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a b s t r a c t 

The Danish water regulator uses, amongst other things, Data Envelopment Analysis to create a pseudo- 

competitive environment for the water companies. The benchmarking results are used to set an individual 

revenue cap for each company. The benchmarking model is currently criticised for not including the com- 

panies’ supply quality and thereby having an omitted variable bias problem. One problem the regulator 

has encountered when trying to incorporate supply quality in the benchmarking model is that it tends 

to increase the revenue caps more than desired. The regulator does, however, not have any prior infor- 

mation about the marginal rates of substitution between the quality variables and costs, which makes it 

challenging to reduce the supply quality’s impact on the revenue caps. 

In this paper, we analyse the facet structure when incorporating three quality variables into the ex- 

isting benchmarking model. We argue that it is generally sensible to investigate the facet structure and 

ensure that it is trustworthy before calculating efficiency scores, to increase the credibility of the results. 

By using an outlier detection model on the estimated marginal rates of substitution, we use the in- 

sights into the facet structure to create weight restrictions between costs and quality. This can help the 

regulator incorporate quality in the model without allowing the efficiency scores to increase excessively 

due to the increase in dimensionality. In addition, our proposed method reduces the need to extract the 

companies’ private information about their marginal rates of substitution, which is costly to verify for 

both the companies and the regulator. Lastly, we propose to add weight restrictions based on the con- 

sumer’s willingness to pay for quality to avoid the companies choosing a level of quality that is higher 

than what the consumers are willing to pay for. 

© 2022 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

The Danish drinking- and wastewater companies are natural 

onopolies. Consumers cannot choose which provider to use and 

re therefore forced to use their local water company. Without reg- 

lation, the companies have an incentive to set high monopoly 

rices and deliver poor quality. The Danish water regulator (KFST), 

herefore, regulates the sector by creating a pseudo-competitive 

nvironment with the use of benchmarking. Using benchmarking 

n regulation is not unique for the Danish drinking- and wastewa- 

er sector and is, for example, discussed in Agrell et al. [1] , Dai and

uosmanen [8] and Ramanathan et al. [32] . The main idea in the 

anish regulation is that a company is not allowed to set a higher 

rice than other comparable companies do. KFST sets a revenue 

ap for each company to control the prices by benchmarking the 

ompanies’ costs against a measure for how much water they de- 
� Area: Data-Driven Analytics. This manuscript was processed by Associate Editor 

ictor Podinovski. 
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iver, adjusted for several underlying conditions [16] . The revenue 

ap is set equal to the most efficient companies’ costs adjusted for 

he underlying conditions. 

The benchmarking model used by KFST tries to control for 

s many differences in underlying conditions as possible. It does, 

owever, not control for the quality of the water provision. For 

rinking water, quality is defined as a safe and stable provision of 

ood quality drinking water. For wastewater, it is safe and stable 

anagement of wastewater, where the discharges of water have 

o negative impact on the environment. In this paper, we focus on 

he drinking water sector (hereafter water sector). Not considering 

uality in the existing model has led to two criticisms: 

1) Companies with high quality, and thereby high costs to en- 

sure this, can be compared to companies with low quality and 

thereby low costs. KFST only has information about the com- 

panies’ total costs and can therefore not control for costs as- 

sociated with ensuring high quality. The comparison, therefore, 

seems unfair. As a result, companies with low quality are al- 

lowed to have too high revenue, and companies with high qual- 

ity are forced to either lower their quality or be even more 
nder the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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efficient than the low-quality companies. In other words, the 

model has an omitted variable bias. 

2) Quality and economic efficiency are today regulated using two 

different regulations. This means that neither regulation takes 

into account the relationship between the two. 

The Danish Government have, therefore, asked KFST whether 

t is appropriate to incorporate quality in their economic bench- 

arking model. However, this should only happen on the condi- 

ion that KFST does not reduce the yearly cost-reduction require- 

ent amongst the companies substantially. 

Other studies have already tried to incorporate quality in a reg- 

latory benchmarking model, cf., for example, Molinos-Senante, 

t al. [ [24] A], Molinos-Senante, et al. [ [25] B], Martins, et al.

22] and Garciaand Thomas [12] . Molinos-Senante, et al. [ [24] 

] incorporated quality into a regulatory model for England and 

ales as an undesirable output using DEA. Molinos-Senante, et al. 

 [25] B] also used DEA but with a Russel directional distance func- 

ion to examine the efficiency separately for quality and costs. Both 

artins, et al. [22] and Garcia and Thomas [12] used cost functions 

o incorporate water loss as a quality parameter in the Portuguese 

nd French water sectors, respectively. In both these studies are 

rgued that water loss is jointly produced with water delivered to 

he customers and that it is costly to have high water loss. This 

s, however, not the case in Denmark, where there is broad con- 

ensus that it is, in fact, more costly to decrease water loss than 

o let it increase [33] . KFST’s own results also show that there is a

egative, albeit not significant, correlation between costs and wa- 

er loss. The level of water loss is exceptionally low in the Danish 

ater sector, with an average of 7 per cent, where the average for 

he OECD members is 30 per cent [22] . This could be one reason

hy the cost structure in Denmark is different from that in other 

ountries. For a more detailed overview of different studies of reg- 

latory benchmarking, see Goh and See [13] . 

To the best of our knowledge, no previous studies have thor- 

ughly examined the estimated relationship between quality and 

osts in the water sector using DEA 

1 . In the regulation of the elec-

ricity sector, there have been some suggestions to use weight re- 

trictions to increase the discriminatory power of the DEA models, 

ith some approaches also examining the relationship between 

osts and quality. However, the focus has been on the discrimi- 

atory power of the results, rather than whether the estimated re- 

ationships between quality and costs are realistic, cf., for example, 

antos and Amado [35] . 

KFST uses both data envelopment analysis (DEA) and stochastic 

rontier analysis (SFA) in their benchmarking model. In this paper, 

e solely focus on DEA. It is well-known that DEA often estimates 

xtreme multiplier weights to give the companies the best pos- 

ible efficiency scores; DEA gives the benefit of the doubt to the 

ompanies. To make sure that quality does not influence the cost- 

eduction requirements too much, KFST could try to reduce the 

umber and size of extreme multipliers by only allowing realistic 

arginal rates of substitution (MRS) between costs and quality. In 

his paper, we distinguish between three types of MRSs. First and 

ost important, we define the estimated MRSs (hereafter MRSs) as 

he ratio between two multipliers from DEA. Second, we discuss 

he true but unknown MRSs (hereafter true MRSs), and lastly, we 

efer to the companies’ realised MRSs when the companies them- 

elves provide data about quality improvements and the associated 

osts. All three definitions can be interpreted as how much you 

an improve one variable if you worsen the other. The problem for 
1 Molinos-Senante, et al. [ [24] A] did, as mentioned, incorporate quality into a 

ater sector, but their focus was on the efficiency scores and not the relationship 

etween quality and costs. 

M

c

u

2 
FST is that they do not know which of the DEA-estimated MRSs 

re realistic. 

To examine the MRSs further, one can use the facet structure 

27] . Olesen & Petersen (op cit) use a Qhull algorithm to find all 

he so-called fully dimensional efficient facets (FDEFs) and non- 

ully dimensional efficient facets (NFDEFs) spawning from a DEA 

echnology. A FDEF is a facet where all components in the nor- 

al vector are non-zero, and a NFDEF is a facet where at least one 

omponent in the normal vector is zero. Olesen & Petersen (op cit) 

rgue that insight into the facet structure, amongst other things, 

an either validate or lead to modifications of expert opinions re- 

arding realistic MRSs or be used directly to remove the facets 

ith the most extreme MRSs through the use of weight restric- 

ions 2 . They do, however, not give a threshold for which MRSs are, 

n fact, extreme. 

In this paper, we aim to estimate a technology where the fron- 

ier has as few unrealistic MRSs as possible without relying on 

rior information about which MRSs are inappropriate. We first ex- 

mine the facet structure of the DEA-estimated frontier to study 

he MRSs between quality and costs in the DEA framework. Here- 

fter, to improve the estimation of the MRSs and to fulfil the polit- 

cal requirement that the inclusion of quality does not reduce the 

ost savings too much, we develop a set of weight restrictions. Ide- 

lly, the weight restrictions could be based on the companies pri- 

ate information about their realised MRSs. However, this informa- 

ion will likely be too expensive for both KFST and the companies 

o procure and verify. 

