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The use of multidimensional entanglement opens new perspectives for quantum information processing.
However, an important challenge in practice is to certify and characterize multidimensional entanglement from
measurement data that are typically limited. Here, we report the certification and quantification of two-photon
multidimensional energy-time entanglement between many temporal modes, after one photon has been stored
in a crystal. We develop a method for entanglement quantification which makes use of only sparse data
obtained with limited resources. This allows us to efficiently certify an entanglement of formation of 1.18 ebits
after performing quantum storage. The theoretical methods we develop can be readily extended to a wide
range of experimental platforms, while our experimental results demonstrate the suitability of energy-time
multidimensional entanglement for a quantum repeater architecture.
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Quantum entanglement represents a key resource for
quantum information processing, e.g., in quantum commu-
nications. Of particular interest is the possibility of using
multidimensional entangled states, which are proven to out-
perform standard two-qubit entangled states for a wide range
of applications. In particular, high-dimensional entanglement
can increase the quantum communication channel capacity
[1], as well as enhance the key rate and resilience to
errors in quantum key distributions [2–4]. Moreover, it is
also relevant for the implementation of device-independent
quantum communication protocols [5], allowing for more
robust Bell tests [6] and enhanced security [7].

In recent years a strong effort has been devoted to the
experimental implementation of multidimensional entangled
systems, in particular, in the context of photonic experiments.
Different degrees of freedom were considered, such as orbital
angular momentum [8–10], frequency [11–14], spatial modes
[15–17], time bins [18–20], and energy-time [21,22]. Several
experiments also demonstrated the potential of multidimen-
sional entanglement for quantum cryptography [23–26]. For
this, time bins and energy-time entangled systems are suitable
for implementations using optical fibers [27].

While these works open promising perspectives, the use
of multidimensional entanglement for practical and efficient
quantum communications still faces important challenges.
Unavoidable losses in optical fibers require the use of quantum
repeater schemes featuring quantum memories in order to
reach long distances [28]. First steps were taken in realiz-
ing quantum memories beyond qubits. Notable experiments
demonstrated the storage of three-dimensional entanglement
of orbital angular momentum [29,30], as well as the imple-
mentation of a temporal multimode quantum memory capable
of storing multiple entangled two-qubit pairs [31], a key step
for achieving efficient entanglement distribution [32].

Another important challenge consists of certifying and
characterizing multidimensional entanglement. Indeed, the
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complexity of these systems (i.e., in terms of the number of
parameters for characterizing their quantum state) renders the
usual methods, such as quantum state tomography, completely
impractical. More efficient techniques have been developed,
based, e.g., on compressed sensing [33,34], but usually require
partial prior knowledge of the state. In general, the problem
of developing reliable and efficient methods for characteriz-
ing high-dimensional entanglement based on experimentally
accessible data, which are typically limited, is an active area
of research [35–37].

In the present Rapid Communication we address these
challenges by demonstrating the characterization of multi-
dimensional energy-time entanglement stored in a rare-earth
ion-doped crystal based on very sparse data. We first develop a
method for quantifying multidimensional entanglement based
on the knowledge of the diagonal elements of the density
matrix, and a few off-diagonal elements. In our experiment,
this corresponds to measuring in the time-of-arrival basis,
and observing the coherence between neighboring temporal
modes. Based on the fact that the density matrix must be
positive—in order to correspond to a valid quantum state—our
method imposes strong constraints on other (not directly
measurable) elements of the density matrix. Therefore, we can
prove rigorous lower bounds on the entanglement of formation
of the state, even though the available data are limited.

We demonstrate the practical relevance of the method
in our quantum storage experiment, involving energy-time
entanglement of a photon pair containing up to nine temporal
modes. In particular, we certify that the quantum state after
storage has an entanglement of formation of at least 1.18 ebits.

These results demonstrate the potential of energy-time
entanglement combined with multimode quantum memories
for creating and certifying multidimensional entanglement on
long distances.

