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Abstract: We revisit the formulation of non-relativistic (NR) string theory and its target
space geometry. We obtain a new formulation in which the geometry contains a two-form
field that couples to the tension current and that transforms under string Galilei boosts.
This parallels the Newton-Cartan one-form that couples to the mass current of a non-
relativistic point particle. We show how this formulation of the NR string arises both from
an infinite speed of light limit and a null reduction of the relativistic closed bosonic string.
In both cases, the two-form originates from a combination of metric quantities and the Kalb-
Ramond field. The target space geometry of the NR string is seen to arise from the gauging
of a new algebra that is obtained by an İnönü-Wigner contraction of the Poincaré algebra
extended by the symmetries of the Kalb-Ramond field. In this new formulation, there are
no superfluous target space fields that can be removed by fixing a Stückelberg symmetry.
Classically, there are no foliation/torsion constraints imposed on the target space geometry.
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1 Introduction

In recent years, non-relativistic (NR) string theory has received considerable attention.
Originally, it was formulated as an infinite speed of light limit of a relativistic string in
flat space with a near-critical electric Kalb-Ramond field [1, 2]. Recently, it has been
extended to include a general target space geometry [3–8]. Along with this, there are
several studies of the target space geometry [9–12], the beta-functions [7, 13, 14, 14, 15],
and its Hamiltonian formalism [4, 16–20]. The NR string has been related to limits of
AdS/CFT [3, 6, 8, 21–23] and double field theory [24–28]. Supersymmetric non-relativistic
strings have been studied in [29]. The open string sector has been explored in [30, 31].

In this paper we revisit the target space geometry in the NS-NS sector of the closed NR
string and find a novel formulation, which we call torsional string Newton-Cartan (TSNC)
geometry. To motivate this, we start by reviewing the current state of the art and putting
our results in the context of these previous developments.

– 1 –



J
H
E
P
0
2
(
2
0
2
2
)
1
1
6

String Newton-Cartan (SNC) geometry originates from the gauging of the string
Newton-Cartan algebra [10]. One can write down string probe actions that have all the
gauge symmetries of SNC geometry, but this requires a foliation constraint to be imposed
on the target space. Furthermore, a Kalb-Ramond 2-form can be included in the formu-
lation, but this leads to an overparametrization of the field content as manifested in the
appearance of a Stückelberg gauge symmetry that allows one to remove some of the target
space fields. The new formulation presented in this work resolves these issues as there is
no foliation constraint necessary and there is no overparametrization of the field content.
For reasons that will be explained below we will refer to this new target space geometry as
torsional string Newton-Cartan (TSNC) geometry.

Our formulation also brings the NR string in close analogy with the NR point particle
case, and its coupling to torsional Newton-Cartan (TNC) geometry. In particular, we
find that the natural generalization of the one-form mass connection mµ of the point
particle is a two-form gauge field mµν that in part arises from the Kalb-Ramond two-form.
Connected to this, we find a new underlying non-relativistic string algebra for the target
space geometry in the NS-NS sector, which we refer to as the F-string Galilei (FSG) algebra.

The analysis of this paper emanates from revisiting the construction of NR strings
in curved target spacetimes, which has in recent years been actively studied from various
points of view. Up to this point, the Nambu-Goto action plus Wess-Zumino term1 for the
NS-NS sector of the NR string that has been considered is [5, 8]

S = −T2

∫
d2σ

[√
−τ ταβh̄µν + εαβBµν

]
∂αX

µ∂βX
ν , (1.1)

where we omitted the dilaton contribution to the action since it will not play a role below.
Here the target space geometry consists of the transverse metric hµν , the longitudinal
vielbeine τAµ with A = 0, 1 and the two one-forms mA

µ such that one has

h̄µν = hµν + ηAB
(
τAµ m

B
ν + τAν m

B
µ

)
, (1.2)

with µ, ν = 0, 1, . . . , D − 1. Furthermore, we define the pullbacks τAα = ∂αX
µτAµ and the

resulting worldsheet metric ταβ = ηABτ
A
α τ

B
β is assumed to be Lorentzian, with its inverse

denoted by ταβ and determinant τ = det ταβ . For simplicity we consider here the Nambu-
Goto form rather than the Polyakov action since our focus is on understanding the target
space geometry.

A number of issues arise with the action (1.1). First of all, the string Newton-Cartan
geometry that has been conjectured as the structure of the target space geometry has a
gauge symmetry know as the ZA gauge symmetry, with parameter σA, which acts as

δmA
µ = Dµσ

A = ∂µσ
A − ωµεABσB , (1.3)

where ωµ is an SO(1, 1) connection associated with the Lorentz transformations acting
on τAµ . This ZA gauge symmetry was originally introduced in analogy with the U(1) sym-
metry appearing in the Bargmann algebra for the particle case, corresponding to mass

1See [3, 6] for earlier work on non-relativistic strings with zero B-field, based on null reduction.

– 2 –



J
H
E
P
0
2
(
2
0
2
2
)
1
1
6

conservation [9]. From this analogy, it is clear one should have a commutator of the type

[GAa, Pb] = δabZA , (1.4)

that connects the string boost generators GAa, the transverse translation generators Pb
and ZA. This is the string generalization of the Bargmann commutator [Ga, Pb] = δabN of
the Galilei boosts Ga and the translations that gives the U(1) generator N . Indeed, the
SNC algebra of [9] realizes the commutator (1.4), but at the price that in order to close
the algebra (i.e. obey the Jacobi identities) one needs to introduce an additional generator
ZAB = εABZ in the commutator of two string boosts. This generator has no corresponding
field in the target space geometry, nor an analogue in the particle case.

Secondly, realizing the ZA symmetry as a symmetry of the action (1.1) imposes a non-
trivial constraint D[µτ

A
ν] = 0 on the target space geometry, where Dµ is the SO(1, 1) covari-

ant connection used in the definition (1.3) of the ZA symmetry. This can be interpreted as
a no-torsion constraint. It has become increasingly clear, from various considerations such
as backgrounds with R-R fluxes, supersymmetry and constraints from beta function com-
putations [6, 7, 11–15], that this is condition on the target space geometry is too restrictive.

Thirdly, the action is invariant under the Stückelberg transformations [5, 8]

h̄µν → h̄µν + 2CA(µτ
B
ν)ηAB , Bµν → Bµν − 2CA[µτ

B
ν] εAB, (1.5)

for any two one-forms CAµ , A = 0, 1. This freedom amounts to mA
µ → mA

µ + CAµ with an
appropriate shift in the B-field. This shows that the mA

µ field is redundant as one can for
instance choose a gauge in which mA

µ = 0. One would expect that, when taking the c→∞
limit, it should be possible to arrive at the minimal set of fields needed for the formulation of
the theory. Indeed, taking the c→∞ limit in the analogous particle case one does not find
such auxiliary fields. On the other hand, in an expansion of the relativistic string in 1/c2,
the mA

µ fields appear at next-to-leading order in the expansion of the relativistic vielbeine.
They end up being paired with the next-to-leading order part of the Kalb-Ramond two-form
in a manner that admits a shift symmetry. Again, the same happens for a point particle
(see [32]). Generalizing the methods developed in [32, 33] for the 1/c2 expansion of general
relativity and the coupling of point particles to non-relativistic geometry, the systematic
1/c2 expansion of the relativistic string is presented in the recent works [34, 35]. In this
approach, one does not demand that the leading order action cancels, in contradistinction
to what has been done so far to construct non-relativistic string actions. We will return to
this below, when we juxtapose the limiting and expansion procedures for both the point
particle and string case.

Finally, one can instead obtain the action for a NR string from a null reduction of the
relativistic string. In the particle case, the c→∞ limit is known to be equivalent to a null
reduction. As we review in section 3, one finds the following action from the null reduction
of the NS-NS sector of the relativistic fundamental string [8]

S = −T2

∫
d2σ

[√
−τταβhµν + εαβmµν

]
∂αX

µ∂βX
ν , (1.6)

– 3 –
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where hµν is the transverse metric, τ0
µ comes from the clock one-form of the null reduction,

τ1
µ comes from the Kalb-Ramond field along the null direction and mµν is a sum of the
part of the Kalb-Ramond field transverse to the null direction and a linearly independent
part that combines τ1

µ and a one-form mµ from the null-reduced metric. Together, τAµ , hµν
and mµν contain the same information as the fields appearing in the theory (1.1) obtained
from the c→∞ limit. In fact, the action (1.1) includes two extra one-forms mA

µ that are
not part of the action (1.6). These extra one-forms precisely account for the auxiliary fields
that give rise to the Stückelberg symmetry, and once they have been removed by fixing the
Stückelberg the two approaches agree in their field content.

The question we ask and answer in this paper is: can one regard (1.6) as the fundamen-
tal action of the NR string in the NS-NS sector instead of (1.1)? If so, this would require
a new understanding of the target space geometry, since it is clear that the transverse
metric hµν is not invariant under string Galilean boosts. This implies that one needs to
regard mµν as part of the geometry, as it will have to transform under these local boosts.

Moreover, with (1.6) as the fundamental action, one is forced to regard the ZA sym-
metry as a symmetry of the mµν field itself. But this is actually an advantage, since mµν

precisely has the gauge symmetry m→ m+ dλ for any one-form λ. We will show that one
can reinterpret the ZA symmetry as the longitudinal part of this gauge symmetry. This in
turn suggests that one can realize this symmetry also when the torsion is non-zero, since
the gauge symmetry of mµν as such does not depend on τAµ and hµν .

