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Abstract

We consider computation of market values of bonus payments in multi-state with-profit life insur-

ance. The bonus scheme consists of additional benefits bought according to a dividend strategy

that depends on the past realization of financial risk, the current individual insurance risk, the

number of additional benefits currently held, and so-called portfolio-wide means describing the

shape of the insurance business. We formulate numerical procedures that efficiently combine si-

mulation of financial risk with classic methods for the outstanding insurance risk. Special atten-

tion is given to the case where the number of additional benefits bought only depends on the

financial risk. Methods and results are illustrated via a numerical example.

Keywords: Market consistent valuation; With-profit life insurance; Participating life insurance;

Economic scenarios; Portfolio-wide means
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1 Introduction

The potential of systematic surplus in multi-state with-profit life insurance (sometimes

referred to as participating life insurance) leads to bonus payments that depend on the

development of the financial market and the states of the insured. This dependence is

typically non-linear and involves the whole paths of the processes governing the financial

market and the states of the insured. Consequently, the computation of market values of

bonus payments lies outside the scope of classic backward and forward methods. In this

paper, we present computational schemes for a selection of these more involved market

values using a combined approach in which we simulate the financial risk while retaining
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1 INTRODUCTION

classic analytical methods and numerical methods for differential equations in regards

to the outstanding insurance risk.

In the preexisting literature on valuation of both with-profit and equity/unit-linked life

insurance, the focus is prevalently on financial risk, so that it is not uncommon to

disregard biometric and behavioral risks more or less completely, see e.g. [3, 25] and,

concerning with-profit life insurance, cf. the discussion in [15, Section 1]. Exceptions

include for instance [1, 18] and, more recently, [2], where both financial risk and mor-

tality/longevity risk are considered. Our emphasis is in the spirit of [15] and concerns

the specific challenges that universally arise from including event risk via multi-state

modeling. This places our research as part of the literature on multi-state modeling for

with-profit life insurance. For a non-technical introduction to multi-state modeling in

life insurance, see [17].

For Danish with-profit products, the investment strategy and dividend strategy are to a

great extent controlled by the insurer, and practitioners have traditionally determined

the market value of bonus payments residually, cf. [18, Chapter 2]. This is achieved by

considering the available assets together with the market value of guaranteed payments

and imposing the equivalence principle on the market basis in combination with certain

ad hoc adjustments. In case parts of the assets correspond to expected future profits, also

denoted as contractual service margins in the IFRS 17 regulatory framework, cf. [4], the

equivalence principle is invalidated, which points to more sophisticated computational

methods. The provision of these kinds of methods constitutes the main contribution of

this paper.

We distinguish between dividends and bonuses: The development of the portfolio and

the financial market typically gives rise to a surplus, which is distributed among the pol-

icyholders’ policies via dividend yields according to the chosen dividend strategy. After

this allocation, the accumulated dividends on each policy are paid out according to a

specific bonus scheme, and we refer to these extra payments as the bonus payments. The

study of systematic surplus, dividends and bonus payments in multi-state with-profit life

insurance goes back to [23, 21, 22], where one finds careful definitions of various concepts

of surplus, discussions of general principles for its redistribution, and the introduction of

forecasting techniques in a so-called Markov chain interest model, see also [20]. In [24],

partial differential equations for market values of so-called predetermined payments and

bonus payments are derived in a Black-Scholes model.

The projection of bonus payments in multi-state life insurance and the computation of as-

sociated market values has recently received renewed attention, see [15, 16, 5, 11]. In [16],

the focus is on projection of bonus payments conditionally on the insured sojourning in

a specific state; this approach targets e.g. product design and bonus prognosis from the

perspective of the insured rather than market valuation. Conversely, the paper [15] also
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1 INTRODUCTION

deals with projection of bonus payments but on a portfolio level, which ensures computa-

tional feasibility but does not shed light on the full complexity of multi-state with-profit

life insurance. Although with-profit life insurance focuses on the portfolio of insured and

although decisions by the insurer (so-called future management actions), including pos-

sible determination of dividend yields, often depend mainly on the performance of said

portfolio, one ought to take into account that bonus payments in principle are allocated

to the individual insured. This is the starting point in [5], where the focus is on deriving

differential equations for relevant retrospective reserves given a dividend strategy (used

to buy additional benefits) that depends in an affine manner on the reserves themselves.

The process governing the state of the insured is assumed Markovian. In [11], the results

of [5] are extended to allow for policyholder behavior, namely the options of surrender

and free policy conversion. The surrender option allows the policyholder to cancel all

future payments and instead receive a single payment corresponding in some sense to

the value of the contract, while the free policy option allows the policyholder to cancel

future premiums at the cost of reducing future benefits. In [5, 11], the dependence of the

dividend strategy on the financial state of the insurance business, encapsulated in what

we below shall term the shape of the insurance business, and the practical and compu-

tational challenges arising from this are not highlighted nor studied. This paper derives

its main novelty value from addressing these challenges within a multi-state framework

while also allowing for financial risk.

In this paper, we derive methods for the computation of market values of bonus payments

in a Markovian multi-state model for a financial market consisting of one risky asset in

addition to a bank account governed by a potentially stochastic interest rate. The insur-

ance risk and financial risk are assumed independent. We include incidental modeling

of the policyholder options surrender and free policy conversion following [13, 6, 8].

In regards to dividends and bonus, we adopt a somewhat universal dividend strategy;

examples throughout the text, including the numerical example, provide links to the

preexisting literature and actuarial practice by focusing on dividends arising via a sec-

ond order interest rate, which in particular gives rise to an interest rate guarantee. The

allocated dividends are later paid out according to a bonus scheme, and we here focus

solely on the bonus scheme known as additional benefits, where dividends are simply

used to buy extra benefits; this bonus scheme constitutes the focal point of [18, Chapter

6] and is also quite common in practice.

In practice, the dividend strategy depends on product design, regulatory frameworks,

and decisions made by the insurer. In this paper, we assume that the dividend strategy

is explicitly computable based on the following information: the past realization of

financial risk, the current individual insurance risk (state of insured and time since

free policy conversion), the current shape of the insurance business, and the number of

additional benefits currently held. Furthermore, the dividend strategy must be affine
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2 SETUP

in the number of additional benefits. The shape of the insurance business consists

first and foremost of so-called portfolio-wide means, cf. [18, Chapter 6], which reflect

on a portfolio level the current financial state of the insurance business and thus are

relevant to the insurer in determining the dividend strategy and investment strategy.

In particular, the shape of the insurance business includes portfolio-wide means of the

technical reserve of guaranteed payments and of the expected accumulated guaranteed

cash flows. Consequently, the shape of the insurance business depends on the dividend

strategy, which again depends on the shape of the insurance business.

Using classic techniques, we derive a system of differential and integral equations for the

computation of the expected accumulated bonus cash flows conditionally on the realiza-

tion of financial risk. This allows us to formulate a procedure for the computation of the

market value of bonus payments which efficiently combines simulation of financial risk

with classic methods for the remaining insurance risk. By not needing to simulate insur-

ance risk, our procedure has a significant advantage compared to full-blown Monte Carlo

methods. We identify the special case where the number of additional benefits depend

only on financial risk – the state-independent case – and show how this significantly sim-

plifies the numerical procedure. It is our impression that the state-independent model is

aligned to current actuarial practice, where it might e.g. serve as an approximation for

valuation on a portfolio level. This is further examined in a numerical example.

We should like to stress that while our results are subject to important technical reg-

ularity conditions, it is the general methodology and conceptual ideas that constitute

the main contributions of this paper. Furthermore, our concepts, methods, and results

are targeted academics and actuarial practitioners alike, and, consequently, we aim at

keeping the presentation at a reasonable technical level.

The paper is structured as follows. In Section 2, we present the setup. The general results

and general numerical procedure are given in Section 3, while the state-independent case

is the subject of Section 4. Section 5 is devoted to a numerical example. Finally, Section 6

concludes with a comparison to recent advances in the literature and a discussion of

possible extensions.

2 Setup

In the following, we describe the mathematical framework. Subsections 2.1–2.3 intro-

duce the processes governing the financial market, the state of the insured, and the insu-

rance payments, and we discuss the valuation of so-called predetermined payments. The

dividend and bonus scheme is described in Subsection 2.4, which leads to a specification

of the total payment stream as a sum of predetermined payments and bonus payments.

4



2 SETUP

Contrary to the predetermined payments, the bonus payments depend on the develop-

ment of the financial market, which adds an extra layer of complexity to the valuation

problem. The focal point of this paper is to establish explicit methods for the compu-

tation of the market value of the bonus payments; a precise description of this problem

is given in Subsection 2.5. In the remainder of the paper, the problem is studied for a

specific class of dividend processes specified in Subsection 2.6.

A background probability space (Ω,F,P) is taken as given. Unless explicitly stated or

evident from the specific context, all statements are in an almost sure sense w.r.t. P. The

probability measure P relates to market valuation and therefore corresponds to some risk

neutral probability measure. Due to the presence of insurance risk, the market is not

complete, which implies that the risk neutral probability measure is not unique. Since

we shall assume financial risk and insurance risk to be independent, one can think of the

probability measure P as the product measure of some risk neutral probability measure

for financial risk and some probability measure for insurance risk.

2.1 Preliminaries

The state of the insured is governed by a non-explosive jump process Z = {Z(t)}t≥0
on a finite state space J with deterministic initial state Z(0) ≡ z0 ∈ J . Denote by N

the corresponding multivariate counting process with components Njk = {Njk(t)}t≥0 for

j, k ∈ J , k 6= j given by

Njk(t) = #{s ∈ (0, t] : Z(s−) = j, Z(s) = k}.

Let S1 = {S1(t)}t≥0 be the price process for some risky asset (diffusion process, in

particular continuous) and let r = {r(t)}t≥0 be a suitably regular short rate process

with corresponding bank account S0(t) = S0(0) exp
(∫ t

0 r(v) dv
)

, S0(0) ≡ s0 > 0, and

suitably regular forward interest rates f(t, ·), t ≥ 0, satisfying

E
[
e−

∫ T
t r(s) ds

∣∣∣FS(t)
]

= e−
∫ T
t f(t,s) ds

for all 0 ≤ t < T as well as f(t, t) = r(t) for all t ≥ 0; here FS is the natural filtration

generated by S = (S0, S1), which exactly represents available market information. The

available insurance information is represented by the filtration FZ naturally generated

by Z, and the total information available is represented by the filtration F = FS ∨ FZ

naturally generated by (S,Z).