Therefore, we base the weight restrictions on a facet outlier 

nalysis instead, where we initially assume that all outlying facets 

ave unrealistic MRSs between costs and a quality variable. This 

ill create a harsh model. Hereafter, for this method to work prop- 

rly, we allow the companies to reveal their private information 

bout their realised MRSs to help us identify which outliers found 

n the outlier analysis do, in fact, have realistic MRSs. If we allow 

he initial harsh model to be reestimated (and softened) by incor- 

orating the additional information about the realised MRSs, the 

ompanies will have an incentive to disclose their private infor- 

ation only when the model, based on the outlier analysis, is too 

arsh for the specific company. By using this two-step procedure, 

e save both KFST and most of the companies many resources by 

ot forcing them to procure the extra information. The few com- 

anies that choose to actually reveal their realised MRSs will only 

hoose to do so if the costs of doing this are lower than the gain

rom an increase in the efficiency scores. 

This procedure, of course, requires that the companies are hon- 

st and that an independent auditor can approve the information 

rovided. This is, however, standard practice in the Danish regula- 

ion and sample controls though the years have never proven that 

ny of the companies are deliberately lying, albeit they are inclined 

o attempt to bend the rules. 

It is important to note that we mainly focus on the estimation 

f the frontier. This means that the choice of a direction of the 

nefficient companies’ projections onto the frontier does not influ- 

nce the results. Only after a technology with realistic MRSs has 

een estimated does the projection become relevant. 

The framework developed in this paper can be applied by all 

egulators that use DEA to regulate network companies in, for ex- 

mple, the water, electricity and gas sectors. Many of these reg- 

lations are built on the same principles and, to the best of our 

nowledge, no one has successfully implemented quality directly 

nto DEA without having any prior information about realistic 

RSs. Several regulators regulate quality and economic efficiency 
2 Using weight restrictions as proposed by Olesen & Petersen (op cit) will, of 

ourse, change the facet structure, and an iterative process should therefore be 

sed. 
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eparately, which gives the DEA results an omitted variable bias. 

he regulators can, therefore, be inspired by our work to develop 

egulations where quality control and economic benchmarking are 

etter aligned. 

The rest of this paper is structured as follows: Section 2 de- 

cribes KFST’s current benchmarking model, the new quality data 

nd some changes made to the model. In Section 3 , we examine 

he facet structure and discuss whether MRSs are realistic or not. 

n Section 4 , we incorporate weight restrictions based on the con- 

umers’ willingness to pay. In Section 5 , we discuss how to get the

ompanies to reveal their realised MRSs by removing potentially 

nrealistic MRSs. In Section 6 , we examine our method’s impact 

n the efficiency scores and discuss the political agenda Section 7 . 

oncludes the paper. 

. The current benchmarking model in the Danish water sector 

The current benchmarking model in the Danish (drinking) wa- 

er sector has been described in Heesche and Asmild [16] . In the 

resent paper, we only provide a short recap of the most important 

haracteristics of the model incorporating the changes suggested 

y Heesche and Asmild (op. cit.). 

KFST uses both a Data Envelopment analyses (DEA) model 

6] and a stochastic frontier analysis (SFA) model [ 2,23 ]. in a so-

alled "best-of-two" benchmarking model. This means that KFST 

ses the highest efficiency score from the two models for each 

ompany to set the revenue cap. However, in this paper, we only 

ocus on the DEA model. 

The current DEA model considers one input and two out- 

uts. The input is the companies’ total controllable costs (here- 

fter costs), and the outputs are two measures for the capacity 

or net volume) that the companies provide (OPEX and CAPEX). 

he net volumes are weighted aggregations of the total length of 

ater pipes, the quantity of water delivered, and the number of 

onsumers to be serviced, amongst many other things. To aggre- 

ate all these network components, KFST uses two sets of stan- 

ard prices to provide common units of measurement: One set re- 

ated to the operational tasks (OPEX), and the second is the cap- 

tal tasks (CAPEX). This does not mean that the net volume mea- 

ures should necessarily be thought of as costs, but rather that the 

tandard prices are proxies for the importance of the individual 

omponents. In other words, the standard prices are shadow prices 

hat KFST calculate and use to aggregate the network components 

utside of the DEA model instead of using DEA to estimate these. 

his method is standard practice in regulation of network compa- 

ies to avoid having hundreds of output variables (network com- 

onents) in the DEA models [5] . For a more detailed description, 

ee Heesche and Asmild [16] . 

Both outputs are adjusted for the companies’ assets’ average age 

nd the population density 3 in their supply area. In addition, KFST 

rgues that the outputs also indirectly control for several other 

nvironmental conditions. If, for example, one company needs to 

ransport its water over a long distance due to its environmen- 

al conditions, it needs more and bigger pumps which will yield 

 higher net volume and therefore enter into the model. We use 

he OPEX and CAPEX definitions from Heesche and Asmild (op cit.), 

here both measures are adjusted for both age and density as well 

s their interaction. 

The model is input orientated because the regulatory goal is to 

educe the companies’ costs. It can also be argued that the com- 

anies have exactly the output they need because they have to de- 

iver the water requested by the consumers and cannot compete 
3 The population density is calculated as the number of consumers divided by 

he total length of water pipes. 

a

e

r

m

3 
o increase or decrease market shares. KFST assumes constant re- 

urn to scale (CRS). There are two arguments for this. First, the ag- 

regation of the outputs already take into account different scales 

hrough the prices used for the capacity components. Second, if the 

ompanies are not on the optimal scale size, the regulation should 

rovide incentives for them to become so by merging/splitting. 

The data consists of the 74 biggest water companies in Den- 

ark. Following KFST, four of these are characterised as outliers 

pfront. For simplicity, we only use the remaining 70 companies 

n this paper. The outliers do, however, not influence the overall 

onclusions. 

.1. Introduction of quality variables 

We consider three new variables as indicators of quality: Bac- 

eriological Excesses (BE), Pipe Breaks (PB) and Water Wastage 

WW). BE measures how often the companies exceed the bacteri- 

logical limits set by the Danish Environmental Protection Agency. 

e assume that bigger companies have more BE than smaller com- 

anies as they have a larger supply area and thus have more places 

here things can go wrong. PB measures how often the consumers 

re left without water because of some breaks in the system. The 

reaks are measured as downtime for the breaks multiplied by the 

umber of affected consumers. WW measures how much water 

he companies waste before it reaches the consumers. WW does 

ot directly affect the consumers in the short run but can result 

n a local shortage of water resources in the long run. All three 

ariables are volumes and therefore increase with scale, making it 

ossible to include these variables in a model assuming constant 

eturns to scale. 

Intuitively quality should be incorporated as output. Due to 

he definition of these variables, they will, however, be undesir- 

ble outputs. Many attempts have been made to incorporate un- 

esirable outputs in DEA models, but no one without any disad- 

antages. For an overview of different methods, see, for example, 

cheel [36] or Dakpo, et al. [9] . 

Some methods to incorporate undesirable outputs use a trans- 

ormation of the variables, for example, multiplying them by -1 or 

ubtracting the values from a large number. This affects the vari- 

nce in the variables and, therefore, their influence on the final 

esults. In addition, working with negative output values is prob- 

ematic when using CRS and weight restrictions, which we will do 

ater. 

In recent years, especially one method for dealing with undesir- 

ble outputs has gained popularity, which is assuming weak dis- 

osability for the undesirable output and using a directional dis- 

ance approach. This was first proposed by Färe, et al. [10] and 

ubsequently debated and developed by Zhou, et al. [39] , Sahoo, 

t al. [34] , Chung, et al. [7] , Kuosmanen and Podinovski [21] , Podi-

ovski and Kuosmanen [31] , Kuosmanen [20] and Seiford and Zhu 

37] amongst others. The idea is that, in order to reduce the un- 

esirable output, one also needs to reduce the desirable outputs, 

r increase the input(s), proportionally. By choosing an appropri- 

te distance function, it is possible to calculate an efficiency score 

ndicating, for example, how much the undesirable output can be 

educed. This is illustrated in Fig. 1 . 

In Fig. 1 , companies A, B and C are efficient and company D 

nefficient. Company C is efficient due to the assumption of weak 

isposability for the undesirable output. If we assumed strong dis- 

osability, the production possibility set would be larger, indicated 

y the horizontal dotted line going from B to the vertical axis. 