We will thus show in this paper that the target space geometry of the NS-NS sector
of the NR string consists of τAµ , hµν and mµν , and we find the underlying algebra that
realizes this geometry. This algebra is analogous to the Bargmann algebra of the particle
case as it includes the commutator (1.4) but not the ZAB generators of the SNC algebra.
We show that one can get the action (1.6) directly from a c→∞ limit. The new algebra
we find is a proper İnönü-Wigner contraction of the algebra underlying the target space
of the relativistic string. We emphasize that the TSNC two-form mµν appearing in the
action (1.6) couples to the tension current of the NR string, and transforms non-trivially
under string Galilei boosts. Moreover, for a string that is point-like in all directions except
for a compact longitudinal direction v with periodicity 2πR along which it winds, the
NR string action naturally reduces to that of a NR particle with mass 2πRT , where the
Newton-Cartan gauge field is the one-form obtained from integrating mµv over the spatial
direction along the string

As mentioned above, a different though related problem is the 1/c2 expansion of the
relativistic string as opposed to the c→∞ limit. This is reminiscent of the 1/c2 expansion
of the point particle case studied in [32]. In [34, 35] this approach is studied for closed
bosonic strings. In table 1 we summarise the main differences between on the one hand
the limit/null reduction approach, which we will refer to as type I, and on the other hand
the 1/c2 expansion approach, which we will refer to as type II.2 Furthermore, we also
highlight the similarities between the particle and string cases for both type I and type II

2We will only make this distinction here and not in the rest of paper which exclusively deals with the
type I case.
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origin target space geometry of
probe action

torsion/foliation
constraints

important special
cases

NR particle
(type I)

c→∞ limit of
extremal

particle/null
reduction of

massless particle

(type I) TNC geometry:
τµ, hµν , mµ

none NC geometry:
dτ = 0

NR string
(type I)

c→∞ limit of
string with

critical electric
field/null

reduction of
relativistic string

(type I) TSNC geometry:
τAµ , hµν , mµν

none SNC geometry:
dτA = ωεAB ∧ τB

NR particle
(type II)
plus

relativistic
corrections

1/c2 expansion of
uncharged
massive

relativistic
particle

(type II) TNC geometry:
LO: τµ

NLO: τµ, hµν , mµ

NNLO: τµ, hµν , mµ, Φµν , Bµ

dynamically
determined by both the

EOM of the target
space fields and the
embedding scalars

NC geometry:
dτ = 0

NR string
(type II)
plus

relativistic
corrections

1/c2 expansion of
uncharged

relativistic string

(type II) TSNC geometry:
LO: τAµ

NLO: τAµ , hµν , mA
µ

dynamically
determined by both the

EOM of the target
space fields and the
embedding scalars

dτA = αAB ∧ τB

with αAA = 0

Table 1. Overview of the different approaches to NR particles and strings.

objects. To aid the reader, we have included a brief review of the type I NR particle in
appendix A, while the type II NR particle is treated in [32].

In the latter case, there are finitely many fields at each order in 1/c2 and the NR particle
is the theory obtained at NLO. The subleading orders describe relativistic corrections.
The type I particle couples to a geometry that can be obtained by gauging the Bargmann
algebra [36, 37], without imposing any condition on τµ. Type II TNC geometry can be
obtained by gauging the 1/c2-expanded Poincaré algebra whose field content up to NNLO
was used in [32, 33] and whose notation we also use here. It should be borne in mind
that the fields appearing at a certain order in the probe action are in general a subset
of the fields appearing at the same order in 1/c2-expansion of the bulk gravity action.
Another comment is that we here only consider the case of an expansion in even powers of
1/c. When one allows for odd powers, more options in how the expansion is done become
available [32, 38, 39]. The expansion of the equation of motion of the embedding scalars
tells us that ẋµ(dτ)µν = 0 where τµẋµ > 0. In combination with the LO expansion of the
Einstein equation which forces the Frobenius condition τ ∧ dτ = 0 for a codimension-one
foliation, this tells us that dτ = 0. Hence, the 1/c2 expansion of gravity coupled to an
uncharged point particle tells us that the geometry must admit an absolute time foliation.
This is in stark contrast with the c → ∞ limit of an extremal particle in a near-critical
electric field, whose action is defined for any τµ.

In the present work and in [34, 35] the analogous situations for strings is worked out.
For the convenience of the reader we have summarised our findings in table 1. The situation

– 5 –
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regarding the 1/c2-expansion of the relativistic string in an arbitrary metric (but ignoring
the Kalb-Ramond field) is as follows.

The 1/c2 expansion of the string involves a rescaling by c of two vielbeine, one of
which is the timelike vielbein. In the particle case we only rescale the timelike vielbein.
If we expand the Einstein equations in a string 1/c2-expansion (in the absence of the
Kalb-Ramond field and the dilaton) we learn that at LO the Einstein equations force the
geometry to admit a foliation of codimension-two leaves. The LO Einstein equations are
equivalent to the Frobenius condition dτA = αAB ∧τB where A,B = 0, 1 and where τA are
the normal 1-forms to the leaves of the foliation. The LO term in the equation of motion
of the embedding scalars then constrains the geometry slightly further [34]. A special case
of the target space geometry allowed by the 1/c2-expansion is the SNC geometry that one
obtains by gauging the SNC algebra (see appendix B.3 and [10]). To be clear, by SNC
geometry we mean a geometry that obeys dτA = ωεAB ∧ τB and for which we do not
include the Kalb-Ramond 2-form. Finally, there is a string analogue of the particle c→∞
perspective which is what the present paper addresses in detail.

This paper is structured as follows. In section 2 we consider the infinite speed of light
limit of the relativistic string in the NS-NS sector. This is in analogy with the particle
case reviewed in appendix A. We begin in section 2.1 by showing how one can formulate
the target space geometry of the relativistic string using a gauging of the string Poincaré
algebra, which consists of the Poincaré generators plus additional generators that give rise
to the Kalb-Ramond field. In section 2.2 we take the infinite speed of light limit of the
relativistic Nambu-Goto action and obtain the NR string with the new torsional SNC target
space. In section 2.3 we exhibit the symmetries of the TSNC geometry, showing how it
can be obtained from the gauging of an underlying string Bargmann algebra, realized as
an İnönü-Wigner contraction of the string Poincaré algebra.

In section 3 we review how one obtains the NR string Nambu-Goto action (1.6) from
a null reduction of the relativistic string in the NS-NS sector. Subsequently, in sections 3.2
and 3.3, we exhibit how the string Galilean boost transformations and the one-form gauge
symmetry arise from the null reduction point of view.

In section 4 we present our conclusions and consider the future directions that our novel
NR string geometries opens up. In appendix A we review the c → ∞ and null reduction
approaches for the point particle. Finally, in appendix B we further describe the novel FSG
algebra and its gauging as well as a more detailed comparison to the SNC algebra and its
associated geometry.

Note added. While we were in the final stages of writing up this paper we became aware
of the paper [12] which likewise aims at relaxing the foliation constraint of the NR string’s
target space, motivated by the quantum theory.
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2 Torsional string Newton-Cartan target space from c → ∞ limit

In this section we show how torsional string Newton-Cartan (TSNC) geometry emerges
naturally as a target space geometry of a neutral non-relativistic (NR) string resulting
from a c→∞ limit of the fundamental relativistic string in the NS-NS sector.3

As argued in the Introduction, the longitudinal NS-NS B-field plays a crucial role in ob-
taining the action for non-relativistic strings. In fact, this is already evident in the original
Gomis-Ooguri analysis [1], which considers non-relativistic strings in a flat target spacetime
by taking a near-critical field limit. Therefore, as a first step in setting up our c→∞ limit,
we discuss in section 2.1 the relativistic NS-NS sector target space geometry. Specifically,
we exhibit how the Kalb-Ramond field, along with the metric field, can be generated by
gauging a stringy version of the Poincaré algebra, in analogy to how pseudo-Riemannian
geometry can be obtained from gauging the Poincaré algebra (see for example [36, 37]).

In section 2.2 we show how the Nambu-Goto action for a neutral NR string with TSNC
target space geometry emerges from the c→∞ limit of the action of the relativistic string
in the NS-NS sector. The TSNC geometry consists of the longitudinal vielbeine τAµ , the
transverse metric hµν and the two-form mµν . We point out that our c → ∞ limit closely
parallels the point particle case, reviewed in appendix A. In that case when taking the
c → ∞ limit of an extremal relativistic particle one finds the coupling of a neutral NR
particle to torsional Newton-Cartan (TNC) geometry given by the clock one-form τµ, the
transverse metric hµν and the one-form mµ.

In section 2.3 we consider in detail the symmetries of the TSNC geometry. This
involves a novel type of string Bargmann algebra, which we call the F-string Galilei (FSG)
algebra, and we show how TSNC geometry emerges from its gauging. As part of this, we
explain that the torsion of TSNC geometry is unconstrained for the classical NR string.
Further, we show how the FSG algebra arises from an İnönü-Wigner contraction of the
string Poincaré algebra. This is again in close analogy to the particle case reviewed in
appendix A. The relation between the SNC geometry and algebra [5, 9, 15] and the TSNC
geometry and FSG algebra is discussed in more detail in appendix B.

2.1 Kalb-Ramond field from string Poincaré symmetries

In this section we show how the geometric fields gµν and Bµν of the NS-NS sector of
the fundamental relativistic string can be related to gauge fields taking value in a stringy
extension of the Poincaré algebra. As part of this, we show how their transformation
properties follow from the adjoint action in the corresponding Lie group. For this we will
use and extend results in appendix B of [8], which was motived in part by the double field
theory approach to string geometry [40, 41].

Our starting point consists of the usual transformations of the metric and Kalb-
Ramond field under diffeomorphisms ξµ and one-form gauge transformations λµ,

δ̄gµν = Lξgµν , δ̄Bµν = LξBµν + 2∂[µλν]. (2.1)
3In a slight abuse of terminology, NS-NS sector refers here to the metric and Kalb-Ramond field, leaving

the dilaton aside, and we briefly comment on its coupling in the conclusion.

– 7 –



J
H
E
P
0
2
(
2
0
2
2
)
1
1
6

Following conventions in the literature, we use the notation δ̄ to distinguish these trans-
formations from the adjoint transformations induced by the gauged algebra in question,
which we denote by δ below.

It is known [42, 43] that for pseudo-Riemannian geometry, it is possible to obtain the
transformation of the metric from a gauging procedure of the Poincaré group. To see this,
we introduce the vielbein decomposition of the metric,

gµν = ηab e
a
µe
b
ν . (2.2)

Here, we have introduced frame indices a, b, . . . which are D-dimensional. The vielbeine eaµ
correspond to the gauge field of translations Pa. Likewise, the spin connection ωµab is the
gauge field associated to Lorentz transformations Mab. Recall that, naively, the D2 degrees
of freedom in the vielbeine eaµ overparametrize the D(D + 1)/2 degrees of freedom in the
metric gµν , but this is compensated by the invariance of the parametrization (2.2) under
the D(D − 1)/2 local Lorentz transformations.

Similarly, to find an underlying gauge structure for the B-field it is natural to introduce
an additional set of generatorsQa that transform as a vector under Lorentz transformations,
with corresponding gauge fields πaµ. We will refer to these as the π-gauge fields.4 This allows
us to parametrize [8]

Bµν = ηab e
a
[µπ

b
ν]. (2.3)

It is easy to see that this parametrization indeed captures the correct number of degrees of
freedom of an antisymmetric two-tensor, since it is invariant under shifts πaµ → π

a
µ +Sabe

b
µ

for symmetric matrices Sab = S(ab). This reduces the D2 degrees of freedom in πaµ to the
required D(D − 1)/2 of the Kalb-Ramond field.