To allow for free policy behavior and surrender, we suppose the state space J can be

decomposed as

J = J p ∪ J f ,

5



2 SETUP

with J p := {0, . . . , J} and J f := {J + 1, . . . , 2J + 1} for some J ∈ N. Here J p contains

the premium paying states, while J f contains the free policy states, and transition to {J}
and {2J + 1} corresponds to surrender as premium paying and free policy, respectively,

cf. [6, 8]. We suppose that J f is absorbing and can only be reached via a transition from

{0} to {J + 1}, {J} and {2J + 1} are absorbing, and that {J} and {2J + 1} can only

be reached from {0} and {J + 1}, respectively. The setup is depicted in Figure 1.

0

· · ·

i

J − 1 J p

J

Surrender

J + 1

· · ·

J + 1 + i

2J J f

2J + 1

Surrender

as free policy

Figure 1: General finite state space extended with a surrender state {J} and free policy states

J f . The states J p \ {J} contain the biometric states of the insured, e.g. active, disabled, and

dead. The states J f are a copy of J p, and a transition from {0} to {J + 1} corresponds to a free

policy conversion. A transition to {J} or {2J + 1} corresponds to a surrender of the policy.

2.2 Life insurance contract with policyholder options

The life insurance contract is described by a payment stream B = {B(t)}t≥0
giving accumulated benefits less premiums. It consists of predetermined payments

B◦ = {B◦(t)}0≤t≤n, stipulated from the beginning of the contract, and additional bonus

payments determined when market and insurance information are realized during the

course of the contract; details regarding the latter are given in later subsections.
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2 SETUP

We specify the predetermined payments as in [6, 8]. For simplicity, we suppose that

the predetermined payments regarding the classic states J p consist of suitably regular

deterministic sojourn payment rates bj and transition payments bjk; in particular, sur-

render results in a deterministic payment. In the free policy states, no premiums are

paid and the benefit payments are reduced by a factor ρ ∈ [0, 1] depending on the time

of free policy conversion. In rigorous terms, we have

dB◦(t) = dB◦,p(t) + ρ(τ) dB◦,f(t), B◦(0) = 0,

dB◦,p(t) =
∑
j∈J p

1(Z(t−)=j)

(
bj(t) dt+

∑
k∈Jp

k 6=j

bjk(t) dNjk(t)

)
, B◦,p(0) = 0,

dB◦,f(t) =
∑
j∈J f

1(Z(t−)=j)

(
bj′(t)

+ dt+
∑
k∈J f

k 6=j

bj′k′(t)
+ dNjk(t)

)
, B◦,f(0) = 0,

with J f 3 j 7→ j′ := j − (J + 1), x+ := max{0, x}, and x− := −min{0, x} (for x ∈ R),

and where τ is the time of free policy conversion given by

τ = inf{t ∈ [0,∞) : Z(t) ∈ J f}.

We have τ = 0 if and only if z0 ∈ J f ; in this case, the policy is initially a free policy.

Without loss of generality we thus let ρ(0) = 1. Furthermore, we suppose there are no

sojourn payments in the surrender states, i.e. bJ ≡ 0.

It is useful to decompose the predetermined payment stream B◦ into benefit and pre-

mium parts. We add the superscripts ± to denote the benefit and premium part, re-

spectively. Then we have

B◦,−(t) = B◦,p,−(t),

B◦,+(t) = B◦,p,+(t) + ρ(τ)B◦,f(t),

dB◦,p,±(t) =
∑
j∈J p

1(Z(t−)=j)

(
bj(t)

± dt+
∑
k∈Jp

k 6=j

bjk(t)
± dNjk(t)

)
, B◦,p,±(0) = 0.

In the following, we assume the existence of a maximal contract time n ∈ (0,∞) in the

sense that all sojourn payment rates and transition payments, including those of the

unit bonus payment stream, cf. Subsection 2.4, are zero for t > n.

2.3 Valuation of the predetermined payments

The life insurance contract is written on the technical basis, also called the first order

basis, which is, at least originally, designed to consist of prudent assumptions on fi-

nancial risk and insurance risk. The technical basis is modeled via another probability

7



2 SETUP

measure P? under which the short rate process r? is deterministic and suitably regular,

while Z is independent of S and Markovian with suitably regular transition rates µ?.

The assumptions regarding absorption, as illustrated in Figure 1, are retained under

P?. Policyholder behavior is typically not explicitly included on the technical basis; in

particular, there is no change in technical reserve upon free policy conversion. Following

along the lines of [6, 8], this is consistent with the assumption that the transition rates

under the technical basis, the surrender payments, and the free policy factor take the

form

µ?jk = µ?j′k′ , j, k ∈ J f , k 6= j,

b0J = Ṽ ?
0 ,

(0,∞) 3 t 7→ ρ(t) =
Ṽ ?
0 (t)

Ṽ ?,+
0 (t)

,

(2.1)

where for j ∈ J p \ {J} the state-wise technical reserve Ṽ ?
j of predetermined payments

and the corresponding valuation of benefits only Ṽ ?,+ are given by

Ṽ ?
j (t) = E?

[∫ n

t
e−

∫ s
t r

?(v) dv dB◦(s)

∣∣∣∣Z(t) = j

]
, (2.2)

Ṽ ?,+
j (t) = E?

[∫ n

t
e−

∫ s
t r

?(v) dv dB◦,+(s)

∣∣∣∣Z(t) = j

]
, (2.3)

with E? denoting integration w.r.t. P?. The specification of the technical reserve is cir-

cular, since the payments depend on the technical reserve, which again depends on the

payments.The setup described here is closely related to the generic situation described

in [10, Section 4.3], where circularity is resolved by a careful construction of the in-

volved processes and using backward stochastic differential techniques; for instance, our

specification (2.1) ensures that equation (4.8) in [10] holds.

It is possible to show that the state-wise technical reserves of predetermined payments

satisfy the following differential equations of Thiele type:

d

dt
Ṽ ?
j (t) = r?(t)Ṽ ?

j (t)− bj(t)−
∑

k∈Jp\{J}
k 6=j

(
bjk(t) + Ṽ ?

k (t)− Ṽ ?
j (t)

)
µ?jk(t), Ṽ

?
j (n) = 0, (2.4)

for j ∈ J p \ {J}. By adding +’s as superscripts, one finds an identical system of

differential equations concerning the valuation of benefits only.

We are now ready to define the technical reserve of predetermined payments denoted

V ?,◦. First, for the purpose of bonus allocation, the definitions of state-wise reserves of

8



2 SETUP

predetermined payments are naturally extended from j ∈ J p \ {J} to j ∈ J via

V ?,◦
j (t) =


Ṽ ?
j (t) if j ∈ J p \ {J},
ρ(τ)Ṽ ?,+

j′ (t) if j ∈ J f \ {2J + 1},
0 if j ∈ {J, 2J + 1}.

(2.5)

Note that V ?,◦
j depends on τ in the free policy states, thus being stochastic, while it

is deterministic in the premium paying states. The technical reserve of predetermined

payments V ?,◦ is now defined according to V ?,◦(t) = V ?,◦
Z(t)(t). In particular, V ?,◦(t) is a

version of the conditional expectation

E?
[∫ n

t
e−

∫ s
t r

?(u) du dB◦(s)

∣∣∣∣F(t)

]
.

In practice, the technical reserves are exactly computed according to (2.4) and (2.5).

Here we provide a probablistic setup and specification that is consistent with this ap-

proach.

We now turn our attention to valuation under the market basis modeled via P. Here we

assume that Z and S are independent and that Z is Markovian with suitably regular

transition rates µ. The market reserve V ◦ of predetermined payments is then given by

V ◦(t) = E

[∫ n

t
e−

∫ s
t r(u) du dB◦(s)

∣∣∣∣F(t)

]
=

∫ n

t
e−

∫ s
t f(t,u) duA◦(t,ds), (2.6)

with A◦ the so-called expected accumulated predetermined cash flows given by

A◦(t, s) = E
[
B◦(s)−B◦(t) | FZ(t)

]
. (2.7)

Denote with p the transition probabilities of Z under P. Following [6, 8], on (Z(t) ∈ J f),

A◦(t,ds) = ρ(τ)
∑
j∈J f

pZ(t)j(t, s)

(
bj′(s)

+ +
∑
k∈J f

k 6=j

bj′k′(s)
+µjk(s)

)
ds, (2.8)

while on (Z(t) ∈ J p),

A◦(t,ds) =
∑
j∈J p

pZ(t)j(t, s)

(
bj(s) +

∑
k∈Jp

k 6=j

bjk(s)µjk(s)

)
ds

+
∑
j∈J f

pρZ(t)j(t, s)

(
bj′(s)

+ +
∑
k∈J f

k 6=j

bj′k′(s)
+µjk(s)

)
ds (2.9)

9



2 SETUP

where the so-called ρ-modified transition probabilities pρjk, j ∈ J
p and k ∈ J , are defined

by pρjk(t, s) = E[1(Z(s)=k)ρ(τ)1(τ≤s) |Z(t) = j] and satisfy for k ∈ J f so-called ρ-modified

versions of Kolmogorov’s forward differential equations:

d

ds
pρjk(t, s) =

∑
`∈J f

` 6=k

pρj`(t, s)µ`k(s) + 1(k=J+1)pj0(t, s)µ0k(s)ρ(s)− pρjk(t, s)µk•(s),

pρjk(t, t) = 0,

(2.10)

while pρjk(t, s) = pjk(t, s) for k ∈ J p.