To calculate company D’s efficiency score requires a choice of 

 directional distance function. If we, for example, only are inter- 

sted in reducing the undesirable output, we could choose a di- 

ection corresponding to the line, u. If we instead only want to 

aximise the desirable output, we could choose the direction cor- 
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Fig. 1. DEA with weak disposability 
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esponding to the line, v. It is, of course, also possible to combine 

hese and choose a direction between u and v. It is, however, worth 

oting, that the direction v actually corresponds to wanting to im- 

rove all variables radially, i.e. reducing the undesirable output and 

he input at the same time as increasing the desirable output pro- 

ortionally. For example, the projection of D in the direction v, i.e. 

nto the point D 

v , implies multiplying the desirable output by ap- 

roximately 1.35 whilst dividing both the input and the undesir- 

ble output by 1.35. That way, the position along the horizontal 

xis remains unchanged (since both the undesirable output and 

he input are reduced by the same proportion), whereas the po- 

ition on the vertical axis changes from 2 to 2 · 1 . 35 2 ≈ 3 . 6 (since

he desirable output is multiplied by 1.35 whilst the input is di- 

ided by 1.35). 

In the Danish water regulation KFST, at least at present, only 

as the authority to set efficiency requirements for the companies’ 

osts. Their benchmarking model should therefore be able to find 

ealistic efficiency scores based on the direction where only the 

nput is reduced, which in Fig. 1 becomes the direction w. This 

irection is problematic for two reasons: 

First, company D’s benchmark in the direction w, i.e. onto the 

oint D 

w have a higher, i.e. worse, ratio between the undesirable 

utput and the input than company D, so D 

w does not dominate 

. Second, the MRSs between the undesirable output and the in- 

ut is negative in this benchmark (which also is the case for the 

irection, v). Under the assumption that improving quality (which 

n this case means reducing the value of the undesirable output) is 

ostly, then a negative value for the MRSs reflects an unrealistic or 

nappropriate facet 4 . 

In this paper, we aim to define a production possibility set 

here the MRSs between quality and costs are realistic on all the 

acets, regardless of the choice of projection onto the frontier. For 

hat reason, we cannot use a model with quality as weakly dispos- 

bly output(s). Furthermore, these models have been criticised on 

everal other aspects, which we will not discuss here (see, e.g [9] .). 

The literature on undesirable outputs is mainly about pollution, 

nd the main arguments for choosing one method instead of an- 
4 With the data described in Section 2.1 , 50 out of the 70 companies in the Dan- 

sh water sector will get a benchmark on one of these unrealistic facets in an input 

rientated model. 

p

t

t

4 
ther are typically linked to the characteristics of pollution. How- 

ver, not all undesirable outputs have these characteristics, for ex- 

mple, the quality variables considered here, as we will argue in 

he following. 

In this paper, we incorporate the quality variables as freely dis- 

osable inputs Hailu and Veeman [14] , Yang and Pollitt [38] ). This 

pproach has been widely criticised, and some studies argue that 

t is worse than the weak disposability model above (Dakpo, et al. 

9] , Førsund [11] , Seiford and Zhu [37] and Podinovski and Kuos- 

anen [31] ), on the following grounds: 

First, treating undesirable outputs as inputs will not reflect the 

rue production process and does not fulfil the materials balance 

rinciple. This is particularly relevant when the undesirable output 

s pollution, where, e.g. the burning of fossil fuels emits CO 

2 into 

he atmosphere, so using a barrel of oil as an input generates both 

nergy and CO 

2 emissions (the ratio of which depends on the ef- 

ciency of the process). In cases like that, it is not appropriate to 

ave the CO 

2 emissions on the input side. But that relationship is 

ot as obvious in our case, where a quality variable like water loss 

an more easily be viewed as an additional input. 

If we want the variables to reflect a true production process, 

e can interpret the quality variables differently, for exam ple, as 

isk indicators. In reality, the water companies do not choose their 

xact level of quality, for example, the number of pipe breaks. In- 

tead, they, by how often they maintain the pipes, choose a risk 

rofile. The actual number of pipe breaks could therefore be seen 

s a proxy for the chosen risk level. The risk profile can then be 

iewed as an input that has substitution with costs, as a lower risk 

osts more, and this input mix is something the companies need 

o decide on when delivering their output. 

Another interpretation is that the quality variables are proxies 

or abatement costs. Assume that a company produces a given out- 

ut level without spending any money on quality. This will likely 

esult in several cases of BE, PB and WW. In other words, this re- 

ults in the poorest possible quality for the company. The company 

ould instead choose to spend money to abate the cases of BE, PB 

nd WW by increasing their focus on quality. 

A second argument against treating undesirable outputs as in- 

uts is that the assumption of free disposability makes it possible 

o “produce” an infinite amount of the undesirable output. Facets 

hat are defined as a direct consequence of the free disposabil- 
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6 Note that the y-axis is logarithmic because we want to compare the ratios be- 
ty assumption, and therefore yield infinite amounts of undesirable 

utputs are not realistic and should only be used in efficiency as- 

essment with caution Podinovski and Kuosmanen [31] . This argu- 

ent is rather theoretical as no company will get a benchmark 

ith an infinite amount of the undesirable output ( = input) as 

ong as we do not use a “perverse” directional distance function. 

owever, the argument is still valid for less extreme cases where 

he companies’ benchmarks can entail an unrealistically, if not in- 

nitely, high amount of the undesirable output. In Sections 4 and 

 , we propose to use weight restrictions to remove unrealistic 

acets, including the ones discussed here. We do acknowledge this 

roblem but note that it will automatically be solved in our spe- 

ific case with weight restrictions later. 

Lastly, modelling quality as input means that we assume that 

here is a MRS between quality and costs as well as between both 

uality and costs and then the outputs. We will argue that this is 

he case for all the quality parameters in this paper. The quality 

ariables are all costly to improve, which results in a clear substi- 

ution between quality and costs since reducing, e.g. the number of 

acteriological excesses, entails additional costs. At the same time, 

hey are all volume measures with a clear correlation with the out- 

uts: When the output increases, for example, because of an in- 

rease in the length of the pipes, there are more places something 

an go wrong, resulting in higher values on the quality variables 

poorer quality), for a given level of costs. 

It is here important to note that a high value on a quality vari-

ble indicates bad performance, consistent with the inclusion as an 

nput. By high quality, we mean good performance, i.e. low values 

n these (input) variables. A practical advantage of incorporating 

uality as inputs is also that we can easily examine the MRSs be- 

ween costs and quality. 

Due to the aim of this paper of removing unrealistic MRSs, we 

eem the approach of treating the quality variables in this specific 

ase as inputs rather than weakly disposable outputs as the least 

ad choice amongst what is currently available in the literature. 

. DEA and the cost-quality trade-off

The frontier in DEA consists of several piecewise linear relation- 

hips between the variables, called facets. The efficiency score for 

 point inside the frontier measures its distance to one of these 

acets. A facet may be fully efficient, but it may also exhibit non- 

adial slack on some variables. The relationships, or MRSs, be- 

ween variables are often examined through the dual (multiplier) 

EA formulation. Here the MRSs can be seen from the multipli- 

rs (weights). However, multipliers are generally only provided for 

ach observation, i.e. for the facets that the companies are located 

n or projected on to. There likely exists additional facets contain- 

ng information about the possible MRSs. Several studies have ex- 

mined the DEA estimated MRSs, including Podinovski [30] and 

smild, Paradi et al. [3] . To identify all the existing facets of the

onvex hull of the observations, we use the QHull algorithm [4] , 

ut from those only consider the subset of facets indicating the 

rontier in a CRS model and augmented with facets generated 

y the free disposability assumption in DEA. Petersen and Olesen 

28] offer an algorithm, using QHull, to find all possible facets in 

RS and VRS. 

.1. Data description 

The DEA model in this paper incorporates the six variables 

entioned previously. The data is from 2017 and is publicly avail- 

ble at KFST’s website 5 . Note that the data from 2018 and 2019 
5 https://www.kfst.dk/vandtilsyn/benchmarking/okonomiske-rammer- 

odelbeskrivelse-og-resultater/benchmarking-2021/ 

t

f

c

5 
ave only recently become available. We will therefore use data 

rom 2019 later as a robustness check. The variable definitions be- 

ween the years are, however, not identical, and the data from 

018 and 2019 have yet to be quality assured. The variables for 

017, together with a short description, are listed in Table 1 . 