We start by presenting our experimental scheme. Energy-
time entanglement between two single photons at differ-
ent wavelengths is generated using spontaneous parametric
downconversion (SPDC). A monochromatic continuous-wave
532-nm laser pumps a nonlinear optical waveguide [periodi-
cally poled potassium titanyl phosphate (ppKTP) waveguide]
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FIG. 1. Experimental setup. A pair of photons (signal and idler)
is generated in a ppKTP waveguide via SPDC of a 532-nm pump
photon. Both photons are spectrally filtered using optical cavities.
Since the resulting coherence time of the photon pair is much smaller
than the coherence time of the pump laser, this leads to the generation
of two-photon energy-time entanglement. The signal photon is sent
to a quantum memory (QM) based on a Nd3+:Y2SiO5 crystal and
stored for τM = 50 ns. The pump laser intensity is modulated using
an acousto-optic modulator to generate a square pulse with duration
τp smaller than the storage time of the QM. Finally, the photon pair is
analyzed via unbalanced interferometers, with controllable phases φs

and φi and identical delays � = 5.5 ns, and single-photon detectors
(Ds and Di). Hence, the entangled state generated and measured in
our experiment can be compactly described by an entangled state of
d temporal modes of the form |�d〉. The experimental parameters
allow for up to d = 9 modes.

to generate the signal and idler photons at 883 and 1338 nm,
respectively (Fig. 1). The two downconverted photons are
created simultaneously and are well correlated in energy.
However, the use of a monochromatic pump laser leads
to an uncertainty on the photon pair creation time. This
uncertainty is defined by the coherence time of the pump laser
∼1 ms and leads to energy-time entanglement between the two
downconverted photons.

The entangled photon pair is filtered down to 200 MHz,
which corresponds to a coherence time τc ≈ 2.0 ns (the details
about the SPDC source can be found in Ref. [38]). The fact
that τc is much smaller than the coherence time of the pump
laser, combined with the detection scheme we use (see below),
allow us to describe the entangled two-photon state as

|�d〉 = 1√
d

d∑
j=1

|j 〉i ⊗ |j 〉s , (1)

where |j 〉i (|j 〉s) denotes the state of the idler (signal) photon
in a temporal mode j = 1, . . . ,d.

The signal photon is coupled to the quantum memory,
which is based on a rare-earth ion-doped orthosilicate crystal,
Nd3+:Y2SiO5, which is cooled down to 3 K. Photon storage is
achieved via the atomic frequency comb (AFC) quantum mem-
ory protocol, implemented on the optical transition 4I9/2 ←→
4F3/2 of Nd3+ ions. The storage time of τM = 50 ns is
predetermined, with an overall efficiency of 15%. More details
about the quantum memory can be found in Ref. [39]. Here,

we use a two-level AFC scheme which has a predetermined
storage time and can be seen as a temporal delay line.

Finally, local measurements are performed on each photon
using unbalanced interferometers (see Fig. 1). The delay � =
5.5 ns between the short and long arms of the interferometers
is bigger than the coherence time of the photon pair τc. In this
case, the situation in which both photons passed through the
short arm is indistinguishable from one where both photons
travel through the long arm, leading to quantum interference
in the coincidence rate [40]. In practice, two Michelson
interferometers (bulk for the signal photon and fiber based
for the idler photon) with controllable phases (φs and φi on
Fig. 1) and identical delays �s = �i = � were implemented
and actively phase stabilized [41].

The experiment thus generates an energy-time entangled
state between d temporal modes, of the form (1), which can
also be viewed as a postselected time-bin entangled state. The
maximum number of temporal modes that is possible to couple
to the QM is defined by its storage time τM . Thus the ratio
τM/� corresponds to the maximum dimension of d ∼ 9 for the
state (1) which can be stored and certified in our experiment.