2.4 Dividends and bonus

With premiums determined by the principle of equivalence based on the prudent techni-

cal basis, the portfolio creates a systematic surplus if everything goes well. This surplus

mainly belongs to the insured and is to be paid back in the form of dividends. Following

[21, 22], we let D = {D(t)}t≥0 denote the accumulated dividends, and we suppose it

only consists of absolutely continuous dividend yields:

dD(t) = δ(t) dt, D(0) = 0,

where δ = {δ(t)}t≥0 is suitably regular and F-adapted. In Subsection 2.6, we specify the

dividend strategy further. Classic examples include dividends distributed via a second

order interest rate, see Example 2.7 below.

The dividends are allocated to the individual life insurance contract but not yet paid

out; payout occurs at a possibly later point in time according to some specific bonus

scheme. In the following, we adopt the bonus scheme known as additional benefits, that

is we suppose that the dividends are used as a premium to buy additional benefits on

the technical basis corresponding to a so-called unit bonus payment stream B† that only

consists of benefits and thus is unaffected by the free policy option. It is given by

dB†(t) =
∑
j∈J

1(Z(t−)=j)

(
b†j(t) dt+

∑
k∈J
k 6=j

b†jk(t) dNjk(t)

)
, B†(0) = 0,

where the payment functions in the premium paying states J p, b†j and b†jk, are suitably

regular non-negative deterministic functions with b†J ≡ 0, while

b†j = b†j′ and b†jk = b†j′k′ , j, k ∈ J f , k 6= j,

b†0J = Ṽ ?,†
0 ,

10



2 SETUP

where for j ∈ J p \ {J} we denote by Ṽ ?,†
j the state-wise technical unit reserves of B†

given as (2.2) with B◦ replaced by B†. Again, these state-wise technical reserves satisfy

differential equations of Thiele type, namely (2.4) with added superscripts †.

For the purpose of bonus allocation, the state-wise technical unit reserves are naturally

extended from j ∈ J p \ {J} to j ∈ J via

V ?,†
j (t) =


Ṽ ?,†
j (t) if j ∈ J p \ {J},
Ṽ ?,†
j′ (t) if j ∈ J f \ {2J + 1},

0 if j ∈ {J, 2J + 1},

(2.11)

when the technical value of the additional benefits V ?,† reads V ?,†(t) = V ?,†
Z(t)(t).

The expected accumulated unit bonus cash flows A† of B† on the market basis can be

found analogously to A◦ and read

A†(t, ds) = a†(t, s) ds, (2.12)

a†(t, s) =
∑
j∈J

pZ(t)j(t, s)

(
b†j(s) +

∑
k∈J
k 6=j

b†jk(s)µjk(s)

)
. (2.13)

The state-wise counterparts are denoted A†i and a†i , i ∈ J . They satisfy A†Z(t)(t, ds) =

a†Z(t)(t, s) ds = a†(t, s) ds = A†(t, ds) by taking the form

A†i (t, ds) = a†i (t, s) ds, (2.14)

a†i (t, s) =
∑
j∈J

pij(t, s)

(
b†j(s) +

∑
k∈J
k 6=j

b†jk(s)µjk(s)

)
. (2.15)

The market unit reserve of B† denoted V † is given analogously to (2.6) but with the

superscript † replacing ◦. Note that contrary to the market reserve of predetermined

payments, it may be taken to only depend on Z(t) at time t, since this is the case for the

corresponding expected accumulated unit bonus cash flow. We write V †Z(t)(t) in place of

V †(t) to highlight this fact.

Having specified the unit bonus payment stream B† as well as its technical value and

associated expected accumulated cash flows, we are now in a position to finalize the

specification of the bonus scheme. Thus, let Q(t) denote the number of additional

benefits, that is the number of benefit streams B†, held at time t. Since δ is used as a

premium to buy B† on the technical basis, we have that (cf. equation (4.11) in [22])

dQ(t) =
dD(t)

V ?,†
Z(t)(t)

=
δ(t)

V ?,†
Z(t)(t)

dt, Q(0) = 0. (2.16)

11



2 SETUP

Imposing this bonus mechanism, the total payment stream consisting of both predeter-

mined payments and bonus payments is given by

dB(t) = dB◦(t) +Q(t) dB†(t), B(0) = 0. (2.17)

In this paper, we implicitly think of Q as weakly increasing, although this is not a

mathematical requirement. This way of thinking is reflected in the terminology. Along

these lines, we define the payment process Bg by

Bg(t,ds) = dB◦(s) +Q(t) dB†(s), Bg(t, t) = B(t), (2.18)

and refer to it as the payments guaranteed at time t ≥ 0, while the remaining payments

(Q(s)−Q(t)) dB†(s)

are referred to as bonus (payments).

The number of unit bonus payment streams B† held increases according to (2.16), where

V ?,†
Z(t)(t) is the price (on the technical basis) at time t of a unit bonus payment stream.

Thus, at time t, the guaranteed payment stream originating from bonus is increased

to s 7→ Q(t) dB†(s). The technical reserve of the contract, which is formally defined

in (2.28) below, is the value on the technical basis of the combined benefits given

by (2.18). By construction, this technical reserve increases exactly by the increase in

accumulated dividends, whereas this is typically not the case for the market value; the

market value is formally defined in (2.26) and (2.27) below.

In the remainder of the paper, we focus on valuation of the payment stream (2.17), in

particular the bonus payments. We assume that Q exists and is suitably regular, so that

the technical arguments in the remainder of the paper are legitimate. This is an implicit

condition that must be checked for any specific model.

2.5 Liabilities

Thinking of time zero as now, the present life insurance liabilities of the insurer are

described by the market value of the total payment stream B evaluated at time zero:

V (0) = E

[∫ n

0
e−

∫ t
0 r(v) dv dB(t)

]
.

By (2.17), this amounts to market valuation of the predetermined payments and bonus

payments. Thus V (0) = V ◦(0) + V b(0) where V ◦(0) is given by (2.6) and

V b(0) = E

[∫ n

0
e−

∫ t
0 r(v) dvQ(t) dB†(t)

]
. (2.19)

is the time zero market value of bonus payments.

12
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Remark 2.1. By setting Q(0) = 0, we think of time zero as the time of initialization of the

insurance contract. To determine the market value of bonus payments after initialization

of the contract, one could extend the filtration F to include additional information at

time zero and consider a general F(0)-adapted Q(0). This extension is straightforward

and achieved by focusing on Q(·) − Q(0) rather than Q(·), and thus the requirement

Q(0) = 0 is only really made for notational convenience. 4

There exist well-established methods to calculate V ◦(0) explicitly using the expected

accumulated cash flows of predetermined payments on the market basis from (2.8)–(2.9);

in particular, this computation does not depend on the dividend strategy δ nor further

realizations of the financial market (only the forward rate curve f(0, ·) is required). On

the contrary, the time zero market value of bonus payments V b(0) does depend on the

strategy δ. Due to possibly non-linear path dependencies regarding both the financial

and biometric/behavioral scenarios, this implies that classic computational methods via

(ρ-modified) Kolmogorov’s forward differential equations are not applicable.

The focal point of the paper is to establish methods to calculate the market value of bonus

payments V b(0). We consider an approach that combines simulations of the financial

market with analytical methods and numerical methods for differential equations in

regards to calculations involving the state of the insured. Everything else being equal,

this approach should be numerically superior to a pure simulation approach for which

one would simulate both the financial market and the state of the insured. To formalize

the main idea, we define what we shall term Q-modified transition probabilities (at time

0) for j ∈ J by

pQz0j(0, t) = E
[
Q(t)1(Z(t)=j)

∣∣FS(t)
]

(2.20)

for all t ≥ 0. We immediately have the following result:

Proposition 2.2. The time zero market value of bonus payments is given by

V b(0) = E

[∫ n

0
e−

∫ t
0 r(v) dvAb(0,dt)

]
, (2.21)

Ab(0, dt) = ab(0, t) dt, (2.22)

ab(0, t) :=
∑
j∈J

pQz0j(0, t)
(
b†j(t) +

∑
k∈J
k 6=j

b†jk(t)µjk(t)
)
. (2.23)

Furthermore, if Q is adapted to FS, then

pQz0j(0, t) = Q(t)pz0j(0, t), (2.24)

ab(0, t) = Q(t)a†(0, t). (2.25)

13
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Proof. Since {Q(t)}t≥0 is continuous and adapted, it is predictable. Using martingale

techniques, in particular that

Q(t) dNjk(t)−Q(t)1(Zt−=j)µjk(t) dt

defines a martingale, we find that

V b(0) = E

[∫ n

0
e−

∫ t
0 r(v) dv

∑
j∈J

Q(t)1(Z(t−)=j)

(
b†j(t) +

∑
k∈J
k 6=j

b†jk(t)µjk(t)

)
dt

]
.

Since there is almost surely at most a finite number of transitions on each compact time

interval, we may replace 1(Z(t−)=j) by 1(Z(t)=j). Using the law of iterated expectations

and Fubini’s theorem, we conclude that

V b(0) = E

[∫ n

0
e−

∫ t
0 r(v) dv

∑
j∈J

E
[
1(Z(t)=j)Q(t)

∣∣FS(t)
](

b†j(t) +
∑
k∈J
k 6=j

b†jk(t)µjk(t)

)
dt

]

= E

[∫ n

0
e−

∫ t
0 r(v) dv

∑
j∈J

pQz0j(0, t)

(
b†j(t) +

∑
k∈J
k 6=j

b†jk(t)µjk(t)

)
dt

]

= E

[∫ n

0
e−

∫ t
0 r(v) dvab(0, t) dt

]
.

Furthermore, if Q is FS-adapted, then the Q-modified transition probabilities satisfy

pQz0j(0, t) = E
[
1(Z(t)=j)Q(t)

∣∣FS(t)
]

= Q(t)pz0j(0, t),

and thus ab(0, t) = Q(t)a†(0, t), cf. (2.13).

Remark 2.3. Note that by casting Q according to (2.16), by interchanging the order of

integration, and by using the law of iterated expectations, it is possible to derive the

following alternative formula for the time zero market value of bonus payments:

V b(0) =

∫ n

0
E

e− ∫ s
0 r(v) dvδ(s)

V †Z(s)(s)

V ?,†
Z(s)(s)

ds.