The summary statistics are shown in Table 2 . We observe that 

he first quartile for BE is 0, meaning that a lot of the companies

o not have a problem with BE. 

.2. The facet structure and the marginal rates of substitution 

With our six variables (one cost input, three quality inputs, 

nd two outputs), we identify 115 facets generating the CRS fron- 

ier. Only 12 of these facets are fully dimensional efficient facets 

FDEFs), meaning that they are defined from observations alone 

nd not the free disposability assumption [26] . These are also the 

nly facets that are not axis parallel in any dimensions. If the 

oal is to find some realistic MRSs between the variables, these 

ill be the most interesting facets. However, it is not necessarily 

hese facets that most companies are projected onto. The normals 

o the FDEFs, indicating MRSs between the variables, are shown in 

able 3 . For example, the MRS between costs and BE on the first 

acet is −0 . 0093 
−0 . 0418 = 0 . 22 . 

To ease the interpretation, we show the MRSs between costs 

nd the quality variables in Table 4 . The results show that the 

RSs vary a lot and that the MRSs on certain facets are quite ex- 

reme. The MRS between costs and PB is, for example, 4631 times 

igher on facet 4 than on facet 12. With such big differences, it 

eems inappropriate to use these results to estimate a single value 

or the trade-off, for example, by taking the average. We can, how- 

ver, use the results to say something about the appropriateness 

f each of the facets. If we have partial information about the true 

RSs, we can use this to remove some of the facets. Even if we do

ot have any additional information, we can argue that the most 

xtreme facets should be excluded. We will use this kind of logic 

ater on. 

When we add the non-fully dimensional efficient facets 

NFDEFs), it is a well-known problem that the MRSs can be ex- 

reme and often result in undefined ratios due to the facet be- 

ng axis parallel in at least one dimension. The distribution of 

he MRSs between costs and the quality variables for all facets 

re shown in Fig. 2 6 . The figure shows that most facets do not 

ave a well-defined MRS between costs and quality. The number 

f poorly defined MRSs are shown in the upper left corner. Zero 

eans that the facet is parallel with the costs-axis, “Inf” means 

hat the facet is parallel with the quality-axis and “NA” means that 

he facet is parallel with both the costs-axis and the quality-axis. 

hese MRSs are a result of the free disposability assumption 

7 . The 

emaining MRSs are located in quite large intervals with a few ex- 

reme points. It is, for example, quite extreme that some MRSs are 

ore than 37,0 0 0 times larger than others, as is the case for e.g.

osts/BE. In the absence of prior information, it becomes a subjec- 

ive assessment of whether such MRSs are realistic or not. 

.3. Indications of unrealistic MRSs 

To remove unrealistic MRSs, we first need to identify them. If 

e do not have any prior information about the range of allow- 

ble MRSs, we do not have any objective criteria for when a MRS 

s unrealistic. We, therefore, define some subjective criteria that we 
ween the MRSs 
7 They can also occur if at least two of the efficient companies that span a certain 

acet have the same value on a quality variable. We observe, for example, several 

ompanies with a value of zero on a quality variable 
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Table 1 

Description of input and output variables in the DEA model. 

Variable Description Type Measurement unit a 

Costs The companies’ total controllable costs Input 100,000 DKK 

Bacteriological Excesses (BE) Number of exceedances per m3 of water 

corrected for the number of samples 

Bad output treated as an input 1,000,000 # 

Pipes Breaks (PB) The sum of the consumers time without 

available water 

Bad output treated as an input 100,000 min. 

Water Wastage (WW) Amount of water the companies waste before 

it reaches the consumers 

Bad output treated as an input 100,000 m 

3 

OPEX net volume An aggregation of the capacity that the 

companies need to supply the consumers 

based on operational standard prices 

Output 100,000 units 

CAPEX net volume An aggregation of the capacity that the 

companies need to supply the consumers 

based on capital standard prices 

Output 100,000 units 

a We scale all the measurement units for two reasons: Firstly, we want most solvers to be able to handle the program with default tolerance levels for small numbers. 

Secondly, it is easier to interpret, analyse and report numbers close to one than numbers where the 10’Th decimals are important. 

Table 2 

Summary statistics of the DEA variables. 

Statistic N Mean St. Dev. Min 1. quartile 3. quartile Max 

Costs 70 126.125 133.769 28.634 57.847 124.883 781.790 

BE 70 1.141 1.440 0.000 0.000 1.669 5.625 

PB 70 2.863 6.267 0.000 0.096 2.650 45.768 

WW 70 1.987 1.685 0.068 0.845 2.586 9.481 

OPEX 70 122.436 117.895 37.289 62.725 135.346 781.261 

CAPEX 70 138.040 129.083 37.555 63.639 154.816 785.278 

Table 3 

Normals to the FDEFs. Note that the offsets to the normals are omitted because they are all zero in crs. 

Costs BE PB WW OPEX CAPEX 

Facet 1 -0.0093 -0.0418 -0.0502 -0.9977 0.0132 0.0004 

Facet 2 -0.0457 -0.0855 -0.1084 -0.9885 0.0423 0.0032 

Facet 3 -0.0383 -0.196 -0.0579 -0.9773 0.0398 0.0002 

Facet 4 -0.029 -0.0319 -0.0313 -0.9982 0.0291 0.0012 

Facet 5 -0.0366 -0.0568 -0.0953 -0.9925 0.0367 0.0015 

Facet 6 -0.0409 -0.0369 -0.1113 -0.9915 0.0388 0.0027 

Facet 7 -0.0325 -0.0887 -0.1909 -0.9764 0.0347 0.0017 

Facet 8 -0.0176 -0.1445 -0.3114 -0.9387 0.025 0.0008 

Facet 9 -0.0346 -0.6832 -0.4432 -0.5788 0.0208 0.0125 

Facet 10 -0.0167 -0.1666 -0.3291 -0.929 0.024 0.0011 

Facet 11 -0.0205 -0.497 -0.4611 -0.7346 0.0182 0.0074 

Facet 12 -0.0002 -0.0003 -0.9999 -0.0115 0.0003 0.0001 

Table 4 

MRSs between costs and the quality variables. 

∂ Costs/∂ BE ∂ Costs/∂ PB ∂ Costs/∂ W W 

Facet 1 0.2225 0.1853 0.0093 

Facet 2 0.5351 0.4221 0.0463 

Facet 3 0.1954 0.6613 0.0392 

Facet 4 0.9099 0.9261 0.029 

Facet 5 0.6449 0.3842 0.0369 

Facet 6 1.1078 0.3676 0.0413 

Facet 7 0.3669 0.1705 0.0333 

Facet 8 0.1219 0.0566 0.0188 

Facet 9 0.0506 0.0781 0.0598 

Facet 10 0.0999 0.0506 0.0179 

Facet 11 0.0413 0.0445 0.0279 

Facet 12 0.5545 0.0002 0.014 

w

t  

m

3

b

w

d

i

a

e

a

e

t

T

i

ant to be fulfilled, which practitioners (like a regulator) could use 

o evaluate if a MRS is realistic or not when they lack prior infor-

ation or expert opinions. 

.3.1. Willingness to pay 

KFST do not have any prior information about the true MRSs 

etween costs and quality. They do, however, know the consumers’ 

illingness to pay for (avoiding) PB [19] . This information cannot 

irectly be used to identify unrealistic MRSs but can be used to 
6 
dentify MRSs where the costs associated with improving quality 

re too high for these improvements to be in the consumers’ inter- 

st. It can, thus, be argued that the allowable MRSs between costs 

nd PB should not involve improvements in quality that are more 

xpensive than what the consumers are willing to pay for them. 