This motivates us to consider what we will call the string Poincaré algebra,

[Mab,Mcd] = ηacMbd − ηbcMad + ηbdMac − ηadMbc, (2.4a)
[Mab, Pc] = ηacPb − ηbcPa, (2.4b)
[Mab, Qc] = ηacQb − ηbcQa, (2.4c)

consisting of the Poincaré algebra with translations Pa and Lorentz transformations Mab,
augmented by a second set of vectors Qa.5 The connection on this algebra

Aµ = eaµPa + 1
2ωµ

abMab + πaµQa, (2.5)

contains both the vielbeine eaµ and the spin connection ωµ
ab, as well as the novel gauge

field πaµ. If we parametrize its local symmetry transformations by

Λ = ζaPa + 1
2σ

abMab + κaQa, (2.6)

4This construction closely resembles the two-vielbein formalism used in double field theory [40, 41]. It
would be interesting to understand the relation to double field theory in more detail. See also refs. [26, 27,
29, 44] for work on non-relativistic geometry and non-relativistic string theory using the double field theory
formalism.

5One could also include further generators corresponding to the symmetric S symmetries in the shift
π → π + Se. However, since we choose to only consider the combination (2.3) which is invariant under
these transformations, these will not be relevant in the following.
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then its adjoint transformations and curvature are given by

δΛAµ = ∂µΛ + [A,Λ]µ = δeaµPa + 1
2δωµ

abMab + δπaµQa, (2.7)

F = dA+A ∧A = R(P )aPa + 1
2R(M)abMab +R(q)aQa. (2.8)

In components, this corresponds to

δeaµ = ∂µζ
a − ωµabζb + σabe

b
µ, R(P )a = dea − ωab ∧ eb, (2.9a)

δωµ
ab = ∂µσ

ab − ωµacσcb − ωµbcσac, R(M)ab = dωab − ωac ∧ ωcb, (2.9b)
δπaµ = ∂µκ

a − ωµabκb + σabπ
b
µ, R(q)a = dπa − ωab ∧ πb. (2.9c)

We can now pose the question whether we can relate the δ̄ transformations (2.1) to the
adjoint δ action in the string Poincaré algebra above.

Gauging the Lorentz transformations ensures local Lorentz symmetry, as required by
the Einstein equivalence principle. Diffeomorphisms can be recovered from the gauging of
translations, by imposing what are known as curvature constraints, but this is only possible
if the geometry is required to have zero torsion R(P )a = 0, which is often undesired
in connection to non-relativistic limits and expansions. However, there is a subsequent
procedure [37] to define transformations δ̄ involving the adjoint action δΛ in the Lie group,
such that this is achieved. It results in

δ̄eaµ = δeaµ − ξνR(P )aµν = Lξeaµ + λabe
b
µ, (2.10a)

δ̄ωµ
a
b = δωµ

a
b − ξνR(M)µνab = Lξωµab + ∂µλ

a
b − ωµacλcb − ωµbcλac. (2.10b)

Here, the diffeomorphisms are parametrized by ξµ = θµaζ
a, where θµa are the inverse viel-

beine to eaµ, and the local Lorentz transformations are parametrized by λab = σab− ξµωµab.
We now introduce a similar procedure that allows us to associate the one-form gauge

transformations λµ of the Kalb-Ramond field in (2.10) to the transformations associated
to the vector extension Qa of the Poincaré group. For this, we define

δ̄πaµ = δπaµ − ξνR(q)aµν + 1
2kbθ

aνR(P )bµν (2.11)

= Lξπaµ + λabπ
b
µ + ∂µk

a − ωµabkb + 1
2kbθ

aνR(P )bµν . (2.12)

Here, we have introduced ka = κa − ξνπaν . Using the parametrization (2.33), we see that
the Kalb-Ramond field transforms as

δ̄kBµν = 1
2ηabe

a
µ

(
∂νk

b − ωνbckc
)

+ 1
4ηabe

a
µkcθ

bρR(P )cνρ − (µ↔ ν) (2.13)

= −1
2∂µ

(
ηabe

a
νk

b
)
− 1

2ka
(
∂νe

a
µ − ωνabebµ

)
+ 1

4kaR(P )aνµ − (µ↔ ν) (2.14)

= ∂µλν − ∂νλµ, (2.15)

where λµ = −1
2kae

a
µ. This has the desired form (2.1) of the one-form gauge transformation

of the B-field.
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With this prescription, gauging the string Poincaré algebra (2.4) leads to the geom-
etry of the NS-NS sector of the fundamental relativistic string (modulo the dilaton). In
particular, while the local translations Pa are recast into diffeomorphism, the additional
generators Qa are recast into one-form gauge transformations of the Kalb-Ramond field.
Note that this is done without any constraint on the torsion R(P )aµν in the geometry.

As we will shortly see, the target space geometry of NR string theory along with its
symmetries can be obtained in a similar way, originating from the gauging of a certain
İnönü-Wigner contraction of the string Poincaré algebra discussed above.

2.2 NR string action with TSNC target space from c → ∞ limit

Using the new perspective on the Kalb-Ramond field obtained above, we now revisit the
c→∞ limit of the relativistic fundamental string in the NS-NS sector. This will be done
in close analogy with the c → ∞ limit of the action of an extremal relativistic particle,
which, as reviewed in appendix A, leads to an uncharged non-relativistic particle in TNC
geometry. Similarly, the limiting procedure below will exhibit the importance of the fact
that the fundamental relativistic string is extremal, i.e. that its charge with respect to
the Kalb-Ramond field is equal to the string tension. As a result we will find a novel
formulation of the general target space geometry of non-relativistic strings, its symmetries,
and the underlying group-theoretic structure.

Our starting point is the following action for the relativistic fundamental string in the
NS-NS sector,

S = SNG + SWZ, (2.16)

consisting of the sum of the Nambu-Goto and Wess-Zumino term, which are respectively

SNG = −c TF

∫
d2σ

√
− det gαβ , SWZ = −cTF

2

∫
d2σBαβε

αβ . (2.17)

Here, the induced metric and Kalb-Ramond field on the string worldvolume are

gαβ = ∂αX
µ∂βX

νgµν , Bαβ = ∂αX
µ∂βX

νBµν , (2.18)

we have ε01 = −ε01 and TF is the string tension. We will now use the parametrization of
these relativistic NS-NS fields in terms of vielbeine eaµ and πaµ given in (2.2) and (2.3),

gµν = ηabe
a
µe
b
ν , Bµν = ηabe

a
[µπ

b
ν], (2.19)

where µ = 0, . . . , D−1 label the D-dimensional spacetime coordinates and a = 0, . . . , D−1
are frame indices. We now decompose the frame indices a = (A, a) corresponding to direc-
tions longitudinal and transverse to the string worldsheet, where A = 0, 1 are longitudinal
and a = 2, . . . , d− 1 are transverse.6 Correspondingly, we denote

eaµ = (cEA
µ , e

a
µ) , πaµ = (cΠA

µ , π
a
µ), (2.20)

6This split is also done in the derivation of SNC geometry [15], but the distinction in our analysis is that
we use the parametrization of the B-field in (2.19), which will be essential for the final result.
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where we have introduced an explicit factor of c in the longitudinal directions, so that the
light cone opens up in the transverse directions when c→∞. With this, we find

gαβ = c2ηABE
A
αE

B
β + δabe

a
αe
b
β , (2.21a)

Bαβ = c2ηABE
A
[αΠB

β] + δabe
a
[απ

b
β]. (2.21b)

Following equation (A.10), we now reparametrize the longitudinal components EA and
ΠA of the vielbein and π-gauge field as follows,7

EAµ = τAµ + 1
2c2π

B
µ εB

A, (2.22a)

ΠA
µ = εABτ

B
µ + 1

2c2π
A
µ , (2.22b)

where εBA = εBCη
CA. In section 2.3 below we will see what this means at the level of the

algebra, and in particular we will show that, after the c → ∞ limit, this corresponds to a
particular İnönü-Wigner contraction of the string Poincaré algebra given in equation (2.4).

After some algebra (see also [8, 15]), we find that with the field redefinitions (2.22) the
integrands of the NG and WZ action can be written as√

− det gαβ = c2√−τ
(

1 + 1
2c2 η

ABταAτ
β
Bhαβ

)
+ 1

2ε
αβηABτ

A
α π

B
β +O(c−2), (2.23a)

1
2ε

αβBαβ = −c2√−τ + 1
2ε

αβB
∦
αβ +O(c−2), (2.23b)

where the worldsheet induced metric ταβ corresponding to the vielbeine τAα and their world-
sheet inverse ταA are given by

ταβ = ηABτ
A
α τ

B
β , ταA = −

εαβεABτ
B
β√

−τ
, (2.24)

and we defined the determinant of ταβ as τ = det ταβ . Additionally, in equation (2.23) we
have used the transverse metric hµν and the non-longitudinal part B∦

µν of the Kalb-Ramond
field, which are defined by

hµν = eaαe
b
βδab , B∦

µν = ea[µπ
b
ν]δab, (2.25)

satisfying τµAhµν = 0 and τµAτνBB
∦
µν = 0, respectively. The expressions in (2.23) involve the

pullbacks of τA, h and B∦ on the worldvolume, so e.g. τAα = ∂αX
µτAµ etc. Adding the

two terms (2.23a), (2.23b) we see that the divergent leading-order terms cancel with each
other. The reason one can accomplish this is that the fundamental string is extremal. This
is analogous to the cancellation seen for an extremal particle (see appendix A).

After rescaling c TF = T , taking c→∞ then leads8 to the (Nambu-Goto form of the)
non-relativistic fundamental string action,

SNR = −T2

∫
d2σ

[√
−τ ηABταAτ

β
Bhαβ + εαβmαβ

]
, (2.26)

7We have chosen here the notation πAµ for the subleading fields to recall that they are connected to the
gauge fields entering the B-field. They will turn out to be related to the mA

µ fields of the SNC geometry
(see e.g. [5]), but with some notable differences in the way they transform.

8Note that we are taking τAµ and πAµ to be O(c0) and, in a slight abuse of notation, we are denoting
their leading-order contributions by the same symbol.
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where we have defined the two-form mµν as

mµν = ηABτ
A
[µπ

B
ν] + δabe

a
[µπ

b
ν]. (2.27)

We emphasize that the form (2.26) can be regarded as the direct analogue of the cou-
pling of a neutral non-relativistic particle to TNC geometry, which only couples to fields
in the geometry and no other electromagnetic-type fields. While the TNC geometry is
parametrized by τµ, hµν and mµ, we see from (2.26) that the non-relativistic string couples
to the geometry

torsional string Newton-Cartan geometry : τAµ , hµν , mµν . (2.28)

We will see from the transformation rules discussed in the next section that the TSNC two-
form mµν should be considered as an intrinsic part of the string geometry, in the same way
that TNC geometry contains the one-form mµ as one of the geometrical variables. In that
sense, one should view the original Kalb-Ramond coupling as having disappeared in the
limit, just as the extremal relativistic particle becomes a neutral massive non-relativistic
particle in the NR limit. This is the reason for our choice of notation mµν .