Our goal now is to characterize the multidimensional
entanglement at the output of the quantum memory by
reconstructing part of the d2 × d2 density matrix ρ, with ele-
ments 〈j,k|ρ|j ′,k′〉 = Tr[ρ(|j 〉i〈j ′|i ⊗ |k〉s〈k′|s)]. Note, how-
ever, that the measurement information at our disposal is very
limited, due to the simplicity of our measurement setup. Hence,
we can obtain only very few elements of ρ. Specifically, we
can measure (i) the diagonal of the density matrix, i.e., terms
〈j,k|ρ|j,k〉, via the time-coincide measurement, and (ii) the
visibility V between two neighboring temporal modes, i.e.,
terms 〈j,j |ρ|j + 1,j + 1〉, via the interference measurements.
Note that a full state reconstruction of ρ would require the use
of d different interferometers, and is extremely cumbersome
and impractical.

Nevertheless, we will see that the limited information at our
disposal is already enough to partly characterize the state, in
particular, leading to strong lower bounds on the entanglement
of formation of ρ, EoF . The latter is an operationally mean-
ingful measure of entanglement, quantifying how much pure
entanglement (counted in ebits, i.e., the number of maximally
entangled two-qubit pairs) is required in order to prepare ρ

via an arbitrary local operations and classical communication
(LOCC) procedure. Following Ref. [42], we have that

EoF � − log2

(
1 − B2

2

)
, (2)

where we have defined the quantity

B = 2√|C|

⎛
⎜⎝ ∑

(j,k)∈C

j<k

|〈j,j |ρ|k,k〉| −
√

〈j,k|ρ|j,k〉〈k,j |ρ|k,j 〉

⎞
⎟⎠.

(3)

Note that the indices (j,k) are taken from a set C that can
be chosen at will. The quantity B puts a lower bound on
the concurrence of ρ [43]. For a d × d maximally entangled
pure state |�d〉 one has B = √

2(d − 1)/d , leading to the tight
bound EoF = log2(d).
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Note that the evaluation of B requires only O(d2) elements
of the density matrix, comparing to the total number of d4 − 1.
While the diagonal elements, i.e., 〈j,k|ρ|j,k〉, can be estimated
in the experiment (see below), measuring all coherence terms
〈j,j |ρ|k,k〉 is still challenging and impractical, as it requires
many interferometers (with time delays n� with n = 2, . . . ,d)
with controllable phases. Nevertheless, we will see now that all
unknown coherence terms (e.g., 〈j,j |ρ|k,k〉 with |k − j | � 2)
can in fact be efficiently lower bounded based only on
accessible data.

These bounds simply follow from the requirement of the
density matrix ρ to be positive semidefinite, i.e., representing
a physical quantum state. We first notice that if a matrix is
positive semidefinite, then it is also the case for its real part
and all of its submatrices. Hence, the following submatrix of
ρ is positive semidefinite,⎛

⎜⎜⎜⎜⎝

r1,1 r1,2 · · · r1,d

r1,2 r2,2
. . .

...
...

. . .
. . . rd−1,d

r1,d · · · rd−1,d rd,d

⎞
⎟⎟⎟⎟⎠, (4)

where rj,k = rk,j = Re(〈j,j |ρ|k,k〉). From Sylvester’s cri-
terion it follows that every subdeterminant of a positive
semidefinite matrix should be non-negative. In particular,
the following determinant of any 3 × 3 submatrix of (4) is
non-negative, i.e., ∣∣∣∣∣∣

rj,j rj,k rj,l

rj,k rk,k rk,l

rj,l rk,l rl,l

∣∣∣∣∣∣ � 0, (5)

for all j < k < l. We thus get the lower bound,

rj,l �
rj,krl,k −

√(
rj,j rk,k − r2

j,k

)(
rk,krl,l − r2

k,l

)
rk,k

. (6)

Notice that the square root in the above equation is real since
its arguments are 2 × 2 subdeterminants of (5) and therefore
non-negative. Moreover, even if we do not know the exact
value of rj,k or rk,l , but only a non-negative lower bound on
them, the formula (6) remains valid. This property allows us
to iteratively compute a lower bound on every element of the
matrix (4), based only on its diagonal and its first off-diagonal.
Finally, we can lower bound B and eventually the entangle-
ment of formation EoF via inequality (2). We emphasize that
these lower bounds are general and rigorous, as they follow
from the fact that the density matrix must be semidefinite
positive, i.e., ρ � 0, in order to represent a valid quantum
state.