The willingness to pay for avoiding one unit of PB is estimated 

o be 6.6 DKK (c.f. Konkurrence- og Forbrugerstyrelsen, op cit.). 

his means that the MRS for cost/PB should be no more than 6.6 

f we have the consumers’ interest in mind. The middle plot in 
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Fig. 2. Distributions of MRSs between costs and quality. Note that the zero, Inf and NA values are omitted. The red dots indicate MRSs from a FDEF. X indicates potential 

outliers, and the vertical axis is logarithmic. The horizontal line for Costs 
PB 

indicates the consumers’ willingness to pay cf. Section 3.3.1 . 
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8 KFST is currently working on exactly this challenge 
9 Note that we only analyse the facets and not the inefficient companies’ projec- 

tions to the facets. By "many" MRSs, we, therefore, refer to the number of unique 

facets and not the number of times a specific MRS is being used as a benchmark 

for an inefficient company. 
10 Or in some cases, due to at least two efficient companies spanning a facet and 

having the same value on a (quality) variable. 
ig. 2 shows that most of the estimated MRSs are quite different 

rom this value (indicated by the horizontal line). This is not sur- 

rising because there is not necessarily any relationship between 

illingness to pay and costs in a monopoly. 

.3.2. Expert opinions 

KFST does not have any prior information about the true MRSs 

etween costs and quality. It is likely that the companies them- 

elves have at least some partial information about these MRSs 

hrough their realised MRSs. This information is not something 

FST can find in any existing sources, and it is, therefore, neces- 

ary to elicit this directly from the companies. The companies do, 

owever, not have any incentive to disclose their realised MRSs if 

FST uses this information to remove unrealistic MRSs, which will 

ower the companies efficiency scores. 

KFST could force the companies by law to disclose their realised 

RSs. This will, however, be costly for both KFST and the compa- 

ies as this information needs to be calculated, documented and 

erified. 

KFST can, therefore, instead develop a method where only the 

elevant realised MRSs needs to be reported. This method should 

e administratively easy to implement for both the companies and 

FST. If it is not easy to implement, there is a risk that the ad-

inistrative costs exceed the gain of getting the information. We 

ropose such a method in Section 5 . 

.3.3. Regression/SFA 

When lacking prior information about the true MRSs, one could 

ry to estimate these with regression analysis or a stochastic fron- 

ier analysis [ 2 , 23 ]. We could, for example, compare the DEA MRSs

ith the maximum and minimum MRSs in these parametric mod- 

ls or look at the confidence intervals for the individual coeffi- 

ients. We have, however, not succeeded in getting significant re- 

ults in our parametric models and can, therefore, not use this 

ethod to identify when the MRSs in DEA are unrealistic or not. 

here can be several reasons why we do not get significant results: 
7 
First, defining a parametric model can be a complicated task. 

n our case, we want to control for two environmental conditions, 

wo net volumes and the three new quality variables (or at least 

ne of the quality variables). With only 70 observations, this relies 

eavily on appropriate choices of model specifications and para- 

etric assumptions. We have, of course, experimented with several 

ifferent models but are for now leaving an extensive parametric 

nalysis for further research 

8 . 

Second, intuitively we believe that more quality requires higher 

osts. It might, however, be that the damage costs from repairing, 

or example, a pipe break are just as high as the costs of proper 

aintenance. This will result in MRSs (coefficients in the paramet- 

ic set-up) that are close to zero. 

Third, some companies might be efficient due to superior man- 

gement, which enables them to outperform others with respect to 

oth economic efficiency and quality. Such companies will, there- 

ore, have both lower costs and better quality than the ineffi- 

ient companies, which complicates the estimation of MRS be- 

ween costs and quality in a parametric model. 

Due to the above problems, we will not use this method to 

dentify unrealistic MRSs in the present paper. 

.3.4. Free disposability 

The number of MRSs that are zero, Inf or NA in Fig. 2 is an

ndication of how well (poorly) the facet structure is estimated. If 

e observe a lot of these NFDEF, many MRSs 9 are defined based 

n the assumption of free disposability 10 instead of from (convex 

ombinations of) the observed data. These MRSs are likely unreal- 
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11 If needed, the procedure can be made more computationally efficient if we only 

include artificial data points corresponding to the efficient companies. For small 

data sets like in the present case, this is, however, not necessary. 
stic. We will later show how the method proposed in this paper 

educes the number of NFDEFs. 

.3.5. Outliers 

An, admittedly somewhat subjective, criterion is that it is de- 

irable to have a distribution of MRSs without legible outliers. An 

utlier in this context is a MRS that is very different from the 

est. An outlier does, of course, not necessarily imply an unrealistic 

RS, but it might be worthwhile investigating such MRSs further. 

e use the adjusted interquartile range method [18] to identify 

otential outliers amongst the logarithmic MRSs. 

The standard interquartile range method defines an outlier as 

n observation that is below q 1 − 1 . 5 IQR or above q 3 + 1 . 5 IQR ,

here q 1 and q 3 is the first and third quartile, respectively, and 

QR is the difference between these. In the adjusted interquartile 

ange method, we adjust for skewed distributions using the med- 

ouple statistic (which we will not discuss any further in this pa- 

er). The final definition of the range within which observations 

re not outliers is 

 q 1 − 1 . 5 e −3 . 5 MC · IQR ; q 3 + 1 . 5 e 4 MC · IQR ] 

here MC is the medcouple statistic (see [18] ). 

This method has the advantages that it can handle skewed dis- 

ributions and that it is commonly used. Selecting a specific outlier 

ethod is not trivial as there are plenty to choose from, and often 

o one is clearly better than the others. We have chosen a method 

hat identifies several outliers because we are interested in an ini- 

ially harsh model. For a review of different outlier-detection mod- 

ls, see, for example, Hodge and Austin [17] . 

We define the difference between two MRSs as a ratio between 

he two. Therefore, we use the logarithmic MRSs. By doing so, we 

mpose that a MRS which is twice as high as another but only 

alf the value of a third lie exactly midway between these two 

RSs. The outliers identified this way are indicated by the x’s in 

ig. 2 , where we observe four potential outliers amongst the MRSs, 

pecifically for the MRS between costs and WW. 

. Removal of the unrealistic facets using the consumers’ 

illingness to pay 

In the previous section, we discussed how to identify unrealistic 

RSs. We will now show how one can remove such MRSs by in- 

orporating a weight restriction defined from the consumers’ will- 

ngness to pay for quality, specifically for avoiding pipe breaks (PB). 

his is possible because we use the companies’ costs as input and 

hus directly can find the MRS between these costs and PB based 

n the consumers’ willingness to pay. KFST’s priority is to reduce 

he companies’ costs. We will, therefore, only restrict the MRSs in 

he direction where a quality variable is given too much weight. In 

ther words, quality should never be given more weight than what 

he consumers are willing to pay for improving it. The multiplier 

EA program is given in (1) - (5) , where (4) is the weight restriction

ften referred to as assurance region one or a polyhedral cone ra- 

io [5] . X i = [ Cost s i , B E i , P B i , W W i ] and Y i = [ OP E X i , CAP E X i ] are the 

nput and output vectors for company i . v = [ v Costs , v BE , v PB , v W W 

] 

nd u = [ u OPEX , u CAPEX ] are the input and output weights, which 

re estimated when the problem is optimized. The program can 

asily be modified to assume any of the standard returns to scale 

ssumptions. 

ax u Y 0 (1) 

.t. v X 0 ≤ 1 (2) 

v X + u Y ≤ 0 ∀ i ∈ I (3) 
i i 

8 
 . 6 v costs − v PB ≥ 0 (4) 

 , u ≥ 0 (5) 

The use of the QHull algorithm in DEA is closely linked to 

he envelopment space formulation. Therefore to incorporate the 

eight restriction in the QHull algorithm, we examine the weight 

estriction in the envelopment space. Following Podinovski [29] , 

he dual formulation to the problem above is 

in θ (6) 

.t. 
∑ I 

i =1 
λi Y i ≥ Y 0 (7) 

 I 

i =1 
λi X i + 

∑ K 

t=1 
πt P t ≤ θX 0 (8) 

i , πt ≥ 0 ∀ i, t (9) 

here K is the number of weight restrictions (here K = 

 , corresponding to (4) above ) . P t indicates the input coefficient 

or the specific weight restriction P t = [ 6 . 6 , 0 , −1 , 0 ] and πt is a 

calar variable. Note that 
∑ K 

t=1 πt P t is the only difference from the 

tandard envelopment formulation. We can interpret this as an ex- 

ension to the production possibility set where it is possible to ex- 

end every data point in the existing set with 

∑ K 
t=1 πt P t . 

To control for this in QHull, we extend all observations using 

he largest possible πt such that all the new artificial data points 

re still non-negative 11 . For observation i, this corresponds to ex- 

ending the observation with π ∗
t,i 

= P B i . However, we also keep all 

he original observations, where πt,i = 0 . The convexity assumption 

ow manages all possible values of πt,i between the original and 

rtificial data points such that 0 < πt,i < π ∗
t,i 

. 