We also note that for a string that is point-like X µ̂(τ) in all directions µ̂ = 0 . . . D− 2
except for the direction Xv = Rσ in which there is a non-zero winding, we see that string
action (2.26) reduces to the action of a NR particle with mass 2πRT , where the NC gauge
field mµ̂ is given by

∫
dσmµ̂v. Furthermore, just like the variation of mµ̂ in the worldline

action of the NR particle returns the mass current T µ̂ = m
∫
dτ ∂τX

µ̂δ(x − X(τ)), the
response to varying mµν corresponds to the worldsheet tension current

JµνT = T

∫
d2σ εαβ∂αX

µ∂βX
νδ(x−X(σα)), (2.29)

of the NR string, which is conserved ∂µJµνT = 0 as a consequence of the gauge invariance
of the NC string potential.

We can compute the corresponding conserved charges of JµνT as Mµ =
∫
dσJ0µ. We

compute these charges choosing the world-volume coordinates as τ = X0 and σ = Xv, with
Xv the compact longitudinal direction with periodicity 2πR. Assuming that the string is
not compactified in any of the transverse directions we see that the only non-zero charge
is Mv = 2πTR. This charge can be considered to be the gravitational mass under the
natural interpretation that m0v is the Newtonian potential by looking at the second term
in the action (2.26). Finally, we note that since both the first (kinetic) term and the
second (gravitational interaction) term in the action (2.26) come with the same coupling,
it appears that non-relativistic strings satisfy a version of the weak equivalence principle.

All this shows that the torsional string Newton-Cartan (TSNC) geometry (2.28) can
be regarded as the string counterpart of TNC geometry for particles [45–47].

In the next section we will discuss the transformation of the fields in (2.28) and the
corresponding invariance of the NR string action (2.26). We will also find the underlying
symmetry algebra of TSNC geometry, which corresponds to an İnönü-Wigner contraction
of the string Poincaré algebra.
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Before that, a couple of remarks are in order. First of all, as we shall see in section 3,
the action (2.26) agrees with the action one obtains via null reduction of the relativistic
fundamental string in the NS-NS sector, as originally derived in [8]. This is satisfying since
the coupling of an NR particle to TNC geometry can be obtained both via a c→∞ limit
as well as via null reduction, as reviewed in appendix A. In section 3 we will show how this
can be achieved from the null reduction point of view and we will find agreement with the
results presented in this section.

Another comment is that, using the expression (2.24) for ταA in terms of the matrix of
cofactors, the action (2.26) can be rewritten as

SNR = −T2

∫
d2σ

[√
−τ ηABταAτ

β
Bh̄αβ + εαβB

∦
αβ

]
, (2.30)

where B∦
µν is the non-longitudinal part of mµν , and

h̄µν = hµν −
1
2εAB(τAµ πBν + τAν π

B
µ ). (2.31)

Upon identifying πA with the SNC field mA
µ via πAµ = −2εABmB

µ , this form is closely
related to the SNC action (1.1), though with the difference that in the SNC action the non-
longitudinal field B

∦
µν is replaced by an unconstrained two-form field. This clarifies (see

also [8]) the origin of the Stückelberg symmetry in the SNC action, which is a redundancy
that transforms the longitudinal part of mµν into the 2ηABτA(µm

B
ν) part of h̄µν .

2.3 Symmetries of torsional string Newton-Cartan geometry

We now turn to the local symmetries of the action (2.26) and the underlying non-relativistic
space-time symmetry algebra of the TSNC target space geometry. From section 2.1, we
know how the symmetries of the NS-NS fields gµν and Bµν can be derived from the string
Poincaré algebra (2.4) in terms of the transformations of relativistic vielbein Eāµ and π-
gauge field Πā

µ. Building on the field redefinition (2.22) that led to the non-relativistic
string action (2.26) in the c → ∞ limit, we can then define a contraction of the string
Poincaré algebra. Following a similar procedure as in the relativistic setting of section 2.1,
the gauging of the resulting algebra then allows us to reproduce all local symmetries of
the background TSNC geometry. This provides a concise definition of the geometry and is
among one of the central results of the paper.

For simplicity, we first present the resulting transformations and discuss the underlying
algebra afterwards. First of all, there are local SO(1, 1) boost symmetries rotating the
longitudinal fields (τAµ , πAµ ) and local SO(D − 2) rotations acting on the transverse fields
(eaµ, πaµ). In addition, the action (2.26) is manifestly invariant under the F-string Newton-
Cartan one-form gauge transformation,

δ̄mµν = 2∂[µλν]. (2.32)
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Finally, the action is invariant under string boosts parameterized by λAb, which act on the
fundamental fields as

δ̄τAµ = 0, (2.33a)
δ̄eaµ = −λBaτBµ , (2.33b)
δ̄πAµ = λAbπ

b
µ − εABλBcecµ, (2.33c)

δ̄πaµ = −εBCλBaτCµ . (2.33d)

From the definition of hµν in (2.25) and mµν in (2.27) it is easy to see that these composite
fields then transform as

δ̄hµν = −λAb
(
τAµ e

b
ν + τAν e

b
µ

)
, δ̄mµν = −2εABλBcτA[µe

c
ν]. (2.34)

Using the second identity (2.24) it follows that these local string Galilean boost transfor-
mations indeed leave the action (2.26) invariant.

In section 2.2, we have seen that the NR string naturally couples to TSNC geometry,
and in the above we have outlined its transformations. We now derive the corresponding
algebra that results from the c → ∞ contraction of the string Poincaré algebra (2.4).
Next, following the procedure introduced in section 2.1, we outline how the transformations
discussed above follow from a gauging of the resulting algebra.

First of all, in accordance with (2.20) we decompose the Poincaré generators Pa and
Mab using the split a = (A, a) in longitudinal and transverse indices. We denote the
resulting generators by

PA, QA, Pa, Qa, JAB = εABJ = MAB, Jab = Mab, cGAb = MAb. (2.35)

Next we observe that the crucial field redefinitions (2.22) on the longitudinal vielbeine
imply at the level of the algebra the following c-dependent basis transformation for the
generators PA and QA,

HA = c(PA +QBε
B
A) , NA = 1

2c(εABPB +QA) (2.36)

Note the analogy with the combination (A.11) when considering the contraction of the
Poincaré times U(1) algebra in the particle case. Here we obtain a similar redefinition
involving the worldsheet Hamiltonian, the worldsheet translation operator and the two
charges that generate the longitudinal B-field gauge transformations. In the c→∞ limit,
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this leads to the commutation relations

[Jab, Jcd] = δacJbd − δbcJad + δbdJac − δadJbc, (2.37a)
[J,GAb] = εCAGCb, (2.37b)

[Jab, GCd] = δadGCb − δbdGCa, (2.37c)
[J,HA] = εBAHB, (2.37d)
[J,NA] = εBANB, (2.37e)

[GAb, HC ] = ηACPb + εACQb, (2.37f)
[GAb, Pc] = −δbcεABNB, (2.37g)
[GAb, Qc] = −δbcNA, (2.37h)
[Jab, Pc] = δacPb − δbcPa, (2.37i)
[Jab, Qc] = δacQb − δbcQa. (2.37j)

We call this the F-string Galilei (FSG) algebra, which has generators J , Jab and GAa, cor-
responding to SO(1, 1), SO(D − 2) and string Galilean boosts, non-relativistic worldsheet
translation operators HA and transverse translations Pa. In addition, there are the gener-
ators NA, Qa, which originate from the NS-NS 2-form. As we will see, they are related to
the TSNC 2-form mµν .

If one now introduces the FSG-valued connection

Aµ = τAµ HA + eaµPa + ωµJ + 1
2ωµ

abJab + ωµ
AbGAb + πAµZA + πaµQa, (2.38)

one can check, using similar steps as in the discussion in section 2.1, that one can reproduce
the transformations (2.32) and (2.33) and all other local symmetries of the action (2.26)
from the adjoint transformations coming from the FSG algebra. For example, the local
Galilean boosts λAb above are associated to the transformation parameter of the boost
generator GAb. Further details of this construction are given in appendix B.3. Crucially,
the resulting realization of the TSNC symmetries does not require any constraints on the
torsion R(H)Aµν of the background.

It is interesting to compare this algebra to the SNC algebra (see equations (B.3)
and (B.4) in appendix B). They have in common the commutator (2.37g) if we dualize
NA into ZA = εA

BNB, mirroring the field redefinition πAα = −2εABmB
α that led to the

alternative form (2.30) of the string action. However, the SNC algebra has a generator
ZAB entering the commutator [GAb, GCd] = δabZAB, which is zero in the algebra above,
but needed in the SNC algebra to close the algebra. The role of the extra gauge field
corresponding to ZAB is not clear, as it does not enter the SNC action. On the other
hand, the algebra above features an extra set of generators Qa that are connected to the
non-longitudinal part of mµν . This makes the appearance of the NA symmetry distinctly
different, as it also appears on the right-hand side in (2.37h) while the commutator (2.37f)
has an extra term involving Qa. This new perspective on the NA (or ZA) symmetry shows
that it should be identified as the gauge transformation on the m-field with the gauge
parameter in the longitudinal direction.
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Importantly, as we emphasized earlier, this symmetry algebra and its realization makes
the ZA symmetry manifest and does not require a torsion constraint R(H)Aµν = 0, as is the
case in the SNC action (1.1). This mirrors the situation for a NR particle coupling to TNC
geometry, where one does not find a torsion constraint. Moreover, in the null reduction
approach to constructing the NR string action, one does not find a torsion constraint either.
In fact, the ZA symmetry can also be understood from the null reduction point of view, as
we will show in section 3 below.

Finally, the above strongly suggests that it is natural to consider the FSG algebra as the
string analogue of the Bargmann algebra in the particle case, in the sense that it is obtained
from a İnönü-Wigner contraction of the string Poincaré algebra. It is interesting that, unlike
the particle case, in string theory one does not need to invoke an extraneous U(1) field,
as the B-field is already present from the outset, since the relativistic fundamental string
by itself is already an extremal object, providing the necessary charge fields to take the
non-relativistic limit.

3 Torsional string Newton-Cartan target space from null reduction

In the previous section we obtained the neutral NR string from a c → ∞ limit of the
relativistic string in the NS-NS sector. In this section, we show that one can also obtain
the same neutral NR string from a null reduction of the relativistic string in the NS-NS
sector. This is analogous to the null reduction in the particle case (see appendix A).