From this expression, we see how the time zero market value of bonus payments consists

of an accumulation of time zero market values of additional benefits bought at different

points in time. When we later compare different scenario-based projection models, this

representation of the time zero value of the bonus payments turns out to be quite useful,

cf. Example 4.4. 4

14
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Since the so-called expected accumulated bonus cash flow Ab(0, ·) is FS-adapted, the

result provides a representation of V b(0) motivating a computational scheme based on

simulation of the financial market. For each simulated financial scenario, we should

compute Ab(0, ·) explicitly in each scenario, which in general requires computation of

of pQz0j(0, ·) for all j ∈ J ; this we study in Section 3. In the special case where Q

is FS-adapted, it holds that pQz0j(0, ·) = Q(·)pz0j(0, ·), and the problem simplifies to a

direct calculation of Q that does not involve the biometric/behavioral states, and can

essentially be solved by a classic computation of the expected accumulated cash flow

A†(0, ·) via Kolmogorov’s forward differential equations; this is studied in Section 4.

As mentioned above, the computation of the expected accumulated bonus cash flow

depends on the actual specification of the dividend strategy δ during the course of the

contract, and in practice, this strategy is a control variable that depends on what we

refer to as the shape of the insurance business. In the following subsection, we formalize

the shape of the insurance business and its corresponding controls, which leads to a

specification of a class of dividend strategies.

2.6 Shape and controls

We now introduce the shape of the insurance business consisting of key quantities on a

portfolio level that the insurer needs at future time points to determine the controls, i.e.

the dividend strategy and the investment strategy. We only introduce a few key financial

indicators, but we believe that our general methodology allows for the implementation

of additional shape variables.

To describe the shape of the insurance business, we first consider the liabilities, specif-

ically the technical value and the market value of guaranteed payments on a portfolio

level. Recall that the payments Bg(t, ·) guaranteed at time t ≥ 0 take the form (2.18).

The market value of guaranteed payments V g is thus given by

V g(t) = E

[∫ n

t
e−

∫ s
t r(v) dvBg(t,ds)

∣∣∣∣F(t)

]
=

∫ n

t
e−

∫ s
t f(t,v) dvAg(t, ds), (2.26)

with Ag denoting the expected accumulated guaranteed cash flows,

Ag(t,ds) = A◦(t,ds) +Q(t)A†Z(t)(t,ds). (2.27)

Similarly, the technical reserve of guaranteed payments is given by

V ?(t) = V ?,◦(t) +Q(t)V ?,†
Z(t)(t). (2.28)

The so-called portfolio-wide means of V ?, Ag, and V g are now obtained by averaging out

the unsystematic insurance risk by applying the law of large numbers w.r.t. a collection
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of independent and comparable insured in the portfolio, see e.g. the discussions in [18,

Chapter 6] and [19]. The portfolio-wide means take the form

Āg(t, s) := E
[
Ag(t, s) | FS(t)

]
, t ≤ s <∞

V̄ g(t) := E
[
V g(t) | FS(t)

]
,

V̄ ?(t) := E
[
V ?(t) | FS(t)

]
for t ≥ 0. From (2.26) we find that V̄ g(t) may be obtained from Āg(t,ds) via the

equation

V̄ g(t) =

∫ n

t
e−

∫ s
t f(t,v) dvĀg(t,ds). (2.29)

Thus it suffices to consider only Āg and V̄ ?.

The portfolio-wide means represent values of liabilities under the assumption that the

insurance portfolio is of such a size that unsystematic insurance risk can be disregarded.

It corresponds to what is often referred to as mean-field approximations in the literature.

In Subsection 3.1, we show how to compute these.

We now turn our attention to the assets. They are described by a portfolio of S which

is self-financed by the premium less benefits that the portfolio of insured pays to the

insurer. We denote the value process by U = {U(t)}t≥0. We think of this process as the

assets for the whole portfolio, but in our presentation the payments involved are only

the contributions of a single insured. Since an individual insured pays −dB(t) to the

insurer, this contribution to the total payments of the portfolio can be represented by

the expected cash flow −
(
A◦(0,dt) +Ab(0, dt)

)
. Thus we let U take the form

dU(t) = θ(t) dS0(t) + η(t) dS1(t)−
(
A◦(0, dt) +Ab(0,dt)

)
, U(0) ≡ u0,

where (θ, η) = (θ(t), η(t))t≥0 is a suitably regular FS-adapted investment strategy. We

think of η as a control variable for the insurer, since the number of units invested into

the bank account is determined residually by θ(t) = (U(t)− η(t)S1(t))/S0(t). This gives

dU(t) = r(t)(U(t)− η(t)S1(t))dt+ η(t) dS1(t)−
(
A◦(0,dt) +Ab(0, dt)

)
. (2.30)

In this paper, we only consider a single insured and the portfolio-wide mean reserves re-

present the contribution of this insured to the shape of the insurance business. To take

into account multiple independent insured, one can consider Z(0) as stochastic with

distribution corresponding to the empirical distribution of initial states in the portfolio.

The latter can be described by weights wj with the j’th weigth giving the proportion of

insured that are initially in state j ∈ J . The corresponding portfolio-wide means would

in this case read∑
j∈J

wj Ej
[
Ag(t, s) | FS(t)

]
and

∑
j∈J

wj Ej
[
V ?(t) | FS(t)

]
,
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2 SETUP

where Ej corresponds to expectation under the assumption that Z(0) ≡ j. Additionally,

the insured typically belong to different cohorts implying that e.g. the transition rates

and payment processes differ among insured. This is handled in a similar way. Also, the

same considerations apply to the payments affecting the value process U . We consider

these kinds of extensions from a single insured to a whole portfolio straightforward and

do not give them further attention in the remainder of the paper.

Let S(·∧t) = {S(u)}0≤u≤t. We can now make the concepts of shape and controls precise.

Definition 2.4. The shape of the insurance business I is the triplet

I =
{
U(t), Āg(t,ds), V̄ ?(t)

}
t≥0 ,

while the controls are the pair (δ, η) = {δ(t), η(t)}t≥0.

Assumption 2.5. We suppose that (δ, η) are chosen such that the setting is well-specified

in the sense that Q exists and is suitably regular. Furthermore, we assume that η takes

the form

η(t) = η(t, S(· ∧ t), I(t)) (2.31)

for some explicitly computable and suitably regular deterministic mapping η, and we

assume that δ takes the form

δ(t) = δ0 (t, S(· ∧ t), Z(t), I(t))

+ δ1 (t, S(· ∧ t), Z(t), I(t)) ρ(τ)1(τ≤t)

+ δ2 (t, S(· ∧ t), Z(t), I(t))Q(t),

(2.32)

for some suitably regular deterministic mappings δ0, δ1 and δ2 that we are able to compute

explicitly.

Remark 2.6. In Remark 2.1 we discussed the extension to general Q(0) and the idea of

focusing on Q(·)−Q(0). By rewriting (2.32) in the following manner,

δ(t) = δ0 (t, S(· ∧ t), Z(t), I(t)) + δ2 (t, S(· ∧ t), Z(t), I(t))Q(0)

+ δ1 (t, S(· ∧ t), Z(t), I(t)) ρ(τ)1(τ≤t)

+ δ2 (t, S(· ∧ t), Z(t), I(t)) (Q(t)−Q(0)),

we see how this idea would manifest itself in relation to Assumption 2.5. 4

In the following, we also use the shorthand notations t 7→ δi(t, Z(t)), i = 0, 1, 2, which

only highlights FZ-measurable quantities.

The assumption that the controls depend only on portfolio-wide means rather than

actual realizations of the balance sheet and the assets is the key choice of this paper.
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The risk we hereby account for is only the systematic risk, i.e. the risk that affects all

insured.

Note that it is the assumption of δ being dependent on U that makes η a process that

affects the payments to the insured, thus justifying it as a control. Note also that we

allow δ to depend on Z, τ , and Q, while this is not the case for η. This is since the

dividends are allocated to the individual insured while the assets are a portfolio level

quantity. The specific affine structure on δ mirrors that of B, cf. (2.17). This is important

for practical applications, as the following example highlights.

Example 2.7 (Second order interest rate). The technical reserve V ? from (2.28) accu-

mulates with the first order interest rate r?. Dividends may then arise by accumulating

the technical reserve with a second order interest rate rδ that is continuously readjusted

based on the shape of the insurance business. This is obtained by letting

δ(t) =
(
rδ(t)− r?(t)

)
V ?(t), (2.33)

rδ(t) = Φ(t, S(· ∧ t), I(t)), (2.34)

for some explicitly computable and suitably regular mapping Φ. This corresponds to

setting

δ0(t, j) =
(
rδ(t)− r?(t)

)
1(j∈J p\{J})Ṽ

?
j (t),

δ1(t, j) =
(
rδ(t)− r?(t)

)
1(j∈J f\{2J+1})Ṽ

?,+
j′ (t)

δ2(t, j) =
(
rδ(t)− r?(t)

)
V ?,†
j (t),

for all j ∈ J . In case of a survival model, various specifications of second order interest

rates is among the focal points of [18]. In discrete time, second order interest rates are

also employed in [1], where rδ is taken to be the maximum of the technical interest rate

r? and a proportion (the so-called participation level) of the return on some reference

portfolio. In the numerical example of Section 5, we consider the following special case

of rδ:

rδ(t) = r?(t) +
κ
(
U(t)−max{V̄ ?(t), V̄ g(t)}

)+
V̄ ?(t)

, κ ∈ [0, 1], (2.35)

where κ is the share of some measure of excess assets used to buy additional benefits.

This choice of rδ, where rδ > r?, in particular leads to a dividend design which also

constitutes a minimum interest rate guarantee of r?. In case of a survival model, this

type of rδ also appears in e.g. [18, Chapter 4.5.3]. ◦

The aim of this paper is to develop methods to compute the market value of bonus

payments V b(0). Recall from Proposition 2.2 that this can be done via the computation
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of the expected accumulated bonus cash flow Ab(0, ·), which depends on the financial

market through Q. To achieve this within the setup of Assumption 2.5, we adopt a

simulation approach. It follows from (2.16) that for a simulated financial scenario,

i.e. a realization of the whole path of S, we need the shape of the insurance business

I(t) = (U(t), Āg(t,ds), V̄ ?(t)) and corresponding controls (δ(t), η(t)) for all time points

t ≥ 0. In other words, starting today from time zero, we must project the shape of the

insurance business and the controls into future time points for each simulated financial

scenario.