In other words, we add one artificial data point ( X ′ 
i 
, Y ′ 

i 
) per

MU by modifying the costs according to the willingness to pay 

or reducing PB to zero cf. (10) . 

 ′ i = [ Cost s i + 6 . 6 P B i , B E i , 0 , W W i ] , Y 
′ 
i = Y i ∀ i (10) 

These new data points correspond to each company having 

raded all their PB to costs at a ratio of 1:6.6. The QHull is applied

o the new extended data set. Note that it might be necessary to 

reate extreme artificial data points with values below zero if we 

ave several weight restrictions, as is the case in Section 5 . The 

ew data points should have sufficiently low coordinates for ev- 

ry possible convex combination between the weight restrictions 

nd the observed data that lies in R 

+ to be included in the tech- 

ology set. In addition, all facets based on the weight restrictions, 

nd which exclusively is located in R 

- in the relevant dimensions, 

re excluded from the analysis. 

When we add the weight restriction (4) , we reduce the number 

f facets from 115 to 87 and increase the number of FDEFs from 12 

o 13. Fifty-seven of the facets are original facets from the model 

ithout the weight restriction. The MRSs on the FDEFs are shown 

n Table 5 . We observe that the first 7 FDEFs have not changed

ompared to Table 4 . The remaining five facets from the previous 

ection have, however, been replaced with six new FDEFs, which 

re all induced by the weight restriction (indicated in bold ). This 

s evident from the MRS 0.1515 for ∂Costs 
∂PB 

. 

Fig. 3 shows the distributions of MRSs based on the weight re- 

tricted model (i.e. with (4) included). The figure illustrates how 
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Table 5 

MRSs on the FDEF with weight restrictions based on the consumers’ willingness to pay. 

∂ Costs/∂ BE ∂ Costs/∂ PB ∂ Costs/∂ W W 

Facet 1 0.2225 0.1853 0.0093 

Facet 2 0.5351 0.4221 0.0463 

Facet 3 0.1954 0.6613 0.0392 

Facet 4 0.9099 0.9261 0.029 

Facet 5 0.6449 0.3842 0.0369 

Facet 6 1.1078 0.3676 0.0413 

Facet 7 0.3669 0.1705 0.0333 

Facet 8 0.0915 0.1515 0.0871 

Facet 9 0.0772 0.1515 0.0825 

Facet 10 0.2876 0.1515 0.0305 

Facet 11 0.3261 0.1515 0.0318 

Facet 12 0.2003 0.1515 0.0099 

Facet 13 0.1079 0.1515 0.0076 

Fig. 3. Distributions of MRSs between costs and quality. Note that the zero, Inf and NA values are omitted. The red dots indicate MRSs from a FDEF. X indicates potential 

outliers, and the vertical axis is logarithmic. 
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he weight restriction only restricts the lower values of Cost 
PB . The 

umber of NA and zero values have decreased a lot for all MRSs 

ecause the multiplier for costs only can be equal to zero if the 

ultiplier for PB is also zero. So a single weight restriction be- 

ween costs and one quality variable may highly influence the 

RSs between costs and the remaining quality variables as well. 

By adding this weight restriction, we have reduced the num- 

er of unrealistic MRSs discussed in Section 3.3.4 , and at the same 

ime, we give the companies incentive to not spend more money 

n PB improvements than what the consumers are willing to pay. 

e still observe several MRSs that, according to the discussion in 

ections 3.3.4 and 3.3.5 , potentially are unrealistic. In the follow- 

ng, we incorporate the outlier-based approach to removing poten- 

ially unrealistic MRSs, with the underlying premise that the com- 

anies then have incentives to disclose private information about 

heir realised MRSs, which might subsequently reintroduce some 

f these facets (MRSs). 
9 
. Removal of the unrealistic facets using expert opinions and 

utlier detection 

We want to provide incentives for the companies to disclose 

heir realised MRSs. Therefore, we propose to develop an initially 

arsh model, but with the possibility for the companies to apply 

or the use of a more accommodating model, subject to provid- 

ng additional information about their realised MRS that can be 

ncluded in the model. In this way, the companies have an incen- 

ive to reveal their private information about their realised MRSs, 

ecause it can potentially give them a higher efficiency score. KFST 

ill, of course, need to verify this information to make sure that 

he companies do, in fact, deliver credibly realised MRSs instead of 

aming the regulation. This can, for example, be done by letting an 

ndependent auditor approve it, which is standard practice in the 

anish regulation. 
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Fig. 4. Facet structure with two inputs (costs and WW), one output (TOTEX) and variable return to scale. 
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.1. Simplified case of the proposed method 

To illustrate the idea, we first simplify the model such that WW 

s the only quality variable, and the OPEX net volume and CAPEX 

et volume are aggregated (added) into one single TOTEX net vol- 

me. By doing this, we can graphically illustrate the differences in 

he facet structure before and after removing the unrealistic facets. 

astly, we, for now, assume variable return to scale to increase the 

umber of facets in the 3D illustration to make it more interest- 

ng. Fig. 4 shows the facet structure with all the facets. The red 

ots indicate the observations 12 , and the blue dots show which 

f these are fully efficient. The green facets are the ones with the 

ighest or undefined 

∂Costs 
∂W W 

. According to the method explained in 

ection 3.3.5 , these are the ones that are outliers in the distribu- 

ion. The orange facet has the fourth-highest well-defined 

∂Costs 
∂W w 

. 

here are 12 FDEF and 23 facets in total. 

The green facets all have very high values for the MRS be- 

ween costs and WW, meaning that a company on these facets 

an increase WW without changing costs and still be close to the 

acet. And since these MRSs are classified as outliers according 

o Section 3.3.5 we remove them by adding a weight restriction 

imiting the MRSs between costs and WW to be smaller than or 

qual to the MRS given by the orange facet. This removes the green 

acets, fully-dimensional or not, through the introduction of 4 new 

acets generated by the weight restrictions as shown in Fig. 5 . 

Fig. 5 shows how the weight restrictions extend the technol- 

gy from the green area in Fig. 4 to the red area. The number of

acets based on the assumption of free disposability on WW (zero 

ultiplier on WW) is now reduced to one and is pushed further 
12 To zoom in on the lower, interesting, part of the frontier, the figure is trimmed 

uch that a few inefficient observations are not shown 

o

m

s

10 
way from the origin (it starts at W W = 2 . 5 ). The part of the tech-

ology with zero multiplier on WW is therefore reduced, and the 

art with a realistic MRS between costs and WW has increased 

ubstantially. The orange and grey parts of the frontier are not in- 

uenced by the weight restriction and thus stay the same. Note 

hat company 1 and 2 are no longer fully efficient. 

The comparison between the two figures above illustrates how 

 weight restriction can reduce the zero-multiplier problem in 

 given dimension without compromising the well-behaved grey 

art of the frontier. 

From a regulator’s point of view, it is desirable to have a for- 

alised mechanical approach for incorporating weight restrictions. 

e, therefore, propose to deem all MRSs classified as outliers as 

eing unrealistic and remove them using corresponding weight re- 

trictions. This will likely create a harsh model with low efficiency 

cores. The companies can hereafter apply for some of the removed 

RSs being allowed again. Their application will likely be admin- 

stratively cumbersome, as they have to justify why the MRSs are 

ppropriate, but ideally, it will only be relevant for a few compa- 

ies, and they can evaluate in advance if it will be worth it. 

As discussed in Section 3.3.5 , there are many different methods 

or outlier detection. The methods that find most outliers will give 

he companies the strongest incentives to disclose private informa- 

ion but will also be the ones with the highest administrative costs. 

e here propose to use the adjusted interquartile range method as 

escribed in Section 3.3.5 . This method has the advantages that it 

an handle skewed distributions and is commonly used. We fur- 

hermore use an iterative process, where one outlier at a time is 

emoved, and the model is then reestimated. In each iteration, the 

utlier furthest from the whiskers in the adjusted Box plot is re- 

oved. Other approaches can be used as well for achieving the 

ame overall purpose. 
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Fig. 5. Facet structure with two inputs, one output, variable return to scale and weight restrictions indicated by the red facets. 
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We remove the outliers by adding a weight restriction that con- 

trains the MRSs to be no higher (lower) than the second highest 

lowest) MRS in the relevant dimension. By doing this, the weight 

estrictions will expand the technology set more and more for each 

teration until there are no longer any outliers left. 