3.1 Direct derivation of TSNC action from null reduction

Consider the null reduction of the NS-NS sector of string theory where ∂u is a null Killing
vector field. Write the metric of the null-reduced background as

ds2 = gMNdx
MdxN = 2τ(du−m) + hµ̂ν̂dx

µ̂dxν̂ = 2τdu+ h̄µ̂ν̂dx
µ̂dxν̂ , (3.1)

with µ̂, ν̂ = 0, 1, . . . , D − 2 and where τµ̂, mµ̂ and hµ̂ν̂ do not depend on u. We write the
Kalb-Ramond field as

B = 1
2BMNdx

M ∧ dxN = 1
2Bµ̂ν̂dx

µ̂ ∧ dxν̂ + bµ̂du ∧ dxµ̂, (3.2)

so that Buµ̂ = bµ̂. As shown in [3, 6, 8], the Lagrangian that one obtains by null-reducing
the Nambu-Goto Lagrangian of the relativistic NS-NS string is

L = T

[
hµ̂ν̂

εαα
′
εββ

′ [(∂α′η + bα′)(∂β′η + bβ′)− τα′τβ′ ]
2εγγ′τγ(∂γ′η + bγ′)

− εαβmµ̂(∂ν̂η + bν̂)− 1
2ε

αβBµ̂ν̂

]
∂αX

µ̂∂βX
ν̂ ,

(3.3)

where the pullbacks τγ and bγ are with respect to X µ̂. Here we have introduced the extra
direction v belonging to that geometry, whose embedding coordinate we denote by Xv = η.
The direction v is an isometry and can be thought of as dual to u [6]. This is known as
the TNC string Nambu-Goto Lagrangian [3, 6, 8].
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We now make contact with the TSNC geometry description. We collect the indices of
the total target space as µ = (µ̂, v). The embedding map of the string is thus

Xµ = (X µ̂, Xv) where Xv = η . (3.4)

We introduce the target space one-forms τAµ with A = 0, 1 as

τ0
µ = (τµ̂, 0) , τ1

µ = (bµ̂, 1). (3.5)

With this, the pullback of τ1
µ, with respect to Xµ, is

τ1
α = τ1

µ∂αX
µ = bµ̂∂αX

µ̂ + ∂αη = bα + ∂αη. (3.6)

We introduce the transverse target space metric hµν , µ, ν = 0, 1, . . . , D − 1, by extending
hµ̂ν̂ so that

hvv = hµ̂v = 0. (3.7)

We introduce a new two-form field mµν whose components are

mµ̂ν̂ = Bµ̂ν̂ +mµ̂bν̂ − bµ̂mν̂ , mvµ̂ = −mµ̂ . (3.8)

Then (3.3) becomes

L = T

2

[
hµν

εαα
′
εββ

′
ηABτ

A
α′τBβ′

εγγ′τ0
γ τ

1
γ′

− εαβmµν

]
∂αX

µ∂βX
ν . (3.9)

Using the definitions (2.24) we can rewrite this as

L = T

2
[
−
√
−τ ηABταAτ

β
Bhµν − ε

αβmµν

]
∂αX

µ∂βX
ν . (3.10)

Thus, we have reproduced the Nambu-Goto Lagrangian of the NR string with TSNC
geometry as target space (2.26). Note that this is with the restriction that v is an isometry.9

Below we check that one also obtains the correct boost transformations and one-form gauge
transformations of this geometry.

Note that there is an arbitrariness in translating hµ̂ν̂ and Bµ̂ν̂ to hµν and mµν since
the actions (3.9) and (3.10) are invariant under the transformation

hµν → hµν + τ1
µVν + Vµτ

1
µ , mµν → mµν + Vµτ

0
ν − τ0

µVν , (3.11)

for any Vµ. Since we demand hµν to be a transverse metric we need to impose the constraint
vµAVµ = 0 for this transformation where vµA is the inverse vielbeine in the longitudinal
directions, as defined in equation (B.26). This will be important below.

9The c→∞ perspective does not seem to tell us that v must be an isometry, but this property is crucial
if one wants to insist that the string is pure winding along v, i.e. that the total momentum in the v-direction
is zero and conserved (see Equation (2.16) of [8]). It would be interesting to investigate further whether it
is at all possible to consider NR strings for which the v-direction is not an isometry.
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3.2 Boost transformations

We check here that one obtains the correct boost transformations of TSNC geometry from
null reduction. To this end, we introduce the transverse vielbeine eaµ̂ such that

hµ̂ν̂ = δabe
a
µ̂e
b
ν̂ , (3.12)

with flat indices labelled a, b = 2, . . . , D − 2. The TNC Galilean boost transformation is

δτµ̂ = 0 , δmµ̂ = λae
a
µ̂ , δeaµ̂ = λaτµ̂ , δbµ̂ = 0 , δBµ̂ν̂ = 0, (3.13)

where λa = δabλ
b. This gives

δhµ̂ν̂ = λa(τµ̂eaν̂ + eaµ̂τν̂). (3.14)

We can now translate this to TSNC geometry. The transverse vielbeine are

eaµ = (eaµ̂, 0). (3.15)

Hence we find that
hµν = δabe

a
µe
b
ν . (3.16)

The TNC Galilean boost transformation then becomes

δτAµ = 0 , δeaµ = λaτ0
µ , δmµν = λa(eaµτ1

ν − τ1
µe
a
ν). (3.17)

The other string Galilei boost arises from a redundancy in the translation to TSNC
variables (3.11). Since vµAVµ = 0 we see that we need

Vµ = λ̄ae
a
µ, (3.18)

for some λ̄a, hence this corresponds to the transformation

δτAµ = 0 , δeaµ = λ̄aτ1
µ , δmµν = λ̄a(eaµτ0

ν − τ0
µe
a
ν). (3.19)

Combining (3.17) and (3.19) we find

δτAµ = 0 , δeaµ = λaAτ
A
µ , δmµν = λa

AεAB(eaµτBν − τBµ eaν), (3.20)

where λaA = ηABλaB and we identify λa0 = λa and λa1 = λ̄a. Comparing to eqs. (2.33)
and (2.34), this shows that we obtain the full boost transformation of TSNC geometry.

3.3 One-form gauge transformations

Having established the string Galilei boost transformations of TSNC geometry, we now
verify that one also obtains the one-form gauge transformations of TSNC geometry from
the null reduction perspective. We begin by noting that the TNC action has the U(1)
symmetry (see eqs. (2.29) and (2.30) of [8])

δτµ̂ = 0 , δmµ̂ = ∂µ̂χ , δeaµ̂ = 0 , δbµ̂ = 0 , δBµ̂ν̂ = bµ̂∂ν̂χ− bν̂∂µ̂χ. (3.21)
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Notice that there are no requirements on τµ̂ or bµ̂. In terms of the TSNC variables this
corresponds to

δτAµ = 0 , δeaµ = 0 , δm = −dv ∧ dχ. (3.22)

We see this is a one-form gauge transformation of the two-form mµν

δmµν = (da)µν , aµ = χδvµ, (3.23)

since a = χdv. Thus, the TNC U(1) gauge transformations in equation (3.21) comprise
a subset of one-form gauge transformations of mµν . From this it is clear that TNC U(1)
gauge transformations do not constrain the torsion of the TSNC geometry as they are
symmetries regardless of whether (dτ)µ̂ν̂ 6= 0 or dbµ̂ν̂ 6= 0 [8].

In addition to the above transformations one can consider any of the following one-form
transformations in TNC variables

δτµ̂ = 0 , δmµ̂ = 0 , δeaµ̂ = 0 , δbµ̂ = 0 , δBµ̂ν̂ = ∂µ̂cν̂ − ∂ν̂cµ̂. (3.24)

Writing
cµ = (cµ̂, 0), (3.25)

we see that these transformations are also one-form transformations in the TSNC variables

δτAµ = 0 , δeaµ = 0 , δmµν = ∂µcν − ∂νcµ. (3.26)

Forming the combined transformation

λµ = cµ + χδvµ, (3.27)

we see that we have obtained all the one-form transformations of the two-form mµν with

δτAµ = 0 , δeaµ = 0 , δmµν = ∂µλν − ∂νλµ. (3.28)

Again, this has been obtained without having to restrict τAµ . In conclusion, we have shown
that one obtains all the one-form gauge transformations of TSNC geometry.

4 Conclusions

In this paper we have shown that the torsional string Newton-Cartan (TSNC) geometry,
defined by the fields

τAµ , hµν , mµν , (4.1)

is the natural target space of the non-relativistic (NR) string of [1–8] when thought of as
arising from a large c limit or a null reduction. This is in analogy with the non-relativistic
point particle case reviewed in appendix A. In particular, the TSNC two-form mµν is part
of the geometry of the NR string and generalizes the particle Newton-Cartan one-form mµ.
The NR string is seen to be neutral and the component m0v can be interpreted as the
Newtonian potential, coupling to the mass density two-form current of the NR string.
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The corresponding Nambu-Goto action for the string is

SNR,NG = −T2

∫
d2σ

[√
−τηABταAτ

β
Bhαβ + εαβmαβ

]
+ 1

4π

∫
d2σ
√
−τR(2)φ , (4.2)

where, for completeness, we have added the dilaton term in comparison to (2.26). It is
straightforward to write down the corresponding Polyakov action,

SNR,Pol = −T2
[√
−γ γαβ∂αXµ∂βX

νhµν + εαβ∂αX
µ∂βX

νmµν (4.3)

+ λεαβeα
+τµ

+∂βX
µ + λ̄εαβeα

−τµ
−∂βX

µ
]

+ 1
4πeR

(2)Φ ,

where τ±µ = τ0
µ ± τ1

µ. Here, we have also expressed the worldsheet metric in terms of
zweibeine γαβ = eα

aeβ
bηab, and defined e±α = e0

α ± e1
α. The TSNC geometry given

by the fields (4.1) can be obtained by gauging the novel F-string Galilei (FSG) algebra
given in (2.37). The salient transformations of the TSNC geometry are written in (2.32)
and (2.34), which include the string Galilean boosts as well as the one-form gauge trans-
formations of the TSNC two-form mµν . The action (4.2) is invariant under these transfor-
mations and, in particular, the one-form gauge symmetry replaces the ZA symmetry of [5]
in a manner that removes the necessity of enforcing a foliation constraint.

We have shown that the Nambu-Goto action (4.2) arises from an infinite speed of
light limit of the relativistic string in the NS-NS sector. With this, the fields (4.1) and
their transformations (2.34) and (2.32) emerge naturally. To accomplish this, we have
reinterpreted the target space of the relativistic string as originating from the gauging of
what we call a string Poincaré algebra [8]. From an algebraic point of view, our FSG
algebra arises as an İnönü-Wigner contraction of this string Poincaré algebra.

Since the NR string action is manifestly invariant under all the gauge symmetries, the
background geometry does not need to be supplemented by a torsion/foliation constraint.
This is to be contrasted to the situation [5] where there is a ZA symmetry leading to a
torsion constraint on the longitudinal vielbeine. As emphasized above, the TSNC geometry
arises naturally once we take into account that fundamental strings are extremal under the
Kalb-Ramond field, and its derivation is entirely analogous to how TNC geometry arises
from the large speed of light limit of extremal particles. We have furthermore verified
that the geometry and its symmetries can also be nicely reproduced by a null reduction of
fundamental strings.