In the following sections, we formulate our scenario-based projection models demonstrat-

ing how to project the shape of the insurance business in a specific financial scenario,

and how to apply these projections to calculate the expected accumulated bonus cash

flow Ab(0, ·). Section 3 concerns the general case where Q is allowed to be FZ ∨ FS-

adapted and where we apply (2.22)–(2.23). In the subsequent Section 4 we specialize

to Q being state independent (of Z), i.e. FS-adapted, where we instead can apply the

simpler formula (2.25).

3 Scenario-based projection model

This section contains the main contributions of the paper and provides the founda-

tion for the special case in Section 4. In Subsection 3.1, we formulate our general

scenario-based projection model demonstrating how to project the shape of the insur-

ance business into future time points in a given financial scenario. The projections are

then in Subsection 3.2 used to calculate the Q-modified transition probabilities pQz0j(0, ·)
and corresponding expected accumulated bonus cash flow Ab(0, ·). Based on this, we

present in Subsection 3.3 a procedure for the computation of V b(0) via an application

of Proposition 2.2.

As noted in Proposition 2.2, we are able to simplify calculations of Ab(0, ·) to what we

coin state-independent calculations of Q and p if Q is assumed FS-adapted. This special

case leads to a notion of a state-independent scenario-based projection model, which is

studied in more details in Section 4.

3.1 Projecting the shape

We now turn our attention to projection of the shape of the insurance business. This

consists of computation of I = (U, Āg, V̄ ?) for realizations of S, where each realization

exactly represents a simulated financial scenario.

The method for computation of U for a realization of S follows immediately from the

dynamics of the assets according to (2.30). The computational issue reduces to that of
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computing pQz0j(0, ·), cf. (2.22)–(2.23) and (2.30). Thus we focus on the projection of the

portfolio-wide means Āg and V̄ ?.

First, we consider the portfolio-wide means Āg of the expected accumulated guaranteed

cash flows Ag.

Proposition 3.1. The portfolio-wide means Āg of the expected accumulated guaranteed

cash flows Ag read

Āg(t,ds) = A◦(0, ds) +
∑
j∈J

pQz0j(0, t)A
†
j(t,ds)

for all t ≥ 0.

Proof. By (2.27), (2.20), and due to the assumed independence between Z and S, we

immediately find that

Āg(t, s) = E
[
A◦(t, s) | FS(t)

]
+
∑
j∈J

E
[
1(Z(t)=j)Q(t)A†Z(t)(t, s)

∣∣∣FS(t)
]

= E[A◦(t, s)] +
∑
j∈J

pQz0j(0, t)A
†
j(t, s).

By (2.7) and the iterated law of expectations,

E[A◦(t, s)] = E[B◦(s)−B◦(t)]
= A◦(0, s)− E[B◦(t)−B◦(0)].

Since the latter term does not depend on s, we find that

Āg(t, ds) = A◦(0, ds) +
∑
j∈J

pQz0j(0, t)A
†
j(t, ds)

as desired.

Consequently, given A◦ and A† the computational issue has been reduced to that of

computing the Q-modified transition probabilities pQz0j(0, ·).

Next we consider the portfolio-wide mean of the technical reserve of guaranteed pay-

ments, V̄ ?. We could follow the same approach above and calculate the technical reserves

via expected (accumulated) cash flows, however, since the technical interest rate is de-

terministic, a range of technical reserves, including V ?,†, Ṽ ?, and Ṽ ?,+, can be computed

more efficiently by solving the differential equations of Thiele type derived from (2.4),

cf. Subsection 2.3 and Subsection 2.4.

20



3 SCENARIO-BASED PROJECTION MODEL

Denote by V̄ ?,◦ the portfolio-wide mean technical reserves of predetermined payments

given by

V̄ ?,◦(t) = E
[
V ?,◦(t) | FS(t)

]
for t ≥ 0. Since Z and S are assumed independent, we could replace the conditional

expectation by an ordinary expectation.

Proposition 3.2. The portfolio-wide mean technical reserve of guaranteed payments

reads

V̄ ?(t) = V̄ ?,◦(t) +
∑
j∈J

pQz0j(0, t)V
?,†
j (t),

while the portfolio-wide mean technical reserve of predetermined payments reads

V̄ ?,◦(t) =
∑
j∈Jp

j 6=J

pz0j(0, t)Ṽ
?
j (t) +

∑
j∈J f

j 6=2J+1

pρz0j(0, t)Ṽ
?,+
j′ (t). (3.1)

Proof. By (2.28) and (2.20), direct calculations yield

V̄ ?(t) = E
[
V ?,◦(t) | FS(t)

]
+
∑
j∈J

E
[
1(Z(t)=j)Q(t)V ?,†

Z(t)(t)
∣∣∣FS(t)

]
= V̄ ?,◦(t) +

∑
j∈J

pQz0j(0, t)V
?,†
j (t).

To obtain (3.1), we split V ?,◦ according to the events of Z(t) being in J p \ {J}, J f \
{2J + 1}, and {J, 2J + 1}. According to (2.5), we then have

V̄ ?,◦(t) = E
[
1(Z(t)∈J p\{J})Ṽ

?
Z(t)(t) + 1(Z(t)∈J f\{2J+1})ρ(τ)Ṽ ?,+

Z(t)′(t)
∣∣∣FS(t)

]
= E

[ ∑
j∈Jp

j 6=J

1(Z(t)=j)Ṽ
?
j (t) +

∑
j∈J f

j 6=2J+1

1(Z(t)=j)ρ(τ)Ṽ ?,+
j′ (t)

∣∣∣∣∣FS(t)

]

=
∑
j∈Jp

j 6=J

pz0j(0, t)Ṽ
?
j (t) +

∑
j∈J f

j 6=2J+1

pρz0j(0, t)Ṽ
?,+
j′ (t),

as desired.

As already mentioned, the technical reserves V ?,†, Ṽ ?, and Ṽ ?,+ can be computed effi-

ciently using differential equations of Thiele type, while the ρ-modified transition proba-

bilities are simply computed according to (2.10). Thus Proposition 3.2 reduces the com-

putational complexity to that of computing Q-modified transition probabilities pQz0j(0, ·).
This computation is studied in details in the next subsection.
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3.2 Q-modified transition probabilities

We are now ready to present a system of differential equations for the Q-modified transi-

tion probabilities pQz0j(0, ·); here pρz0j(0, ·) := pz0j(0, ·) for z0 ∈ J f , which is in accordance

with τ = 0 for z0 ∈ J f and the assumption ρ(0) = 1.

Theorem 3.3. The Q-modified transition probabilities pQz0j(0, ·) satisfy for j ∈ J the

differential equations

d

dt
pQz0j(0, t) =

pz0j(0, t)δ0(t, j) + pρz0j(0, t)δ1(t, j) + pQz0j(0, t)δ2(t, j)

V ?,†
j (t)

− pQz0j(0, t)µj•(t) +
∑
k∈J
k 6=j

pQz0k(0, t)µkj(t), pQz0j(0, 0) = 0.
(3.2)

Proof. The boundary conditions follows by the assumption that Q(0) = 0. Referring

to (2.20) and (2.16), we have

pQz0j(0, t) = E
[
1(Z(t)=j)Q(t)

∣∣FS(t)
]

= E

1(Z(t)=j)

∫ t

0

δ(u)

V ?,†
Z(u)(u)

du

∣∣∣∣∣∣FS(t)


with

δ(t) = δ0(t, Z(t)) + δ1(t, Z(t))ρ(τ)1(τ≤t) + δ2(t, Z(t))Q(t).

Note that for 0 ≤ u ≤ t and k ∈ J ,

E

[
1(Z(u)=k)

pQz0k(0, u)

pz0k(0, u)

∣∣∣∣∣FS(t)

]
= E

[
1(Z(u)=k)Q(u)

∣∣FS(t)
]
,

E

[
1(Z(u)=k)

pρz0k(0, u)

pz0k(0, u)

]
= E

[
1(Z(u)=k)ρ(τ)1(τ≤u)

]
.

Thus by Markovianity of Z and independence between Z and S,

pQz0j(0, t) = E

[
1(Z(t)=j)

∫ t

0

∑
k∈J

1(Z(u)=k)b
Q
k (u) du

∣∣∣∣∣FS(t)

]
(3.3)

with bQk , k ∈ J , given by

bQk (u) =
δ0(u, k) + δ1(u, k)

pρz0k
(0,u)

pz0k(0,u)
+ δ2(u, k)

pQz0k
(0,u)

pz0k(0,u)

V ?,†
k (u)

(3.4)
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for all u ≥ 0. The assumption of independence between Z and S, Markovianity of Z,

and Fubini’s theorem finally yield

pQz0j(0, t) =

∫ t

0

∑
k∈J

pz0k(0, u)pkj(u, t)b
Q
k (u) du. (3.5)

The statement of the theorem is now established by differentiation as follows. Leibniz’

integration rule gives

d

dt
pQz0j(0, t) =

∑
k∈J

1(k=j)pz0k(0, t)b
Q
k (t) +

∫ t

0

∑
k∈J

pz0k(0, u)

(
d

dt
pkj(u, t)

)
bQk (u) du

=
δ0(t, j)pz0j(0, t) + δ1(t, j)p

ρ
z0j

(0, t) + δ2(t, j)p
Q
z0j

(0, t)

V ?,†
j (t)

+

∫ t

0

∑
k∈J

pz0k(0, u)

(
d

dt
pkj(u, t)

)
bQk (u) du.

Applying Kolmogorov’s forward differential equations and (3.5) to the last line of the

equation we find that

d

dt
pQz0j(0, t) =

δ0(t, j)pz0j(0, t) + δ1(t, j)p
ρ
z0j

(0, t) + δ2(t, j)p
Q
z0j

(0, t)

V ?,†
j (t)

− pQz0j(0, t)µj•(t) +
∑
`∈J
` 6=j

pQz0`(0, t)µ`j(t)

as desired.

