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Abstract The literature on effects of time-dependent hyperfine interactions
on perturbed angular correlation (PAC) spectra is dominated by analyses
based on models of stochastically fluctuating interactions. The Floquet for-
malism offers a convenient alternative analysis when interactions have a har-
monic time dependence. This is demonstrated in the present work through
simulation of PAC spectra due to uniformly rotating electric field gradients
(EFGs). Physically, this situation would arise when PAC tracers are embed-
ded in molecules with inertial rotation velocities much larger than molecular
collision rates, in which case reorientation of rotation axes would be negligible
on the characteristic PAC timescale. The prospect for using PAC to study in-
ertial properties of molecules is explored through simulations with molecules
modeled as symmetric, rigid bodies.

Keywords Electric quadrupole interaction · time-dependent Hamiltonian ·
TDPAC · rotational diffusion

1 Introduction

Among its many uses, perturbed angular correlation (PAC) spectroscopy has
been applied to study rotational diffusion of molecules [1–11]. There have been
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Fig. 1 Simulated PAC spectra for spin-5/2 probes experiencing stochastic reorientation of
EFG within the Debye model as calculated using the method of Winkler [14]. Graphs with
increasing diffusion coefficient D are arranged counter-clockwise starting from top, left.

two basic approaches for calculating the theoretical PAC perturbation func-
tion, G2 (t), to use in fits of spectra obtained when PAC probe atoms are in a
molecular environment that produces an electric field gradient (EFG) at the
probe site and that EFG reorients due to molecular collisions. One approach
is based on the Debye model for rotational diffusion, in which molecular col-
lisions are considered to cause the rotation axis of a molecule to reorient by
small angles. Important pioneering work was done by Abragam and Pound in
the fast angular rotation regime [12], by Marshall, Werbelow, and Meares in
the slow regime [13], and by Winkler [14]. The second approach is based on the
strong-collision model, for which collisions lead to Markovian, large-angle re-
orientations. Early derivations based on this model were developed by Scherer
and Blume [15,16] and also by Winkler [14].

Perturbation functions for the Debye diffusion model as calculated using
the method of Winkler are shown in Fig. 1. When the rotational diffusion
coefficient D is less than or about equal to the interaction frequency that is
characteristic of the electric quadrupole interaction, ωQ, then perturbation
functions calculated with these models are characterized by a sum of damped
oscillations, G2 (t) =

∑
nAn exp (−λnt) cos (ωnt) where An, λn ∝ D, and ωn

are the amplitude, relaxation factor, and angular frequency of the nth con-
tribution to the function. For larger diffusion constants, G2 (t) ∝ exp (−λt)
where λ ∝ 1/D. Therefore, for very large diffusion coefficients, the perturba-
tion function is in the motionally averaged limit, corresponding to PAC probes
experiencing zero EFG, on average, so G2 (t) = 1.
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PAC Spectra Due to Rotating EFGs 3

The stochastic models describe a regime in which molecular collisions occur
at rates much larger than rotational velocities of molecules, so time-dependent
variations in EFGs experienced by PAC probes are dominated by stochastic
reorientation of EFGs. In between collisions, a molecule rotates so that the
EFG rotates as well. It is of interest to consider the limit in which collision
rates are much smaller than rotational velocity and much smaller than the
inverse time-scale of the PAC measurement. In such a case, the measured
evolution of the EFG would correspond to rotation only.

The purpose of this work is to derive an expression for G2 (t) that arises
due to rotation of an EFG about a fixed axis. For simplicity, only axially sym-
metric EFGs will be considered. It will be done in the context of considering
the source of rotating EFG to be from probes located in molecules that can
be described as rigid bodies with the rotational inertia of a symmetric top.
First, the physics of symmetric rigid-body rotation will be reviewed. Then,
the method for calculating G2 (t) for rotating EFGs will be given. This will
be followed by simulations to show how the shape of G2 (t) is influenced by
rotational velocity and by orientation of the main, principal EFG axis with
respect to the axis of rotation. Then, additional simulations for a distribution
of angular velocities will be given in order to explore what one might expect
to obtain in experiments when spectra are influenced mainly by molecular
rotation and only negligibly by molecular collisions.

2 Review of symmetric rigid-body rotation

The moment-of-inertia tensor I describes the resistance of a rigid body to
change in angular velocity due to an external torque. In the principal axis
system, I of a symmetric rigid body is diagonal with elements I1 = I2 6= I3,
where I3 is the moment of inertia about the unique symmetry axis. For a
prolate body, I1 > I3 and for an oblate body, I1 < I3.