The results of this paper allow for a variety of further interesting lines of investiga-
tion. Firstly, two important further directions to address are beta functions and effective
spacetime actions in our TSNC formulation. In this paper, we have shown that the torsion
of the target space can be seen as decoupled from the one-form gauge symmetry of mµν ,
which is natural as mµν does not couple to τAµ in our Nambu-Goto action. However, in
the beta-function calculations of [7, 11, 13–15, 26] one finds that certain restrictions on the
target space geometry are needed in order keep the non-relativistic target space geometry
from flowing back to the relativistic geometry. Since our analysis is classical, it is not
sensitive to this. Additionally, one should impose a general torsion constraint to ensure
that it is possible to foliate the geometry. It would be highly interesting to investigate
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how these constraints on the geometry are connected to each other. In addition to this,
spacetime actions from non-relativistic limits were considered for the NS-NS string in the
recent paper [11]. It would be interesting to reexamine this using TSNC geometry.

Next, already in the relativistic theory, it would be exciting to connect our construction
of the Kalb-Ramond field from gauging the string Poincaré algebra to other generalized
notions of geometry that have appeared in string theory. In particular, our additional
vielbein-like degrees of freedom are reminiscent of double field theory [40, 41], which is also
known to be connected to non-relativistic geometry and strings [26, 27, 29, 44]. It should
also be possible to obtain similar non-relativistic constructions in generalized geometry, for
example using the deformations of graded Poisson structures studied in [48]. Additionally,
the geometrization of higher p-forms was pioneered in [43] in the context of supergravities,
see also [49] for a recent review, and it would be interesting to explore the connection
between their gauging of free differential algebras and our construction of gauging the
string Poincaré algebra. Another related question is whether one can include the dilaton
field of the NS-NS sector in our construction, and subsequently to include it explicitly in
the non-relativistic limit.

A different direction, which was among our original motivations for this work, is to
understand the general target space for the non-relativistic sigma-models that one finds via
the Spin Matrix theory limits [50]. In [3, 6] (see also [8, 22]), the target space was identified
as a U(1)-Galilean geometry for a special case. With our new understanding of the target
space geometry of the NR string, we can identify the target space geometry that follows
when one takes the non-relativistic worldsheet limit that corresponds to the Spin Matrix
limit. This will be investigated in our upcoming paper [51] where we shall also perform a
Hamiltonian analysis of the resulting worldsheet theory.

It would obviously also be interesting to generalize the method developed in this paper
to the non-relativistic limit of extremal branes. This will be addressed in our follow-up
paper [52], in which we will present the analogue of TSNC for p-branes and the underlying
symmetry algebra. Since D/M-branes are such objects, albeit with additional worldvolume
fields and a specific dilaton coupling, this will be relevant for the geometry of these objects
in non-relativistic string/M-theory.10 In addition, it would be useful to connect to the
results on the non-relativistic open string sector and DBI actions obtained in [30, 31].

Finally, another natural direction to pursue is the supersymmetric generalization of
string Poincaré symmetry, providing insights into how R-R fields can be geometrically
captured. The latter will likely be related to exceptional geometry just as TSNC geometry
is connected to doubled geometry. This will be interesting in its own right, while the NR
limit of such a geometry will likely play a role in D/M-brane Newton-Cartan geometry and
also show a more complete picture of NR R-R fields and non-perturbative dualities in NR
string theory.

10See e.g. [53, 54] and [55] for recent work on non-relativistic M-branes using null reduction and limits
respectively.
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A Review of the non-relativistic particle

In this appendix we review how one can obtain the coupling of a non-relativistic particle
to torsional Newton-Cartan (TNC) geometry from a null reduction or an extremal limit.
This serves as background and intuition for sections 3 and 2, respectively,

A.1 Null reduction

One way to obtain the coupling of a non-relativistic particle to a TNC background in
D spacetime dimensions is through null reduction of a massless relativistic particle in
D + 1 dimensions. Parametrizing the null isometry of the relativistic (D + 1)-dimensional
geometry with ∂u, we can write the metric as

ds2 = gMNdX
MdXN = 2τµ(du−mµdx

µ) + hµνdx
µdxν , (A.1)

where none of the metric components depend on u. Here, µ = 0, . . . , D − 1 are the lower-
dimensional indices. Furthermore, we can introduce the spatial vielbein decomposition
hµν = eaµe

b
νδab with a = 1, . . . , D − 1 as spatial frame indices. On such a background, the

relativistic massless particle action is

S =
∫ 1

2egMN Ẋ
MẊNdλ =

∫ (1
e
u̇τµẊ

µ + 1
2eh̄µνẊ

µẊν
)
dλ , (A.2)

where we have defined h̄µν = hµν − τµmν − τνmµ and where the dot denotes differentiation
with respect to the worldline parameter λ. The momentum pu = ∂L/∂u̇ = τµẊ

µ/e is
conserved, so we can set pu = m and solve this for e = τµẊ

µ/pu. The action then is

S = m

2

∫
h̄µνẊ

µẊν

τρẊρ
dλ , (A.3)

which is the action for a non-relativistic point particle of mass m.
The decomposition of the line element in (A.1) admits the following local symmetries

δ̄τµ = Lξτµ , δeaµ = Lξeaµ + λaτµ + λabe
b
µ , δhµν = Lξhµν + 2λaτ(µe

a
ν) , (A.4a)

δ̄mµ = Lξmµ + λae
a
µ + ∂µσ , (A.4b)
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corresponding to diffeomorphisms ξµ, local rotations λab = −λba, local Galilean boosts λa
and the Bargmann U(1) transformations parametrized by σ. Here, spatial frame indices
are raised and lowered with δab and δab. It is easy to check that the action (A.3) is invariant
under these transformations. The background geometry that the action couples to is

torsional Newton-Cartan (TNC) geometry: τµ , hµν , mµ , (A.5)

whose transformations are given by (A.4). For TNC geometry, the intrinsic torsion of
metric-compatible connections is parametrized [45, 56] by dτ . The case of zero torsion dτ =
0 corresponds to absolute time and this is the geometry that allows us to formulate New-
tonian gravity in a frame-independent way, at least on shell,11 as pioneered by Cartan. On
the other hand, in twistless torsional Newton-Cartan (TTNC) geometry, we have τ∧dτ = 0
which is equivalent to the condition of hypersurface orthogonality, so that the spacetime
admits a foliation in terms of equal-time slices. The derivation above shows that, in the
null reduction perspective on the TNC particle action, there is no constraint on the torsion.

For strings, the null reduction procedure was applied in [3] to the Nambu-Goto action,
and it was later generalized to a Polyakov action, including the B-field coupling, in [6, 8].
The result is the action (1.6) describing non-relativistic strings coupling to TNC geometry.
Just as for the particle case reviewed above, no torsion constraint appears in this construc-
tion. We revisit this action in section 3 and provide a new perspective on its symmetries.

A.2 Newton-Cartan geometry from gauging the Bargmann algebra

As we mentioned in section 2, one can obtain the transformation of a pseudo-Riemannian
metric from a gauging procedure of the Poincaré group. In this construction, the viel-
bein corresponds to the gauge field of translations and the spin connection is gauge field
of Lorentz transformations. Gauging the Lorentz transformations ensures local Lorentz
symmetry, as required by the Einstein equivalence principle. To obtain diffeomorphisms
from local translations without constraining the torsion of the geometry, one can use the δ̄
transformations defined in section 2.1.

Likewise, non-relativistic geometry can be defined from an algebraic point of view
by gauging a non-relativistic spacetime algebra. In particular, Newton-Cartan geometry
and its transformations (A.4) can be obtained from the Bargmann algebra [36], which has
generators H (Hamiltonian) Pa (translations), Jab (rotations), Ga (Galilean boosts) and
N (mass operator) and non-zero commutation relations

[Jab, Pc] = 2δc[aPb] , [Jab, Gc] = 2δc[aGb] , [Jab, Jcd] = 2δc[aJb]d − (c↔ d) , (A.6a)
[Ga, Pb] = −δabN , [Ga, H] = −Pa . (A.6b)

The details of the gauging procedure can be found in appendix B.3, where we apply it to a
more involved algebra. From a null reduction perspective, the Bargmann algebra appears
as the centralizer of the null translation generator P+ in the higher-dimensional Poincaré
algebra.

11An off-shell formulation was found in [32] from the large speed of light expansion of GR, providing an
action formulation of Newtonian gravity.
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A.3 Non-relativistic particle from the limit of an extremal particle

Alternatively, the action (A.3) can be obtained from a non-relativistic limit of a charged
relativistic point particle, see for example [57, 58]. In contrast to the null reduction pro-
cedure, the resulting non-relativistic particle couples to the same number of dimensions as
the relativistic particle we start with. One reason to start with a charged particle is that,
for a given spacetime dimension, the Bargmann algebra (A.6) has one more generator than
the Poincaré algebra, which can be constructed using an extra U(1) gauge field. As we
will see, this field will also allow us to absorb divergences that would otherwise arise in the
c→∞ limit.

In this case, our starting point is the action for a charged relativistic particle,

S = −mc
∫ √
−gµν ẋµẋνdλ+ q

∫
Aµẋ

µdλ . (A.7)

The first step is to decompose the metric in timelike and spacelike components,

gµν = −c2TµTν + hµν . (A.8)

The explicit factor of c2 means that the light cone opens up in the c → ∞ limit. As
before, we can introduce spatial vielbeine eaµ corresponding to hµν = eaµe

b
νδab. Expanding

the action for large c, assuming Tµẋµ > 0, we find

S = −mc2
∫ [

Tµ −
q

mc2Aµ

]
ẋµdλ+ m

2

∫
hµν ẋ

µẋν

Tρẋρ
dλ+O(c−2) . (A.9)

Let us now consider an extremal particle with q = mc2. We then make the following
c-dependent basis transformation before taking the limit

Tµ = τµ + 1
2c2mµ , (A.10a)

Aµ = τµ −
1

2c2mµ , (A.10b)

Substituting these redefinitions in the expanded action (A.9) for an extremal particle, we see
that the leading term vanishes. In the c →∞ limit, we recover precisely the action (A.3)
of a neutral non-relativistic particle probing TNC geometry. As in the null reduction
construction of section A.1, there is no constraint on the torsion dτ of the background
TNC geometry.

For completeness we also discuss the symmetry algebra from the limit point of view.
For the charged relativistic particle this is Poincaré plus a U(1) algebra, whose generator
we call Q. We can implement the basis transformation (A.10) on the algebra, giving

H = cP0 +Q , N = 1
2c2 (cP0 −Q) . (A.11)

Taking the c → ∞ limit (corresponding to an İnönü-Wigner contraction), the resulting
algebra is the Bargmann algebra (A.6), where in particular H and N are the generators
corresponding to the gauge fields τµ and mµ introduced in equation (A.10) above.