Remark 3.4. There exists a clear link between Q-modified transition probabilities and

so-called state-wise retrospective reserves. Referring to (3.3) and (3.4), we see that for

a fixed financial scenario,

Wj(·) :=
pQz0j(0, ·)
pz0j(0, ·)

corresponds to the state-wise retrospective reserve of [19] (in the presence of information

G(t) = FS(t) ∨ σ(Z(t)), cf. [19] Subsection 5.B) with payments

−
∑
j∈J

1(Z(t)=j)b
Q
j (t) dt

and interest rate zero. Contrary to the primary setup of [19], the payments considered

here are functions of the state-wise retrospective reserves Wj(·). 4

The system of differential equations for pQz0j(0, ·) from Theorem 3.3 involves the shape

of the insurance business I through the mappings δ0, δ1, and δ2. Together with the

results of the previous subsection, Theorem 3.3 allows us to formulate a procedure for

the calculation of V b(0). The procedure is presented in the next subsection.
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3.3 Numerical procedure

Based on the results of the previous subsections, we demonstrate a procedure for the

scenario-based projection model. An actual numerical example is given later in Section 5.

In what follows, we suppose we are given mappings (δ, η) serving as controls. They are

assumed to satisfy Assumption 2.5.

Besides the financial scenarios, the input consists of the following quantities which can

be precalculated independently of the financial scenarios:

(1) The expected accumulated cash flow of predetermined payments A◦(0, s) for s ≥ 0

as in (2.9).

(2) The portfolio-wide mean technical reserve of predetermined payments V̄ ?,◦(t) for

all t ≥ 0 calculated via (3.1).

(3) For each t ≥ 0, state-wise expected accumulated unit bonus cash flows A†j(t, s) for

all s ≥ t and j ∈ J as in (2.14)–(2.15).

(4) State-wise technical unit reserves V ?,†
j (t) for all t ≥ 0 and j ∈ J as in (2.11).

(5) Transition probabilities pz0j(0, t) for all t ≥ 0 and j ∈ J .

As discussed previously, this input can be calculated using classic methods for solving

differential equations of Thiele type as well as (ρ-modified) Kolmogorov forward dif-

ferential equations.

The financial scenarios are N realizations {Sk(t)}t≥0, k = 1, . . . , N , of {S(t)}t≥0 with

corresponding short rate rk and forward rate curves fk. We consider them as output of

an economic scenario generator.

The procedure essentially consists of computing pQz0j(0, ·), j ∈ J , and U(·) in each

financial scenario by solving a system of (stochastic) differential equations. The involved

part is to evaluate the differentials. The procedure looks as follows. For each financial

scenario k = 1, . . . , N :

◦ Initialize with pQ,kz0j
(0, 0) = 0 for all j ∈ J and Uk(0) = u0.

◦ Apply a numerical algorithm to solve the coupled (stochastic) differential equation

systems for pQ,kz0j
(0, ·), j ∈ J , and Uk(·) from Theorem 3.3 and (2.30), respectively.

– Evaluating the differentials at time t involves the mappings (δ0, δ1, δ2, η)

from (2.31)–(2.32). By inspection of the differentials and these mappings,

we see that we require the shape of the insurance business

Ik(t) =
(
Uk(t), Āg,k(t,ds), V̄ ?,k(t)

)
,
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3 SCENARIO-BASED PROJECTION MODEL

the expected bonus cash flow ab,k(0, t), as well as the input. Computation

of Āg,k(t,ds), V̄ ?,k(t), and ab,k(0, t) is achieved via Proposition 3.1, Proposi-

tion 3.2, and (2.23).

◦ We emphasize that as part of evaluating the differentials we computed the expected

bonus cash flow ab,k(0, ·).

The procedure completes by computing the market value of bonus payments V b(0) via

V b(0) ≈ 1

N

N∑
k=1

∫ n

0
e−

∫ t
0 r

k(v) dvab,k(0, t) dt

using an algorithm for numerical integration.

Note that we require the input (3), which are the state-wise expected accumulated unit

bonus cash flows A†j(·, ·) evaluated on the two-dimensional time grid {(t, s) ∈ [0,∞)2 :

t ≤ s}. To precompute this input, one must solve Kolmogorov’s forward differential

equations many times, once for every t ≥ 0 and j ∈ J . This significantly impacts the

numerical efficiency of the procedure. Furthermore, the algorithm itself depends on the

market basis for the specific insured through the transition rates µ. In practice, where

the algorithm must be executed for many insured, one must view the specific transition

rates for a single insured as input.

In general, it is preferable to use analytical methods and numerical methods for ordi-

nary differential equations compared to Monte Carlo methods. For example, solving

Kolmogorov’s forward differential equations in order to calculate an expected cash flow

may be done orders of magnitudes faster (for a given precision requirement) compared

to calculating the same expected cash flow via Monte Carlo methods. The procedure

presented above shows how to disentangle biometric and behavioral risk from financial

risk, allowing us to solve part of the problem via numerical methods for differential

equations instead of using Monte Carlo methods. For a given precision requirement,

this significantly reduces the time required to handle biometric and behavioral risk. If

the portfolio merely consists of a single insured, which we presumed, it is however the

simulation of financial risk that constitutes the main numerical complexity and time

usage. As the number of insured increases, so does the relative time needed to calculate

expected cash flows, since the same financial scenarios are used across all insured, and

thus the numerical speed up of our procedure, compared with a full-blown Monte Carlo

approach, should become significant.

In the following section, we present the simpler state-independent scenario-based projec-

tion model, where we require that the dividend strategy be specified (or approximated)

such that Q is FS-adapted. By presenting a numerical procedure for the model, we show

how this requirement on the dividend strategies leads to a numerical speedup.
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4 STATE-INDEPENDENT SCENARIO-BASED PROJECTION MODEL

4 State-independent scenario-based projection model

This section concerns the formulation of the state-independent scenario-based projection

model. The model is a special case of the projection model from Section 3 which relies on

ensuring Q to be an FS-adapted process such that the simplified case of Proposition 2.2

applies.

In Subsection 4.2, we provide sufficient conditions on δ such that Q is FS-adapted. Next,

Subsection 4.3 revisits the projection of the shape under this simplification. Finally, in

Subsection 4.4 we present a procedure for the computation of the market value of bonus

payments in the state-independent projection model.

4.1 Background

The concept of state-independent modeling is uncommon in the literature, with the pro-

jection model described in [15, Section 4] being one of few exceptions. It is our impression

that projections models such as the one found in [15, Section 4] have been implemented or

are being implemented in practice, which further underlines the importance of studying

state-independent scenario-based projection models in more detail.

In the projection model described in [15, Section 4], additional benefits are bought

according to the portfolio-wide mean V̄ ?,† of the technical reserve rather than the actual

technical reserve V ?,†
Z(·), see [15, p. 196]. Furthermore, the dividend yield is implicitly

assumed FS-adapted, since in [15] the evolution of the policy is only described on an

averaged portfolio level. In unity, this leads to an FS-adapted Q. In the following, we

provide sufficient conditions on δ within our setup to ensure this adaptability. Later, in

Example 4.4 in Subsection 4.3, we provide a slightly more explicit link to the projection

model in [15, Section 4].

4.2 Class of dividend strategies

Recall from (2.16) and (2.32) that Q is the solution to the differential/integral equation

dQ(t) =
δ0(t, Z(t)) + δ1(t, Z(t))ρ(τ)1(τ≤t) + δ2(t, Z(t))Q(t)

V ?,†
Z(t)(t)

dt, Q(0) = 0.

To ensure that Q is an FS-adapted process, it suffices to require that δ0, δ1 and δ2 are

on the form

δi(t, Z(t)) = δ̃i(t)V
?,†
Z(t)(t), i = 0, 2, (4.1)

δ1(t, Z(t)) = 0, (4.2)
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4 STATE-INDEPENDENT SCENARIO-BASED PROJECTION MODEL

where we have used the shorthand notation δ̃i(t) = δ̃i (t, S(· ∧ t), I(t)) for suitably regular

deterministic mappings δ̃i, i = 0, 2. This is a consequence of the following observation.

When (4.1)–(4.2) hold, then simply

dQ(t) =
(
δ̃0(t) + δ̃2(t)Q(t)

)
dt, Q(0) = 0. (4.3)

This implies pQz0j(0, t) = Q(t)pz0j(0, t), cf. (2.24).

Remark 4.1. Since the class of dividend strategies presented here builds on Assump-

tion 2.5, affinity in Q is more or less implicitly assumed. The simplifications we obtain

in the following Subsections 4.3–4.4 build on Q being FS-adapted rather than the divi-

dend strategy being affine in Q. The results are therefore trivially extendable to dividend

strategies that are non-affine in the number of additional benefits held. 4

4.3 Projecting the shape revisited

For the portfolio-wide means Āg we observe a simplification in the part that concerns

future bonus payments similar to what we previously saw concerning the predetermined

payments:

Corollary 4.2. Assume that the dividend strategy δ is on the form (4.1)–(4.2). The

portfolio-wide means Āg of the expected accumulated guaranteed cash flows Ag then read

Āg(t,ds) = A◦(0, ds) +Q(t)A†(0,ds).

Proof. From Proposition 3.1 and its proof, we have

Āg(t, s) = A◦(0, s)− E[B◦(t)−B◦(0)] + E
[
Q(t)A†(t, s)

∣∣∣FS(t)
]
.

Since by assumption Q is FS-adapted and Z and S are independent, referring to (2.6)

with superscript ◦ replaced by † and applying the law of iterated expectations yields

E
[
Q(t)A†(t, s)

∣∣∣FS(t)
]

= Q(t) E
[
B†(s)−B†(t)

]
= Q(t)A†(0, s)−Q(t) E

[
B†(t)−B†(0)

]
Consequently,

Āg(t, ds) = A◦(0, ds) +Q(t)A†(0, ds)

as desired.
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For the technical reserve, the result is similar. Before we present the result, let the

portfolio-wide mean technical unit bonus reserve V̄ ?,† be given by

V̄ ?,†(t) = E
[
V ?,†
Z(t)(t)

∣∣∣FS(t)
]

for t ≥ 0. Since Z and S are assumed independent, we could replace the conditional

expectation by an ordinary expectation. It is then a trivial observation that

V̄ ?,†(t) =
∑
j∈J

pz0j(0, t)V
?,†
j (t). (4.4)

Corollary 4.3. Assume that the dividend strategy δ is on the form (4.1)–(4.2). The

portfolio-wide mean technical reserve of guaranteed payments then reads

V̄ ?(t) = V̄ ?,◦(t) +Q(t)V̄ ?,†(t).