.2. Full case of the proposed method 

For a proper empirical illustration of the approach, consider 

gain the full data set with all three quality variables and the 

wo separate outputs and assume CRS. The iterations start with 

he model described in (1) - (5) , with the corresponding MRSs il- 

ustrated in Fig. 3 . This model has, compared to the model in 

ection 4 , reduced the number of outliers for costs/PB to zero but 

as increased the number of outliers for some of the remaining 

RSs. 

The iterative outlier deletion method uses nine iterations before 

here are no outliers left. Note that nine iterations do not mean 

hat the method finds nine outliers. We do not necessarily remove 

n outlier for every iteration because the weight restriction only 

estricts the MRSs to the second-highest (lowest) MRSs, which also 

ay be identified as an outlier. At the same time, it is possible for 

 single iteration to remove several outliers because it influences 

he entire facet, which consists of several MRSs that each can be 

n outlier. The weight restrictions developed from each iteration 

re given in Table 6 . To implement the weight restrictions in a dual

EA program, we add the constraints 

 

T 
j v ≥ 0 , ∀ j (11) 

o the program (1) –(5) , where P j is a vector corresponding to row 

j in Table 6 . We observe, as expected, that the weight restrictions 

et stricter for every iteration. Note that the outliers can either 

q

11 
ave too high or too low values for the MRS. If the weight restric- 

ion for a given iteration is -1 for costs, it means that the out- 

ier has too high values for the MRS. The weight restriction will, 

herefore, force the MRS ∂Costs 
∂Quality 

to be lower and vice visa. Iter- 

tion 1, for example, forces ∂Costs 
∂W W 

≤ 0 . 7136 and iteration 2 forces 
∂Costs 
∂W W 

≥ 1 
247 . 9966 . 

Iteratively adding these weight restrictions results in the MRSs 

iven in Fig. 6 . The weight restrictions have eliminated most of the 

ndefined MRSs (NFDEF). The final number of FDEFs is 29, and the 

otal number of facets is 91. NFDEFs are still present because we do 

ot have any weight restrictions for the outputs, and we have axis 

arallel facets that are determined from free disposability rather 

han weight restrictions. We observe that approximately half of 

he MRSs are restricted by weight restrictions while the remain- 

ng facets had well-behaved MRSs to begin with. If the companies 

ave information about the true MRSs through their realised MRSs 

nd therefore can argue to remove some of the weight restrictions 

sed to limit the allowable MRSs, the number of MRSs eliminated 

hrough weight restrictions will likely be reduced. The number of 

RSs influenced by the weight restrictions here might seem a bit 

xcessive. This is, however, intended as the companies can reduce 

he number again by revealing their realised MRSs. If the weight 

estrictions did not influence the results, no companies would re- 

eal their realised MRSs and KFST would, thus, need to force all 

ompanies to give the information to lower the efficiency scores, 

hich would be very expensive. We also note that the ratio be- 

ween the highest and lowest MRS for ∂Costs 
∂BE 

, ∂Costs 
∂PB 

and 

∂Costs 
∂W W 

are 

40, 10 and 34, respectively. The method does, therefore, still al- 

ow a lot of flexibility in the DEA model when calculating MRSs, 

hich is arguably one of the strengths of DEA. The range of es- 

imated MRSs has, however, decreased substantially for all three 

uality variables. 
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Table 6 

Input coefficients for weight restrictions based on willingness to pay and hereafter an iterative outlier detection. 

Costs BE PB WW 

Iteration 0 6.6 0 -1 0 

Iteration 1 -1 0 0 0.7136 

Iteration 2 247.9963 0 0 -1 

Iteration 3 286.5374 -1 0 0 

Iteration 4 153.6905 -1 0 0 

Iteration 5 -1 0.9099 0 0 

Iteration 6 -1 0 0 0.3973 

Iteration 7 -1 0 0 0.2535 

Iteration 8 -1 0 0 0.1523 

Iteration 9 -1 0 0 0.1384 

Fig. 6. Distributions of MRSs between costs and quality. Note that the zero, Inf and NA values are omitted. The red dots indicate MRSs from a FDEF, and the vertical axis is 

logarithmic. 
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We note that the method described above results in approxi- 

ately the same range and distribution of the MRSs if we use data 

rom 2019 instead of 2017, cf. Appendix A . 

In Section 6 , we show that even though this final model might 

eem harsh, it can be argued that it fulfils the political desire to 

mplement quality in the model without compromising the effi- 

iency requirement for the companies’ costs. 

.3. Example of argumentation for true MRSs 

Assume that a company wants to argue against an imposed 

eight restriction on WW. This scenario is fictional, but the idea is 

ased on interviews with a few companies. The company has re- 

ently maintained several km of pipes because their WW was too 

igh in this area. The company can document the costs for this 

aintenance which, for simplicity, have not improved the pipes in 

ny other way; this means that all the costs can be directly com- 

ared to the reduction in WW. The company has used 10 0,0 0 0

KK on the maintenance and have subsequently reduced their 

W by 20,0 0 0 m3 yearly after this maintenance. 

The company has, therefore, documented that if they did not 

se the 10 0,0 0 0 DKK, their WW would have been 20,0 0 0 m3

igher. This corresponds to the company trading 1 DKK for 0.2 m3 
12 
W, which means that the last two iterations in Table 6 probably 

re too harsh. In the company’s documentation, they do, of course, 

ot take into account their own inefficiency and that they probably 

xtended the pipes’ life spans, amongst other things. It is, however, 

till a good indication that the MRSs removed in the last iterations 

re realistic and, therefore, should be allowed back in the model. 

.4. Theoretical implications of removing outlier MRSs 

While the reasoning for removing outlier MRSs (facets) should 

e clear by now, the theoretical implications can be discussed. In 

he dual DEA formulation, it seems reasonable to add weight re- 

trictions due to unrealistic MRSs – we simply remove these MRSs. 

n the primal space, however, the inclusion of weight restrictions 

enerates new artificial points in the technology. These artificial 

oints occur due to the assumption that it is now possible to sub- 

titute one input in favour of another, exclusively based on the ra- 

io given in the weight restriction and not based on the observed 

ata set. This method differs from other DEA outlier methods be- 

ause points are, in effect, added to remove outlier MRSs instead 

f simply removing outlying data. 

The proposed outlier model is, however, enticing because it 

oes not require any prior information about the MRSs and thereby 
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Fig. 7. Changes in the efficiency scores. 
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13 For simplicity, we have omitted some details that are not relevant to this paper. 

That is, for example, costs that the companies cannot control and supplements as a 

result of expansions. 
xclusively is based on the observed data. At the same time, it has 

he disadvantage that DEA becomes less conservative by allowing 

on-observed data points in the technology. 

. Changes in efficiency scores 

As mentioned earlier, there is a political desire to incorporate 

uality but without compromising the efficiency requirement for 

he companies’ costs. In this section, we use a standard radial DEA 

odel, based on the facets found in Section 5 , to assess if this

odel could be suitable for KFST. Note that any other distance 

unctions could be implemented as well because we have ensured 

hat every facet is realistic. The projection to these facets should, 

herefore, also be realistic no matter the choice of direction. For 

implicity, we here only use the radial DEA model. It will obvi- 

usly be relevant for KFST to explore additional directions, espe- 

ially the one where only costs are discretionary. Fig. 7 shows the 

ompanies’ efficiency scores in three different models. The dots 

how the efficiency scores in a model without quality. The upper 

ar shows the efficiency scores in a model with quality but with- 

ut any weight restrictions, and the lower bar incorporates all the 

eight restrictions discussed in this paper. 

The figure shows that most companies’ efficiency scores in- 

rease a lot when we go from a model without quality to the 

odel with quality but without any weight restrictions. This is ex- 

ected, given the inclusion of three additional variables, yet not 

onsistent with the political agenda. When we add the weight re- 

trictions, first for the willingness to pay and hereafter for the out- 

iers, most efficiency scores get closer to the initial model without 

uality. The inclusion of the three quality variables does, however, 

till increase the efficiency scores a lot for several companies, even 

ith the weight restrictions, which means that the model may not 

e harsh enough from a political point of view, as the intention 

as not to reward companies for quality (in terms of lower reduc- 

ion requirements on costs) but mainly to punish, or at least not 

rovide incentives for moving towards, poor quality. 