– 24 –



J
H
E
P
0
2
(
2
0
2
2
)
1
1
6

We thus conclude that the limiting procedure applied to an extremal relativistic particle
provides an alternative route to get the action of a neutral non-relativistic particle to TNC
geometry. In the main text of this paper, we mimic this exact procedure to obtain the
action for non-relativistic strings. To identify the analogue of TNC geometry, starting from
fundamental strings, one crucially needs to consider how the U(1) factor above generalizes
for extended objects.

As a final remark, one could wonder what the action of a charged non-relativistic
particle coupling to TNC geometry is. For this, one can simply add a coupling qNR

∫
A

to the action (A.3). As is well known, since the total action then depends only on the
combination mmµ+qAµ, there is an extra shift (or Stückelberg) symmetry that leaves the
action invariant. The same action can also be obtained by keeping Tµ and Aµ general, i.e.
by not performing the transformation (A.10) and taking the point of view of expanding
the action as opposed to a limit with a vanishing divergent term (see also [32]).

B Details of non-relativistic string algebras

In this appendix, we provide further details on the non-relativistic algebras relevant to the
main text. First, in section B.1, we review the string Galilei algebra, which is obtained
from a c → ∞ limit of the Poincaré algebra where not one but two directions are dis-
tinguished. The string Galilei algebra can be extended in several ways, and perhaps the
most prominent one leads to what is known as the string Newton-Cartan (SNC) algebra.
This algebra is closely related to the non-relativistic string action (1.1) that we discussed
in the Introduction. In addition, we consider the F-string Galilei (FSG) algebra, which
extends the string Galilei algebra by adding generators corresponding to local one-form
transformations, and we compare the two in section (B.21)

Finally, in section B.3, we discuss the gauging of the FSG algebra. We present a
procedure that reproduces both diffeomorphisms and local one-form gauge transformations.
As discussed in section 2.3, these symmetries are realized in our non-relativistic string
action (2.26) without imposing any constraints on the torsion of the target space TSNC
geometry. This is in contrast to the usual realization [10, 15] of the SNC algebra in the
non-relativistic string action (1.1), which requires zero torsion. In the quantum theory [7,
13–15], such torsion constraints play an important role, but zero torsion may be overly
restrictive [8, 11]. Instead of being imposed at the level of the action, constraints on the
torsion may also be generated dynamically as part of the equations of motion, and these
two perspectives were recently explored in [12].

B.1 String Galilei, string Newton-Cartan and F-string Galilei algebras

Our starting point is the Poincaré algebra,

[Mab,Mc,d] = ηacMbd − ηbcMad + ηbdMac − ηadMbc , (B.1a)
[Mab, Pc] = ηacPb − ηbcPa . (B.1b)

Here, the indices a, b, . . . label D spacetime dimensions. The generators Mab and Pa corre-
spond to Lorentz transformations and translations.
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We can obtain the string Galilei algebra by decomposing a = (A, a), which singles out
one space and one time direction A = 0, 1, as well asD−2 spatial directions a = 2, . . . , D−1.
These are referred to as the longitudinal and transverse directions, respectively. Then
defining the generators

HA = cPA , Pa , Qa , JAB = εABJ = MAB , Jab = Mab , GAb = 1
c
MAb , (B.2)

and taking the c→∞ limit, we obtain the string Galilei algebra [9, 59],

[Jab, Jcd] = δacJbd − δbcJad + δbdJac − δadJbc , (B.3a)
[J,GAb] = εCAGCb , (B.3b)

[Jab, GCd] = δadGCb − δbdGCa , (B.3c)
[J,HA] = εBAHB , (B.3d)

[GAb, HC ] = ηACPb , (B.3e)
[Jab, Pc] = δacPb − δbcPa . (B.3f)

For the non-relativistic particle, we need to consider the (central) extension of the Galilei
algebra given by the Bargmann algebra (A.6) in order to obtain a massive representation.
For the string actions considered in this paper, we likewise have to consider (non-central)
extensions of the string Galilei algebra.

One notable candidate is known as the string Newton-Cartan (SNC) algebra [9, 59]. It
introduces the extensions ZA and ZAB, and its commutation relations are given by (B.3)
together with the following additional commutation relations

[GAb, GCd] = δbdZAC , (B.4a)
[J, ZA] = εBAZB , (B.4b)

[GAb, Pc] = −δbcZA , (B.4c)
[ZAB, HC ] = ηACZB − ηBCZA . (B.4d)

Here, we take ZAB to be antisymmetric.12 This algebra can be obtained as a quotient of an
expansion of the Poincaré algebra [8], see also [60] for a related construction in four space-
time dimensions. It would be interesting to understand if the SNC algebra can be obtained
from a contraction. In their standard realization, the transformations associated to ZA
are only symmetries of the associated non-relativistic string action (1.1) if the constraint
D[µτ

A
ν] = 0 is imposed, where τA is the longitudinal vielbein associated to HA. The symme-

tries of the corresponding non-relativistic string action (1.1) consist of the transformations
that are obtained by gauging the SNC algebra, and in addition contain the one-form gauge
transformations of the two-form gauge potential, which is not described by the SNC algebra.

12For simplicity, we take the ZAB generator to be antisymmetric. In for example [15], the SNC algebra
instead refers to a generalization where ZAB is traceless but not necessarily antisymmetric ZAB , and the
case with antisymmetric ZAB is referred to as the string Bargmann algebra.
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As discussed in section 2, we can incorporate the one-form gauge transformations of
the Kalb-Ramond field in the relativistic theory from the string Poincaré algebra (2.4),

[Mab,Mcd] = ηacMbd − ηbcMad + ηbdMac − ηadMbc , (B.5a)
[Mab, Pc] = ηacPb − ηbcPa , (B.5b)
[Mab, Qc] = ηacQb − ηbcQa . (B.5c)

In section 2.1, building on [8], we show how this algebra can be gauged to construct NS-NS
geometry consisting of Lorentzian vielbeine, a spin connection and a Kalb-Ramond field,
together with corresponding diffeomorphism symmetry, local Lorentz transformations and
one-form gauge transformations. (We do not consider the dilaton in this work.) Starting
from this algebra, we can then define the generators

HA = c(PA +QBε
B
A) , NA = 1

2c(εABPB +QA) , (B.6a)

Pa , Qa , JAB = εABJ = MAB , Jab = Mab , GAb = 1
c
MAb . (B.6b)

Note the similarity of the redefinitions (B.6a) to the generators (A.11) in the definition
of the Bargmann algebra above. In the c → ∞ limit, this leads to the commutation
relations (B.3) of the string Galilei algebra, supplemented with/replaced by

[J,NA] = εBANB , (B.7a)
[GAb, HC ] = ηACPb + εACQb , (B.7b)
[GAb, Pc] = δbcε

B
ANB , (B.7c)

[GAb, Qc] = −δbcNA, (B.7d)
[Jab, Qc] = δacQb − δbcQa . (B.7e)

which we refer to as the F-string Galilei (FSG) algebra. As we will show in section (B.3), the
corresponding geometry that results from gauging this algebra can have arbitrary torsion,
just as torsional Newton-Cartan (TNC) geometry arises from the gauging of the Bargmann
algebra (A.6).

B.2 Comparing SNC and TSNC geometries

At first sight, the additional commutators (B.7) that define the FSG algebra with respect
to the string Galilei algebra (B.3) are similar to the additional commutators (B.4) that
define the SNC algebra.

First, the SNC algebra contains the central extension ZAB, whereas the FSG algebra
contains the non-central generators Qc that are related to one-form gauge transformations.
Both generators are crucial to the Jacobi identities of their respective algebras, and it
is easy to see from (B.4) and (B.7) that they do not form an ideal and hence cannot
be quotiented out consistently. Also, in SNC geometry, the Kalb-Ramond field and the
associated one-form gauge transformations are not related to the algebra, while both follow
from the gauging of the FSG algebra, as we will discuss in detail in section B.3.
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On the other hand, the SNC generator ZA is similar to εABNB in the FSG algebra.
From the expression for the inverse vielbein ταA in equation (2.24), we can derive the
following identity for an arbitrary matrix CAα ,

εαβηABτ
A
[αC

B
β] = −

√
−τεABταACBα (B.8a)

= −
√
−τηABταAεBCCCα (B.8b)

= −
√
−τηABταAτ

β
BεCDτ

C
(αC

D
β). (B.8c)

In the main text, we used this identity for CAα = πAα together with πAα = −2εABmB
α to

rewrite the non-relativistic string action (2.26)

SNR = −T2

∫
d2σ

[√
−τ ηABταAτ

β
Bhαβ + εαβmαβ

]
, (B.9)

in the alternative form (2.30),

SNR = −T2

∫
d2σ

[√
−τ ηABταAτ

β
Bh̄αβ + εαβB

∦
αβ

]
, (B.10)

where we recall that B∦
µν = δabe

a
[µπ

b
ν] denotes the non-longitudinal part of mµν and

mµν = ηABτ
A
[µπ

B
ν] + δabe

a
[µπ

b
ν] , (B.11)

h̄µν = hµν −
1
2εAB(τAµ πBν + τAν π

B
µ ) = hµν + ηAB

(
τAµ m

B
ν + τAν m

B
µ

)
, (B.12)

However, in the literature on SNC geometry [5, 15], the string action is often taken to be
as in equation (1.1),

S = −T2

∫
d2σ

[√
−τ ταβh̄µν + εαβBµν

]
∂αX

µ∂βX
ν , (B.13)

where Bµν is fully general and not necessarily non-longitudinal. Crucially, without that
restriction on Bµν , this means that the action (B.13) has a Stückelberg symmetry [5, 8, 15]
corresponding to the CAα in equation (B.8) that transforms part of the Bµν coupling into
the h̄µν coupling. We can fix this redundancy is by imposing Bµν = B

∦
µν , which recovers the

action (B.10). Alternatively, we can keep Bµν general but fix mA
µ = 0, which reproduces

the action (B.9) upon identifying Bαβ = mαβ .
Furthermore, note that the Galilean boost generators GAb commute in the FSG algebra

but not in the SNC algebra. As we can see from the following section, and as we mentioned
in equations (2.33) and (2.34), the boosts act on the TSNC variables as follows,

δ̄τAµ = 0, (B.14a)
δ̄eaµ = −λBaτBµ , (B.14b)

δ̄mµν = 2εABλAcτB[µe
c
ν] . (B.14c)

As a result, two successive boosts on eaµ give zero, and on mµν they give

δ2δ1mµν = 2εABλA1 cτB[µδ2e
c
ν] = −2εABλA1 cλ2D

cτB[µτ
D
ν] . (B.15)
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The commutation of two boosts then gives

(δ2δ1 − δ1δ2)mµν = 2εAB
(
λB1 cλ2D

c − λB2 cλ1D
c
)
τA[µτ

D
ν] = 0 , (B.16)

which reflects the fact that [GAb, GCd] = 0 in the FSG algebra. On the other hand, one
can show that in SNC geometry, we have

δ̄τAµ = 0, (B.17a)
δ̄eaµ = −λBaτBµ , (B.17b)
δ̄mA

µ = λAbe
b
µ, (B.17c)

which results in the following non-zero commutator of two boosts acting on mA
µ ,

(δ2δ1 − δ1δ2)mA
µ =

(
λA1 bλ2C

b − λA2 bλ1C
b
)
τBµ . (B.18)

This corresponds to the non-zero commutator [GAb, GCd] = δbdZAC in the SNC alge-
bra (B.4). However, note that this is only manifested on the mA

µ field, so if we use the
Stückelberg symmetry (B.8) to set mA

µ = 0, we see that ZAB is effectively removed from
the algebra. As a result, we can conclude that with the Stückelberg gauge fixing as outlined
above, the SNC string action (B.13) reduces to the TSNC action (B.9).