Proof. Since by assumption, Q is FS-adapted and Z and S are independent, the result

follows immediately from (2.24), Proposition 3.2, and (4.4).

The following example is a continuation of Example 2.7 regarding the accumulation of

the technical reserve with a second order interest rate.

Example 4.4 (Second order interest rate continued). The dividend strategy from Ex-

ample 2.7 regarding accumulation of the technical reserve V ? with a second order interest

rate rδ does not satisfy the requirements on δ from (4.1)–(4.2). Instead, the strategy

δ(t) =
(
rδ(t)− r?(t)

) V̄ ?(t)

V̄ ?,†(t)
V ?,†
Z(t)(t), (4.5)

satisfies (4.1)–(4.2) with

δ̃0(t) = (rδ(t)− r?(t)) V̄
?,◦(t)

V̄ ?,†(t)
and δ̃2(t) = (rδ(t)− r?(t)).

One may think of this strategy as an accumulation of the portfolio-wide mean technical

reserve V̄ ? with rδ instead, since by (4.3),

V̄ ?,†(t) dQ(t) =
(
rδ(t)− r?(t)

)
V̄ ?(t) dt.

This is in accordance with the projection model in [15, Section 4]. By multiplying the

strategy (4.5) with

V ?(t)

V̄ ?(t)
and

V̄ ?,†(t)

V ?,†
Z(t)(t)
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one arrives at strategy of Example 2.7. If the two ratios are close to one, the strategy (4.5)

approximates the strategy of Example 2.7. Note that E
[
V ?(t)/ V̄ ?(t)

∣∣FS(t)
]

= 1, i.e.

the portfolio-wide mean of the first ratio is equal to one. For the latter ratio this is not

necessarily the case, since it is non-linear in V ?,†
Z(t)(t).

Even if the ratioes are not close to one, the strategy given by (4.5) may still approximate

the strategy of Example 2.7 in terms of producing an akin time zero market value of

bonus payments. Taking as starting point the strategy of Example 2.7 and the expression

of Remark 2.3, we find that

V b(0) =

∫ n

0
E

e− ∫ s
0 r(v) dv

(
rδ(s)− r?(s)

)
V ?(s)

V †Z(s)(s)

V ?,†
Z(s)(s)

ds,

so that by the law of iterated expectations,

V b(0) =

∫ n

0
E

e− ∫ s
0 r(v) dv

(
rδ(s)− r?(s)

)
E

V ?(s)
V †Z(s)(s)

V ?,†
Z(s)(s)

∣∣∣∣∣∣FS(s)

ds. (4.6)

Taking instead as a starting point the strategy given by (4.5), we find the expression

∫ n

0
E

e− ∫ s
0 r(v) dv

(
rδ(s)− r?(s)

)
V̄ ?(s)

V †Z(s)(s)

V̄ ?,†(s)

ds (4.7)

for the corresponding time zero market value of bonus payments. We should like to

hightlight that the second order interest rate rδ depends on Q through the shape of the

insurance business, so that the second order interest rates of (4.6) and (4.7) may differ.

From (4.6) and (4.7), we see that the strategy given by (4.5) in particular leads to a

decent approximation of the market value of bonus payments as long as

(
rδ(s)− r?(s)

)
E

V ?(s)
V †Z(s)(s)

V ?,†
Z(s)(s)

∣∣∣∣∣∣FS(s)

 ≈ (rδ(s)− r?(s))V̄ ?(s)
E
[
V †Z(s)(s)

∣∣∣FS(s)
]

V̄ ?,†(s)

for all s ≥ 0. This is for example the case if the second order interest rates only differ

ever so slightly and

E

V ?(s)
V †Z(s)(s)

V ?,†
Z(s)(s)

∣∣∣∣∣∣FS(s)

 ≈ V̄ ?(s)
E
[
V †Z(s)(s)

∣∣∣FS(s)
]

V̄ ?,†(s)

for all s ≥ 0. The latter is by definition of the portfolio-wide mean technical reserve

V̄ ? indeed the case if the safety loading s 7→ V †Z(s)(s)/V
?,†
Z(s)(s) is approximately state-

independent, i.e. does not depend significantly on Z (whenever V̄ ? is non-zero). ◦
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4.4 Numerical procedure

Based on the results of the previous subsections, we demonstrate a procedure for the

state-independent scenario-based projection model. An actual numerical example is

given later in Section 5. In what follows, we suppose we are given mappings (δ, η) serving

as controls. They are assumed to satisfy Assumption 2.5 with δ on the form (4.1)–(4.2).

Besides the financial scenarios, the input consists of the following quantities which can

be precalculated independently of the financial scenarios:

(1) The expected accumulated cash flow of predetermined payments A◦(0, s) for all

s ≥ 0 as in (2.9).

(2) The portfolio-wide mean technical reserve of predetermined payments V̄ ?,◦(t) for

all t ≥ 0 calculated via (3.1).

(3) The expected unit bonus cash flow a†(0, s) for all s ≥ 0 as in (2.13).

(4) The portfolio-wide mean technical unit bonus reserve V̄ ?,†(t) for all t ≥ 0 calculated

via (4.4)

As discussed previously, this input can be calculated using classic methods for solving

differential equations of Thiele type as well as (ρ-modified) Kolmogorov forward dif-

ferential equations.

The financial scenarios are N realizations {Sk(t)}t≥0, k = 1, . . . , N , of {S(t)}t≥0 with

corresponding short rate rk and forward rate curves fk. We consider them as output of

an economic scenario generator.

The procedure essentially consists of computing Q(·) and U(·) in each financial sce-

nario by solving a system of (stochastic) differential equations. The involved part is to

evaluate the differentials. The procedure looks as follows. For each financial scenario

k = 1, . . . , N :

◦ Initialize with Qk(0) = 0 and Uk(0) = u0.

◦ Apply a numerical algorithm to solve the coupled (stochastic) differential equation

systems for Qk(·) and Uk(·) from (4.3) and (2.30), respectively.

– Evaluating the differentials at time t involves the mappings (δ̃0, δ̃2, η) from

(2.31) and (4.1). By inspection of the differentials and these mappings, we

see that we require the shape of the insurance business

Ik(t) =
(
Uk(t), Āg,k(t,ds), V̄ ?,k(t)

)
,

30



5 NUMERICAL EXAMPLE

the expected bonus cash flow ab,k(0, t) = Qk(t)a†(0, t), cf. (2.25), as well as the

input. Computation of Āg,k(t,ds) and V̄ ?,k(t) is achieved via Corollary 4.2

and Corollary 4.3.

◦ We emphasize that as part of evaluating the differentials we computed the expected

bonus cash flow ab,k(0, ·).

The procedure completes by computing the market value of bonus payments V b(0) via

V b(0) ≈ 1

N

N∑
k=1

∫ n

0
e−

∫ t
0 r

k(v) dvab,k(0, t) dt

using an algorithm for numerical integration.

Note that in comparison with the procedure of Subsection 3.3, the expected unit bonus

cash flows a†j(t, ·), j ∈ J , have only to be precomputed for j = z0 and t = 0. This leads

to a speedup. Additionally, the procedure itself does not depend on the market basis for

the specific insured (except potentially through the mappings δ̃0, δ̃2, and η). These are

the primary practical advantages that are gained by strengthening the requirements on

the dividend strategy to (4.1)–(4.2).

5 Numerical example

In this section, we illustrate the methods presented in the previous sections via a nu-

merical example intended to show how our methods and results can be applied in prac-

tice. The predetermined payments, technical basis, and market basis are based on the

numerical example in [6]; our extension consists of the inclusion of financial risk and

bonus payments. The numerical example aims at illustrating similarities and differences

between the state-dependent scenario-based projection model and a state-independent

approximation in the spirit of [15, Section 4], cf. Example 4.4.

5.1 Setup

The state of the insured is modeled in an eight-state disability model with policyholder

behavior as depicted in Figure 2. We consider a male who is 40 years old today. His

retirement age is taken to be 65, and his predetermined payments consist of:

◦ A disability annuity of rate 100000 per year while disabled, but only until retire-

ment, i.e. age 65.

◦ A life annuity of rate 100000 per year while alive and non-lapsed (corresponding

to states 0, 1, 4, and 5), but only from retirement, i.e. age 65.
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◦ Premium payments of rate 46409.96 per year while active, but only until retire-

ment, i.e. age 65.

The maximal contract time is set equal to 70, i.e. n = 70, corresponding to a maximal

age of 40 + 70 = 110 years. We note that the predetermined payments are actuarially

disabled 1active 0

dead 2

surrender 3

active

free policy

4 disabled

free policy

5

dead

free policy

6

surrender

free policy

7

µ01

µ12µ02

µ10

µ04

µ03

µ47

µ45

µ56µ46

µ54

Figure 2: Disability model with policyholder behavior. The state-space is decomposed according

to J = J p ∪ J f with J p = {0, . . . , 3} and J f = {4, . . . , 7}.

fair in the sense that the equivalence principle is satisfied on the technical basis. The

technical basis takes the following form:

r?(s) = 0.01,

µ?01(s) =
(

0.0004 + 104.54+0.06(s+40)−10
)
1(s≤25),

µ?10(s) =
(

2.0058e−0.117(s+40)
)
1(s≤25),

µ?02(s) = 0.0005 + 105.88+0.038(s+40)−10,

µ?12(s) = µ?02(s)
(
1 + 1(s≤25)

)
.

The technical basis and the aforementioned predetermined payments further determine

the surrender payments and the free policy factor, which we do not explicitly state, cf.