However, for some companies, the efficiency scores are lower in 

he model with quality and weight restrictions than in the model 

ithout quality. This seems to go against the standard DEA ideol- 

gy giving companies the benefit of the doubt, such that the in- 
13 
lusion of more variables will never decrease the efficiency scores. 

rom this point of view, the model may seem too harsh. If KFST 

hooses to only use the weight restriction from the willingness to 

ay, this problem does not occur for any of the companies. Another 

olution for this potential problem could, for example, be to use a 

o-called “best-of” model, where we use the highest individual ef- 

ciency score for the model without quality and the model with 

uality and all the weight restrictions. The use of “best-of” models 

s often used in regulations, and it is therefore likely, that such a 

odel can be accepted by both KFST and the sector. 

The mean efficiency score in the model without quality is 0.06 

ower than the mean in the model with all weight restrictions. This 

as a direct impact on the companies’ revenue caps. 

In the Danish water regulation, the revenue cap can be simply 13 

ormulated as follows: 

 t = R t−1 ·
(
1 − X 

ge 
t−1: t 

− X 

sp 
t−1 

)
(12) 

 

sp 
t−1 

= 

(
R t−1 − ˆ C t−1 

R t−1 

)

8 

(13) 

 t is the revenue cap at time t, X 
ge 
t−1: t 

is a general productivity 

rowth required from time t − 1 to t, and X 
sp 
t−1 

is the individual 

fficiency improvement requirement based on the benchmarking 

odel where ˆ C t−1 is the efficient cost norm. The benchmarking 

odel only affects ˆ C t−1 in the companies’ revenue caps. 

When we use the efficient cost norm from the current bench- 

arking model and that from our new proposed model with 

eight restrictions respectively in Eqs. (12) and (13) , we note that 

he average revenue cap increases by 9.19 % in the new model. This 

eans that the consumers’ water expenses will increase by 9.19 % 

n average, assuming that the companies charge the maximum of 

hat they are allowed and do not change behaviour in other ways. 

owever, the companies will now get an incentive to preserve high 

uality and are, therefore, expected to change behaviour. This will 
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Fig. 8. Distributions of MRSs between costs and quality in a new data set. Note that the zero, Inf and NA values are omitted. The red dots indicate MRSs from a FDEF, and 

the y-axis is logarithmic. 

l

o  

H

e

t  

w

7

i

b

i

d

t

q

t

r

f

q

v

a

l

s

q

s

t

t

t

s

e

a

c

w

s

p

r

f

a

e

p

fi

s

t

b

u

p

s

s

c

M

t

a

t

l

p

ikely improve the quality in the sector, and it is beyond the scope 

f this paper to assess if the price of achieving this is too high.

owever, one can argue that many companies have a too low rev- 

nue cap today because of the omitted (quality) variable bias and 

hat it is fair that the prices increase, as long as the quality is not

eighted more than what the consumers are willing to pay. 

. Conclusion 

The benchmarking model currently used to regulate the Dan- 

sh water companies is likely to suffer from an omitted variable 

ias due to not considering the quality of the provision. Includ- 

ng the proposed quality variables is, however, not a trivial un- 

ertaking mainly due to two issues. First, the political agenda is 

hat the quality variables should not reduce the cost-efficiency re- 

uirements (too much). Second, the regulator lacks prior informa- 

ion about the relationship between the quality variables and the 

emaining input and outputs. This reduces the regulator’s options 

or including quality without compromising the cost-efficiency re- 

uirements. 

We proposed to analyse the facet structure, using Qhull, to gain 

aluable information about the estimated MRSs between quality 

nd costs. We used this information in an outlier analysis. The out- 

iers were later used to expand the technology, using weight re- 

trictions, and thereby reduce the influence that the inclusion of 

uality had on the efficiency scores. 

In addition, we showed how the incorporation of the con- 

umers’ willingness to pay, in the form of a single weight restric- 

ion, improved the facet structure in several dimensions and forced 

he model to not assign more weight to quality than what the cus- 

omers are willing to pay for it. 
14 
We proposed to allow the companies to apply to reintroduce 

ome of the MRSs, i.e. remove some of the weight restrictions 

liminating outliers, if they can argue and document that the MRSs 

re, in fact, realistic. This gives the companies an incentive to dis- 

lose private information about their realised MRSs, when relevant, 

ithout having an administratively too cumbersome regulation. 

The methodology developed in this paper can be used as in- 

piration for utility regulators to navigate between the theoretical, 

ractical, and political worlds. We showed how the standard theo- 

etical solutions to incorporate quality does not necessarily work 

or a regulator – especially not if there is no prior information 

bout the MRSs. Using our methodology, we show regulators an 

xample of a functioning compromise between regulators, com- 

anies and politics; The politicians keep their desire for high ef- 

ciency requirements while getting a better quality to the con- 

umers. The companies keep a simple data reporting process at 

he same time as a more precise regulation towards the trade-off

etween quality and costs. The regulators have a functioning reg- 

lation that is possible to manage while ensuring low consumer 

rices with a high-quality product. 

Lastly, we argued that one of the advantages of analysing and 

pecifying the facet structure independently of the efficiency mea- 

urement is that any direction of projection onto the frontier 

an be used on this technology without risking getting unrealistic 

RSs. Multiple efficiency measures can therefore be compared in 

he same technology. This procedure can benefit regulators as well 

s other DEA practitioners who wish to expand the usefulness of 

he estimated technology to analyse a sector in all its corners. 

For further research, we suggest using a multi-dimensional out- 

ier detection method. For the iterative MRS outlier detection ap- 

roach proposed in this paper, we have used a single-dimensional 
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utlier method - the adjusted interquartile range. This method is 

imple and commonly used, making it an obvious candidate for our 

roposed idea, where outlier MRSs are removed to subsequently 

et the companies to reveal private information about their re- 

lised MRSs. It is, of course, trivial to instead use another single- 

imensional outlier method to identify the outliers and still use 

eight restriction to remove them (iteratively or not and in some 

re-specified order). 

It is, however, more complicated to use multi-dimensional out- 

ier detection methods, but we might need to then look for out- 

ier facets rather than outlier MRSs. To remove an outlier facet, we 

ould extend another similar, or neighbouring, facet using, for ex- 

mple, the k-means algorithm to identify similar facets [15] . 

vailability of data and material 

The dataset used in this paper is a subset of two published 

atasets. One from the Danish Competition and Consumer Author- 

ty; https://www.kfst.dk/vandtilsyn/benchmarking/okonomiske- 

ammer-modelbeskrivelse-og-resultater/ and the other from the 

nvironmental Protection Agency; https://mst.dk/natur-vand/vand- 

-hverdagen/vandsektoren/performancebenchmarking/. The subset- 

ed dataset is available upon request 

ode availability 

The raw source code can be made available upon request 

unding 

Danish competition and consumer authority. 
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anish Competition and Consumer Authority. 

. Appendix-robustness 

We have shown that our proposed method reduces the MRS in- 

ervals and reduce the large increase in the efficiency scores from 

he addition of the quality variables. As a robustness check, the 

ethod has been applied to data from 2019. Note, however, that 

 direct comparison between the years is problematic due to dif- 

erences in the definition of the variables between the years and 

he lack of quality check of the data from 2019. Especially the re- 

ults for BE should not be compared directly due to a radical new 

efinition of Bacteriological Excesses. 

If we compare Figs. 6 and 8 , we first observe that the number

f MRSs for costs/BE has been reduced a lot. This is because most 

ompanies have zero BE with the new definition, and its influence 

n the final results have, therefore, decreased. 

Second, we observe that the lower bound of the weight restric- 

ion for Costs 
PB is the same because we have used the same willing- 

ess to pay in the two years. The upper bound is almost the same

ut has occurred naturally in the first year and with a weight re- 

triction in the second. This indicates that the high MRSs in the 

econd year were, in fact, outliers. 

Lastly, we observe that the interval for the MRSs between costs 

nd WW are also almost the same for the two years. The inter- 

al is, however, a bit larger in the second year, where there is no 

eight restriction on the lower bound. That the lower MRSs yet 

re similar could again indicate that the outliers found in the first 

ear are, in fact, outliers. 
15 
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