The physics of rigid-body rotation is well established and results needed
for the present work are found readily in textbooks on classical mechanics
(refs. [17,18], as examples). For a rigid body with angular momentum L, the
orientation of its angular velocity ω will, in general, differ from the orientation
of L, as shown in Fig. 2a. Using the notation of ref. [18], the angle between
the unique symmetry axis and L is θ, and the angle between the symmetry
axis and ω is denoted by α. These angles are related by the moment-of-inertia
elements according to

tan θ =
I1
I3

tanα. (1)

The motion of the body can be described as a combination of two rota-
tions: (1) rotation about the unique symmetry axis with component of an-
gular velocity along this axis, ω3, and (2) precession of this symmetry axis
about L with angular velocity φ̇ = L/I1, again, using the notation of ref. [18].
In terms of the principal axis system of the moment-of-inertia tensor, the
components of angular momentum are given by

√
L2
1 + L2

2 = L sin θ, and
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Fig. 2 Geometry of the rotating symmetric rigid body. (a) Angles θ and α relating the
angular momentum L, the angular velocity ω, and the principal component of the moment-
of-inertia tensor along the unique symmetry axis of the rigid body, I3. (b) Graphical repre-
sentation of Eq. 1. (c) Motion of rigid body and EFG with same principal axes as the body’s
inertia tensor is described by rotation about the symmetry axis and precession about the
axis defined by L.

L3 = L cos θ. So, φ̇ can be expressed φ̇ = ω
√

sin2 α+ I23 cos2 α/I21 . A graph-

ical representation of Eq. 1 is shown in Fig. 2b, inspection of which reveals
sin2 α = I23 tan2 θ/

(
I21 + I23 tan2 θ

)
and cos2 α = I21/

(
I21 + I23 tan2 θ

)
, so

φ̇ = ωI3

√
1 + tan2 θ

I21 + I23 tan2 θ
. (2)

That is, the precession frequency of the rigid body about the angular momen-
tum vector depends on the magnitude of angular velocity, ω, the angle θ, and
elements of the moment-of-inertia tensor.

3 Simple rotation of an axially symmetric EFG

For simplicity, this work considers the special case of an axially symmetric
EFG with principal axes oriented the same as the moment-of-inertia principal
axes and with Vzz ‖ I3 as shown in Fig. 2c. In this case, rotation of the body
about its symmetry axis with angular velocity ω3 will not lead to an observable
change in EFG, since Vxx = Vyy. Thus, only the precession of the symmetry

axis about L with angular velocity ωR ≡ φ̇ leads to observable reorientation
of the EFG.

Letting V0 denote the strength and sign of the EFG, the EFG in its prin-
cipal axis system is

V′ =

− 1
2V0 0 0
0 − 1

2V0 0
0 0 V0

 (3)
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PAC Spectra Due to Rotating EFGs 5

in Cartesian form and has tensor components V
′(2)
0 = 1

4

√
5
πV0 and V

′(2)
±1 =

V
′(2)
±2 = 0. Expressed in the coordinate system for which L is in the z-direction

and angle-of-precession is 0 at t = 0, the EFG is given in terms of the Wigner
D-matrix by V (t) = D (ωRt, θ, ω3t)V

′, which, after evaluation, gives

V
(2)
0 (t) =

1

8

√
5

π
V0
(
3 cos2 θ − 1

)
, (4)

V
(2)
±1 (t) = ∓1

8

√
15

2π
V0 sin (2θ) exp (∓iωRt) , and (5)

V
(2)
±2 (t) =

1

8

√
15

2π
V0 sin2 θ exp (∓2iωRt) . (6)

As expected, Eqs. 4–6 do not depend on ω3.
The Hamiltonian describing the interaction experienced by a nucleus with

quadrupole moment Q and total spin I in an EFG is given by 〈Im′ |HQ| Im〉 =
4π
5

∑2
µ=−2 (−1)

µ
〈
Im
∣∣∣q(2)µ ∣∣∣ Im′〉V (2)

−µ where

〈
Im′

∣∣∣q(2)µ ∣∣∣ Im〉 = (−1)
I−m

√
5

16π
eQ

(
I I 2
m′ −m µ

)(
I I 2
I −I 0

)−1
. (7)

In terms of the quadrupole interaction frequency, ωQ ≡ eQVzz/ [4I (2I − 1) ~],

〈Im′ |HQ| Im〉 = ~ωQcmm′I

√
3

2

(
3 cos2 θ − 1

)(−1) [
δm′,m±2 sin2 θe∓2iωRt

±δm′,m±1 sin (2θ) e∓iωRt + δm′,m

√
2

3

(
3 cos2 θ − 1

) ]
, (8)

where

cmm′I = (−1)
I−m

(
I I 2
m′ −m m−m′

)(
I I 2
I −I 0

)−1
. (9)

For an ensemble of randomly oriented molecules, the PAC spectrum G2 (t)
is given by

G2 (t) =
∑

m1m′
1m2m′

2

(−1)
2I+m1+m2 δm1−m′

1,m2−m′
2

(
I I 2
m′1 −m1 m1 −m′1

)
×

(
I I 2
m′2 −m2 m−m′2

)
〈Im2 |Λ (t)| Im1〉 〈Im′2 |Λ (t)| Im′1〉

∗
(10)

where Λ (t) is the evolution, or time-development, operator. The evolution
operator is related to the Hamiltonian H (t) according to