Subsection 2.3.
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The market basis takes the following form:

µ02(·) : The 2012 edition of the Danish FSA’s longevity benchmark,

µ01(s) = 105.662015+0.033462(s+40)−101(s≤25),

µ10(s) = 4.0116e−0.117(s+40)1(s≤25),

µ12(s) =
(

0.010339 + 105.070927+0.05049(s+40)−10
)
1(s≤25) + µ02(s)1(s>25),

µ03(s) = (0.06− 0.002s)1(s≤25),

µ04(s) = 0.051(s≤25),

with µjk = µ(j−4)(k−4) for j, k ∈ J f , j 6= k.

We now deviate from [6] by introducing a bond market, so that the risky asset with

price process S1 corresponds to a zero-coupon bond with expiry n = 70. The short rate

follows a Vasicek model, so that the dynamics are given by

dr(t) = (β − α · r(t))dt+ σdW (t), r(0) = 0.01,

dS1(t) = r(t)S1(t)dt− σψ(t, n)S1(t)dW (t), S1(n) = 1,

where ψ(t, n) =
(
1− e−α(n−t)

)
/α. The parameters β, α, and σ may be found in Table 1.

They are taken from the numerical example in [7] and yield a mean reversion to about

0.043.

Regarding bonus payments, we consider the case where all dividends are used only to buy

additional life annuity benefits, so that in particular the rate of the disability annuity is

kept fixed throughout the entire contract period. Consequently, the unit bonus payments

B† are determined according to

b†0(t) = b†1(t) = 100000 · 1(t≥25).

Regarding the controls (δ, η), we consider the dividend strategy δ introduced in Example

2.7 with the second order interest rate (2.35), and investment strategy η given by:

η(t) =

∫ n
t ψ(t, s)e−

∫ s
t f(t,v) dvĀg(t,ds)

ψ(t, n)S1(t)
.

The investment strategy is chosen such that it hedges the interest rate risk of the guar-

anteed cash flows Āg on a portfolio level.

The values of the parameters for the short rate model and the dividend strategy are

shown in Table 1.
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Parameter β α σ κ

Value 0.007006001 0.162953 0.015384 0.2

Table 1: Parameters for the short rate model and dividend strategy. The parameters of the

former are taken from the numerical example in [7], which provides a mean reversion of the

short rate to β/α ≈ 0.043.

5.2 Results and discussion

The inputs as described in Subsection 3.3 and Subsection 4.4 are computed in classic

fashion using standard numerical methods. Next, we carry out the state-dependent nu-

merical procedure outlined in Subsection 3.3 as well as the state-independent procedure

presented in Subsection 4.4 to determine the time zero market value of bonus payments

V b(0); the computations are based N = 10000 financial scenarios and Euler-Maruyama

discretizations with step length 0.01 years. In the latter procedure, we use the dividend

strategy presented in Example 4.4 with rδ on the same form as above. The results are

presented in Table 2 along with the market value of predetermined payments V ◦(0).

We see that the two implementations produce identical results, in the sense that the

V ◦(0) Time zero market value of bonus payments V b(0)

State-dependent State-independent Relative difference

-72582 72661 72663 -0.00201%

Table 2: Time zero market values from both the state-dependent and state-independent imple-

mentation. The relative difference lies within the margin of numerical error.

difference is within the margin of numerical error, for this product design and set of

parameter values.

To show what is going on behind the scenes, we investigate in a bit more detail the inner

workings of the state-independent and state-dependent numerical procedures. To this

end, we fix the financial scenario presented in Figure 3.

In Figure 4, we compare t 7→ pQz0j(0, t), j ∈ J , of the state-dependent implementation

to t 7→ Q(t)pz0j(0, t) of the state-independent implementation. With Proposition 2.2

in mind, we also compare differences in bonus cash flows across states. To be precise,

Figure 5 contains a comparison of state-wise bonus cash flows, i.e. here we compare

t 7→ pQz0j(0, t)
(
b†j(t) +

∑
k∈J
k 6=j

b†jk(t)µjk(t)
)
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Figure 3: Short rate and bond price corresponding to a single financial scenario.

of the state-dependent implementation to

t 7→ Q(t)pz0j(0, t)
(
b†j(t) +

∑
k∈J
k 6=j

b†jk(t)µjk(t)
)

of the state-independent implementation. In general, the two numerical procedures lead

to fundamentally different intermediate quantities. The state-independent implementa-

tion both overestimates and underestimates – depending on the state – intermediate

state-specific quantities compared to the state-dependent implementation. But intrigu-

ingly the aggregation over states cancels these differences, resulting in the same value

for V b(0).

To offer a different point of view based on Remark 2.3 and Example 4.4, we take a closer

look at the value of the dividend payments between implementations. To elaborate, we

compare

t 7→ E

(rδ(t)− r?(t))V ?(t)
V †Z(t)(t)

V ?,†
Z(t)(t)

∣∣∣∣∣∣FS(t)


of the state-dependent implementation to

t 7→ E

(rδ(t)− r?(t))V̄ ?(t)
V †Z(t)(t)

V̄ ?,†(t)

∣∣∣∣∣∣FS(t)
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Figure 4: Q-modified transition probabilities for a single financial scenario in the state-

dependent implementation (solid line) and in the state-independent implementation (dashed line).

of the state-independent implementation. The absolute relative differences are less than

1%, which indicates that it is the aggregation over states and not times that cancels the

intermediate differences and gives rise to essentially identical values for V b(0).

6 Final remarks

In this section, we compare our methodology and results with recent advances in the

literature and discuss possible extension in demand by practitioners. Subsection 6.1 con-

tains comparisons with [5, 11, 15], while the inclusion of both duration effects (so-called

semi-Markovianity) and the bonus scheme consolidation is the focal point of Subsec-
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Figure 5: State-wise bonus cash flows for a single financial scenario in the state-dependent

implementation (solid line) and in the state-independent implementation (dashed line).

tion 6.3.

6.1 Comparison with recent advances in the literature

In [5] and the follow-up paper [11], where the methods and results of the former are

generalized to allow for surrender and free policy conversion, primary attention is given

to the derivation of differential equations for quantities such as

E
[
1(Z(t)=j)V

?(t)
∣∣FS(t)

]
.

Since V ? = V ?,◦ + Q · V ?,†, we find that t 7→ 1(Z(t)=j)V
?(t) is an affine function of

t 7→ 1(Z(t)=j)Q(t). Thus disregarding free policy conversion, we see a direct link between

the differential equations derived in [5, 11] and those of Theorem 3.3. For these results

suitable affinity of the dividend strategy is a key assumption.

The inclusion of the policyholder option of free policy conversion adds an additional

layer of complexity. We assumed the unit bonus payment stream B† to be unaffected by

the free policy option, which leads to the total payment stream given by (2.17). No such

assumption is made in [11], which leads to more involved payment streams, although by

setting B† = B◦,+, our payment stream equals that of [11, Subsection 5.2, cf. (11)–(12)].
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We consider some key concepts and provide practical insights that are not within the

scope of [5, 11]. We explicitly include financial risk, which serves as a good starting point

for the extension to doubly stochastic models with dependence between the financial mar-

ket and the stochastic transition rates. Moreover, we identify and discuss the theoretical

and practical challenges arising from the fact that the dividend strategy depends on the

shape of the insurance business. Furthermore, we provide ready-to-implement numerical

schemes for the computation of the market value of bonus payments. Finally, we discuss

potential simplifications arising when the number of additional benefits is (approximated

to be) FS-adapted – the state-independent case, which might be of particular interest

to practitioners.

As discussed previously, the projection model described in [15, Section 4] appears to be

conceptually very close to exactly our state-independent model, cf. Subsection 4.2 and

Example 4.4. Consequently, we believe that our presentation among other things serves

to formalize and generalize the pragmatic approach found in [15] and, correspondingly,

aims at bridging the gap between the methods and results found in [5, 11] and [15].

6.2 State-independent approximations

The dividend strategies considered in the numerical example of Section 5 are to some

extent absorbing in nature, meaning that they over time broadly speaking distribute

the available assets to the insured. This is consistent with the fact that both the state-

dependent and state-independent implementation produce a time zero market value of

bonus payments identical to the available assets.

In addition to the numerical results presented in Section 5, we have examined other

product designs and sets of parameter values. Without reporting every detail here and

now, this did not immediately produce large differences in the time zero market value

of bonus payments between implementations. To uncover why this is the case, further

theoretical and numerical studies are required.

6.3 Extensions

In both theory and practice, the generalization to so-called semi-Markovian models in-

troducing duration dependence in the transition rates and payments is popular and

impactful, cf. [14, 12, 9, 8]. We believe that the methods we use here can easily be

adapted to semi-Markovian models.

The increase in numerical speed from the general case to the state-independent case is in-

creasing in the complexity of the intertemporal dependence structure, which can be seen

as follows. Referring to Subsection 3.3 and Subsection 4.4, the general projection model
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requires as input the expected unit bonus cash flows evaluated on a two-dimensional time

grid, while evaluation on a one-dimensional time grid suffices for the state-independent

model. When including duration effects, the complexity increases, which ought to entail

a four-dimensional time/duration grid for the expected unit bonus cash flows in general

projections and a two-dimensional time/duration grid in state-independent projections.

The gain in numerical speed by assuming the state-independent special case is thus far

greater in the semi-Markovian model compared to the Markovian model.

In Denmark, the bonus scheme known simply as consolidation (in Danish: styrkelse) sees

widespread use in practice, cf. [15, Subsection 4.1]. Consolidation involves two technical

bases: a low (more prudent) basis and a high (less prudent) basis. At the onset of the

contract, the predetermined payments, i.e. the payments guaranteed at time zero, sat-

isfy an equivalence principle for which some payments are valuated on the high technical

basis and the remaining payments are valuated on the low technical basis. Dividends

are then used to shift these payments from the high to the low basis while upholding

the relevant equivalence principle. Typically consolidation is combined with the bonus

scheme additional benefits in the following manner. When all predetermined payments

have been shifted to the low technical basis, future dividends are used to buy additional

benefits. This ruins a key affinity assumption, which increases the complexity signifi-

cantly. In particular, an extension of Theorem 3.3 appears to require more sophisticated

methods. In the state-independent case, the assumption of affinity is not required, cf.

Remark 4.1. Consequently, we believe that it is straightforward to extend the state-

independent projection model to include consolidation in combination with additional

benefits.
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