Finally, as we mentioned at the start of this appendix, the standard realization of the
SNC ZA transformations in the string action (B.13) requires that D[µτ

A
ν] = 0, which can be

interpreted as a constraint on the torsion of the SNC geometry. As we will see in section B.3
below, the NA and Qa transformations in the FSG algebra reproduce the one-form gauge
transformations of mµν , which is a symmetry of the action (B.9) without imposing any
constraints on τA or the torsion. For this reason, the corresponding geometry allows for
arbitrary torsion, which is the reason why we refer to the geometry and the algebra as
torsional Newton-Cartan.

B.3 Gauging the F-string Galilei algebra

Now let us consider the gauging of the FSG algebra defined by the commutators (B.3)
and (B.7), see also equation (2.37) in the main text. We introduce the FSG-valued con-
nection and the transformation parameter

Aµ = τAµ HA + eaµPa + ωµJ + 1
2ωµ

abJab + ωµ
AbGAb + πAµNA + πaµQa , (B.19)

Λ = ζAHA + ζaPa + σJ + 1
2σ

abJab + σAbGAb + κANA + κaQa . (B.20)

Here, τAµ and eaµ are longitudinal and transverse vielbeine, while ωµ, ωµab and ωµ
Ab are

spin connections and πAµ and πaµ are additional gauge fields associated to the mµν field
introduced in equation (2.27), which is defined by

mµν = ηABτ
A
[µπ

B
ν] + δabe

a
[µπ

b
ν] . (B.21)
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The transformations of these fields are determined by the adjoint gauge transformation
δAµ = ∂µΛ + [A,Λ]µ, which gives

δτAµ = ∂µζ
A + ωµε

A
Bζ

B − σεABτBµ , (B.22a)
δeaµ = ∂µζ

a − ωµabζb + ωµB
aζB + σabe

b
µ − σBaτBµ , (B.22b)

δωµ = ∂µσ , (B.22c)
δωµ

ab = ∂µσ
ab − ωµacσcb − ωµbcσac , (B.22d)

δωµ
Ab = ∂µσ

Ab − ωµbcσAc + ωµε
A
Cσ

Cb + σbcωµ
Ac − σεACωµCb , (B.22e)

δπAµ = ∂µκ
A + ωµε

A
Bκ

B − σεABπBµ − ωµAbκb + σAbπ
b
µ (B.22f)

+ εABωµ
B
cζ
c − εABσBcecµ ,

δπaµ = ∂µκ
a − ωµabκb + σabπ

b
µ + εBCτ

B
µ σ

Ca − εBCζBωµCa . (B.22g)

The transformation parameters σ, σAb and σab = −σba correspond to local Lorentz boosts,
string Galilei boosts and transverse rotations, which we want to retain in the resulting
TSNC geometry. In contrast, we want to exchange the local translations ζA and ζa for
diffeomorphisms ξµ. Likewise, we want to exchange the transformations κA and κa for the
one-form gauge transformations

mµν → mµν + 2∂[µλν]. (B.23)

To achieve this, we will now construct a modified transformation (denoted by δ̄) from the
δ-transformations in equation (B.22). We will also need the expressions

R(H)A = dτA + εABω ∧ τB , (B.24a)
R(P )a = dea − ωab ∧ eb + ωBa ∧ τB , (B.24b)
R(J) = dω , (B.24c)

R(J)ab = dωab − ωac ∧ ωcb , (B.24d)
R(G)Ab = dωAb + εACω ∧ ωCb − ωbc ∧ ωAc , (B.24e)
R(N)A = dπA + εABω ∧ πB − ωAb ∧ πb + εABω

B
c ∧ ec , (B.24f)

R(Q)a = dπa − ωab ∧ πb + εBCω
Ba ∧ τC , (B.24g)

which correspond to the components R(T )ATA, with TA the generators of the Lie algebra,
of the curvature F = dA+A ∧A.

Vielbein and spin connection transformations. We first define the δ̄ transformations
on the vielbeine and spin connections, where we want to reproduce the Lie derivatives using
a straightforward modification of the prescription in [37]. The diffeomorphism generator
ξµ is related to the local translations by

ξµ = vµAζ
A + θµaζ

a, ζA = τAµ ξ
µ, ζa = eaµξ

µ, (B.25)

where vµA and θµa are the longitudinal and transverse inverse vielbeine, respectively. These
vielbeine satisfy the completeness and orthonormality conditions

δµν = vµAτ
A
ν + θµae

a
ν , vµAe

b
µ = 0 , θµaτ

B
µ = 0 , vµAτ

B
µ = δBA , θµae

b
µ = δba . (B.26)
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For the longitudinal vielbeine, we define the transformation

δ̄τAµ = LξτAµ − λεABτB . (B.27)

This transformation contains diffeomorphisms and local longitudinal Lorentz boosts. To
show that this transformation can be constructed from the ingredients we have available
from the gauging of the FSG algebra, we write it in terms of the adjoint transforma-
tion (B.22a) and a term involving the curvature (B.24a),

δ̄τAµ = ξν∂ντ
A
µ + τAν ∂µ

(
vνBζ

B + θνb ζ
b
)
− λεABτBµ (B.28)

= ∂µζ
A − λεABτBµ − ξν

(
∂µτ

A
ν − ∂ντAµ

)
(B.29)

= ∂µζ
A − (λ+ ξνων) εABτBµ + εABωµζ

B − ξνR(H)µν (B.30)
= δτAµ − ξνR(H)µν . (B.31)

For this, we identified the corresponding local Lorentz parameters as λ + ξρωρ = σ. The
δ̄ transformations for the spatial vielbeine eaµ and the spin connections are then defined as

δ̄eaµ = Lξeaµ + λabe
b
µ − λBaτBµ = δeaµ − ξνR(P )aµν , (B.32)

δ̄ωµ = Lξωµ + ∂µλ = δωµ − ξνR(J)µν , (B.33)
δ̄ωµ

ab = Lξωµab + ∂µλ
ab − ωµacλcb − ωµbcλac = δωµ

ab − ξνR(J)abµν , (B.34)
δ̄ωµ

Ab = LξωµAb + ∂µλ
Ab + λbcωµ

Ac − εACλωµCb = δωµ
Ab − ξνR(G)Abµν . (B.35)

On the right hand side, a similar computation as for δ̄τAµ allows us to rewrite these δ̄ trans-
formations in terms of the adjoint δ transformations in equation (B.22), supplemented by
curvature terms. The transformation parameters are related by

σ = λ+ ξµωµ , σab = λab + ξµωµ
ab , σAb = λAb + ξµωµ

Ab . (B.36)

Building on the adjoint transformations, and using appropriate curvature terms, we can
construct a set of δ̄ transformations of the vielbeine and spin connections in which
local translations are replaced by diffeomorphisms. This allows us to define a fully
diffeomorphism-covariant notion of torsional string Newton-Cartan (TSNC) geometry us-
ing the ingredients available from the gauging of the FSG algebra.

Kalb-Ramond-type fields. However, we are still missing one key ingredient. We want
to reproduce the appropriate symmetry transformations for the two-form field (B.21) that
is constructed out of the vielbeine and the gauge fields πAµ and πaµ. Diffeomorphisms can
be constructed from local translations in a similar manner as we did for the vielbeine and
spin connections above.

In addition, we want to reproduce the one-form gauge transformations (B.23). We
now show that these can be constructed from the transformations in (B.22) parametrized
by κA and κa, supplemented with appropriate curvature terms. Initially, these parameters
act on mµν as follows,

δκmµν = 2∂[µλ
′
ν] − κAR(H)Aνµ − κaR(P )aνµ . (B.37)

Here, we have identified 2λ′µ = −ηABτAµ κB − δabeaµκb.
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To recover the desired one-form transformation (B.23), one could demand that the
torsion R(H)Aµν and R(P )aµν vanishes. However, this is not necessary. If we can subtract
these curvature terms by appropriately defining the δ̄ transformations of πAµ and πaµ, we can
get the correct one-form transformation without imposing any constraint on the torsion.
Simultaneously, we want to obtain the appropriate transformations under diffeomorphisms.
To do this, we define the transformations

δ̄πAµ = LξπAµ + ∂µk
A + εABωµk

B − ωµAbkb (B.38a)

+ λAbπ
b
µ − εABλπBµ − εABλBcecµ + 1

2kBv
AνR(H)Bµν + 1

2kbv
AνR(P )bµν ,

δ̄πaµ = Lξπaµ + ∂µk
a − ωµabkb + λabπ

b
µ + εBCτ

B
µ λ

Ca (B.38b)

+ 1
2kbθ

aνR(P )bµν + 1
2kBθ

aνR(H)Bµν .

As before, these can be written in terms of the adjoint transformations and curvatures,

δ̄πAµ = δπAµ − ξνR(N)Aµν + 1
2kBv

AνR(H)Bµν + 1
2kbv

AνR(P )bµν , (B.39a)

δ̄πaµ = δπaµ − ξνR(Q)aµν + 1
2kbθ

aνR(P )bµν + 1
2kBθ

aνR(H)Bµν , (B.39b)

where vµA and θµa are the inverse vielbeine defined by equation (B.26). Here, in addition
to (B.36) relating the σ and λ parameters, we identify

κA = kA + ξµπAµ , κa = ka + ξµπaµ . (B.40)

The two-form field mµν from equation (B.21) is invariant under local boosts and rotations.
The correct transformation of mµν under diffeomorphisms follows from that of πAµ , πaµ and
the vielbeine τAµ and eaµ. Finally, we see that the δ̄ transformations in (B.38) result in the
desired one-form gauge transformation

δ̄mµν = 2∂[µλν] , (B.41)

where the one-form transformation parameter λµ is given by

λµ = −1
2
(
ηABτ

A
µ k

B + δabe
a
µk

b
)
. (B.42)

With this, we have obtained both the diffeomorphisms and one-form gauge transformations
of TSNC geometry from the gauging of the FSG algebra, without any torsion constraints.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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