Let us now focus on the situation of our experiment,
for which we expect the following form of the density
matrix (omitting normalization): rj,j = 1 for j = 1, . . . ,d

and rj,j+1 = V for j = 1, . . . ,d − 1. The bounds on the first
unknown off-diagonal elements read

rj,j+2 � 2V2 − 1, rj,j+3 � V(4V2 − 3). (7)

Hence, the matrix (4), containing initially many unknown
elements, can be filled iteratively, as illustrated in Fig. 2.
Finally, by computing parameter B, we get a lower bound

FIG. 2. Illustration of the method. Given a submatrix where only
the diagonal and first off-diagonal are known (a), the method allows us
to complete the matrix (b), giving lower bounds (7) on all unknown
elements based on positivity constraints. Finally, this construction
leads to a lower bound on the entanglement of formation via
relation (2).

on the entanglement of formation depending on the visi-
bility [see Fig. 3(b)]. In particular, for a perfect visibility
V = 1, the only compatible state is the maximally entan-
gled one (1), and the bound becomes tight, i.e., EoF =
log2(d). See the Supplemental Material [44] for more
details.

Notice that the bounds become worse when one moves
away from the diagonal. In fact, depending on the value of V ,
the bound (6) becomes negative at some point, and thus the
corresponding (and following) off-diagonal elements can no
longer be lower bounded. Nevertheless, until that point, the
bounds computed are useful. Notice also that we can play with
the subset C in Eq. (3) to improve the final bound on EoF . This
comes from the fact that, while taking a larger set C makes the
sum in Eq. (3) larger, the denominator

√|C| also grows. We
find that in certain cases, better bounds on EoF are obtained
when considering small sets C.

To apply the above method to our experiment, we start
by measuring the coherence between neighboring temporal
modes, giving access to rj,j+1. In order to do this, we use
the two interferometers (Fig. 1) to extract coherences between
temporal modes |j 〉 and |j + 1〉. The phase of the idler interfer-
ometer φi is fixed while the phase of the signal interferometer
φs is scanned over the interval [0,2π ]. For each time bin the
phase scan is done by measuring 15 points with 2 min per
point. The coincidence rates are recorded, which correspond to
local projections onto eφs+φi |j,j 〉 + |j + 1,j + 1〉 for all j =
1, . . . ,d − 1. The visibility values are extracted by comparing
the number of coincidences corresponding to constructive
(maximum) and destructive (minimum) interference. Results
are given in Fig. 3(a). Note that the visibilities for the first
and the last temporal modes are lower due to a significant
change in the intensity between the two neighboring modes.
The average visibility for the central temporal modes is ∼97%,
and is limited by the interferometric stability and the multipair
contribution from the SPDC process.

We then measure correlations in the time basis, leading
to the diagonal terms rj,j for j = 1, . . . ,d. For this, we
block the short (or long) arm of the signal interferometer to
project on states |j,j 〉 (or |j + 1,j + 1〉) using a mechanical
switch. The results for one of the measurements is depicted
in Fig. 3(a). The remaining terms of the diagonal of ρ,
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FIG. 3. Results for one experimental run. (a) The measured intensities in the time-of-arrival basis (diagonal elements rj,j ) and visibilities
(first off-diagonal rj,j+1) for ten temporal modes, separated by � = 5.5 ns. (b) Lower bounds for the entanglement of formation (number
of ebits) as a function of the number d of temporal modes taken into account when reconstructing the density matrix. Here, the optimal
value is ∼1.25(11) ebits. The data show good agreement with our model considering the measured visibility of V of 97%. The case V = 1,
corresponding to the maximally entangled state (1), gives log2(d) ebits.

