20DC010F6844FD2261AFC156087AA2s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bibDD20DC010F6844FD2261AFC156087AA2s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bibCAFB92F43B74A3C28E2A366E054EE23As1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bibCAFB92F43B74A3C28E2A366E054EE23As1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib92669B66AA32D5B170EC6572A559F905s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib92669B66AA32D5B170EC6572A559F905s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib025E3117AA6608AE43A10E33CACB8393s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib025E3117AA6608AE43A10E33CACB8393s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib38DD815E66DBD0D47A2B876CA442E987s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bibC562607189D77EB9DFB707464C1E7B0Bs1
https://www.math.ias.edu/~lurie/
https://www.math.ias.edu/~lurie/
https://www.math.ias.edu/~lurie/
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib1748C0644A50090814D3E170723CCC5Cs1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib1748C0644A50090814D3E170723CCC5Cs1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib77D96FC8E5C080038B043EAD02DADFC3s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib77D96FC8E5C080038B043EAD02DADFC3s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib6CFC57AAFBB6CFEAE43A8E3340979E2Fs1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib6CFC57AAFBB6CFEAE43A8E3340979E2Fs1


T. Annala, R. Iwasa / Advances in Mathematics 409 (2022) 108638 25
[22] D. Quillen, Elementary proofs of some results of cobordism theory using Steenrod operations, Adv. 
Math. 7 (1971) 29–56.

[23] R.W. Thomason, T. Trobaugh, Higher algebraic K-theory of schemes and of derived categories, in: 
The Grothendieck Festschrift, vol. III, in: Progr. Math., vol. 88, Birkhäuser Boston, Boston, MA, 
1990, pp. 247–435.

[24] B. Totaro, Hodge theory of classifying stacks, Duke Math. J. 167 (8) (2018) 1573–1621.

http://refhub.elsevier.com/S0001-8708(22)00455-8/bib0A0C40ADB188B539FD435426B2D25171s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib0A0C40ADB188B539FD435426B2D25171s1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bibDF1F3EDB9115ACB0A1E04209B7A9937Bs1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bibDF1F3EDB9115ACB0A1E04209B7A9937Bs1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bibDF1F3EDB9115ACB0A1E04209B7A9937Bs1
http://refhub.elsevier.com/S0001-8708(22)00455-8/bib9D21844B68D23B376EA5D97B752FBF5Ds1

	Cohomology of the moduli stack of algebraic vector bundles
	0 Introduction
	1 Sheaves with transfers and projective bundle formula
	2 Euler classes
	3 Moduli stack of vector bundles
	4 Chern classes and formal group laws
	5 Representability of localizing invariants
	References