i.e., 〈j,k|ρ|j,k〉, are also estimated. Essentially the only
contributions to these elements are the multipair emission of
the SPDC and noise of the detectors. Since these processes
are independent of the temporal mode we assume that all
diagonal terms 〈j,k|ρ|j,k〉 are equal when j �= k. Based on
this assumption and using our interferometers we then measure
contributions from neighboring modes 〈j,j + 1|ρ|j,j + 1〉,
which is approximately equal to ≈1% and use these values for
all other terms.

We analyze the data via the method discussed above in
order to estimate the entanglement of formation of the state.
We first lower bound each element in the submatrix (4); details
are given in the Supplemental Material [44]. We consider all
possible submatrices of ρ (of different sizes) and keep the
one leading to the best bound on EoF [see Fig. 3(b)]. The
maximum number of ebits corresponds to the cases where
both the measured visibilities and intensities are large and
relatively constant. This is achieved by considering the central
region of the pulse, excluding the edges where the intensity
variation is limiting the visibility [Fig. 3(a)].

Finally, we obtain a lower bound for the entanglement of
formation EoF � 1.18(4) ebits, based on a dozen repetitions
of the measurement procedure and analysis. The statistical
error was measured for each experimental set and afterward
propagated for all measurements. Moreover, this result also
certifies a genuinely 3 × 3 entangled state, as any two-qubit
state contains at most one ebit. More generally, our approach
can be used to place lower bounds on the entanglement
dimensionality given by log2(d) � EoF .

In the above analysis we certified a minimal degree of
entanglement considering all possible quantum states (density
matrices) compatible with our data. It is also relevant to
estimate the entanglement based on a more physical model
of our experiment. Indeed, this is expected to provide a much
higher estimate of the entanglement, given that we consider

here only quantum states of a specific form. Specifically,
considering the Gaussian phase noise of the pump laser
(with linewidth ∼1 kHz), we find that the visibility remains
essentially constant for all temporal modes stored in the
memory (see Supplemental Material [44] for details). Hence,
we get that rj,j+n ≈ V , where V is the measured visibility
between two neighboring modes. This allows us to get a lower
bound on the entanglement of formation of 2.6 ebits from our
measurement data which are limited by the visibility V .

In conclusion, we characterized multidimensional energy-
time entanglement between two photons where one photon
was stored in a crystal and the other photon is at telecom
wavelength. In particular, we certified an entanglement of
formation of 1.18(4) ebits. For this, we developed a general
method for quantifying multidimensional entanglement. The
method makes use of the fact the density matrix must be
semidefinite positive, and provides strong lower bounds on the
entanglement of formation, even when only sparse measure-
ment data are available. The generality of our method may lead
to applications in other physical platforms. For instance, a re-
cent followup of the present work certified high entanglement
in a purely photonic setup [45]. Combined with the use of a
quantum memory, our approach offers promising perspectives
for quantum communications based on multidimensional
entanglement.

Due to its intrinsic temporal multimode capacity the AFC
protocol fits well to realize a quantum repeater involving
temporal multidimensional entanglement. For this, a quantum
memory that can retrieve photons on demand using AFC
spin-wave multimode storage [46] or spectral multiplexing
using multimode AFC delay lines [47] could be used.

Finally, our method also serves as a tool for certifying
the dimensionality of entanglement. While we could certify
3 × 3 entanglement, higher dimensions could be reached
by improving the state preparation and the measurement
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apparatus to achieve higher visibilities, or even use additional
interferometers. Another interesting direction would be to
perform device-independent tests of the degree of entangle-
ment [48] and its dimensionality [49].
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