Λ (t) = T̂ exp

[
−i
∫ t

0

H (t′) dt′
]
, (11)
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where T̂ is the time-ordering operator.
For a time-independent interaction with Hamiltonian H, the evolution op-

erator is simply Λ (t) = exp (−iHt), and matrix elements appearing in Eq. 10
are given by

〈Im2|Λ (t) |Im1〉 =
∑
q

〈Im2 |q〉 exp (−iλqt) 〈q| Im1〉 (12)

where λq and |q〉 are the qth eigenvalue and eigenvector of H. This leads to
the expression

G2 (t) =
∑
n

sn cos (ωnt) (13)

where ωn are distinct differences in eigenvalues λq, and sn arise from sums
involving Wigner-3j symbols and projections of eigenvectors on nuclear spin
states. For I = 5/2, one obtains the familiar {s0, s1, s2, s3}= {1/5, 13/35, 2/7, 1/7}
and {ω0, ω1, ω2, ω3} = {0, 6ωQ, 12ωQ, 18ωQ} for an axially symmetric electric
quadrupole interaction.

A general solution to Eq. 11 for any time dependence is not readily avail-
able; however, the Floquet formalism [19,20] provides a useful method of solu-
tion for a Hamiltonian that describes an interaction with periodic time depen-
dence. For an interaction with period 2π/ω, elements in the Hamiltonian will
contain Fourier-component factors exp (inωt) where n is an integer. One intro-
duces the Floquet basis |α, n〉 ≡ |α〉 ⊗ |n〉, where |α〉 is the Hamiltonian basis
and n is the Fourier component, and the Floquet Hamiltonian 〈α′n′|HF |αn〉 =

〈α′|H(n′−n) |α〉+nωδn′nδα′α where 〈α′|H(n) |α〉 denotes the time-independent
factor in the Fourier expansion 〈α′|H |α〉 = 〈α′|

∑
nH

(n)e−inωRt |α〉. This
allows elements of the evolution operator to be calculated via Λα′α (t) =∑
n,q 〈α′n|λq〉 exp (−iλqt) 〈λq|α0〉 exp (inωt).
In the present study, the interaction has harmonic time-dependence with

angular frequency ωR, and the Hamiltonian contains factors exp (inωRt) with
n = −2,−1, 0, 1, 2. In this case, the needed Floquet basis is |Im, n〉 ≡ |Im〉⊗|n〉
with n = −4,−3,−2,−1, 0, 1, 2, 3, 4. And, the Floquet Hamiltonian is given by

〈Im′, n′|HF |Im, n〉 = ~ωQcmm′I
1

2

[ (
3 cos2 θ − 1

)
δm′,mδn′,n

±
√

3

2
sin (2θ) δm′,m±1δn′,n∓1 (14)

+

√
3

2
sin2 θδm′,m±2δn′,n∓2

]
+ n~ωRδm′,mδn′,n.

This gives for the evolution operators appearing in Eq. 10:

〈Im2|Λ (t) |Im1〉 =
∑
q

∑
n

〈m2n|q〉 e−iλqt 〈q|m10〉 e−inωRt, (15)

Preprint: Hyperfine Interactions 242, 56 (2021)
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PAC Spectra Due to Rotating EFGs 7

where λq and |q〉 are the qth eigenvalue and eigenvector of the Floquet Hamil-
tonian defined in Eq. 14.

That is, the PAC perturbation function for a rotating axially symmetric
EFG will be a function of ωQ, ωR, and θ: G2 (ωQ, ωR, θ, t). Its calculation
involves constructing the Floquet Hamiltonian defined in Eq. 14, finding the
corresponding eigenvalues and eigenvectors to calculate components of the
evolution operator in Eq. 15, and substituting those components in Eq. 10.
Because the Floquet Hamiltonian is a real, symmetric matrix, the eigenvalues
are real and Eqs. 10 and 15 lead to a perturbation function that is a sum of
cosines without the exponential damping factors characteristic of perturbation
functions calculated using stochastic models.

4 Simulations

The effect of EFG rotation on PAC spectra can be investigated through sim-
ulations varying angular velocity ωR and the angle between the EFG main,
principal axis and the axis of rotation, θ. Fig. 3 shows PAC spectra for a time
range representative of what is typically accessible in measurements for vary-
ing precession frequency at θ = π/2 and θ = π/6. For very low precession fre-
quency ( ωR . 0.01ωQ ), the PAC spectrum looks like that obtained for a static
electric quadrupole interaction because the rotation speed is much less than
the inverse timescale of the PAC measurement. For 0.01ωQ . ωR . 0.3ωQ,
PAC spectra have some similarity to spectra obtained using stochastic fluc-
tuation models in the slow fluctuation regime; although, as already stated,
spectra using the present rotation model do not have exponential damping
factors — the apparent line-broadening is due to a superposition effect arising
from multiple oscillations with similar frequencies. This is seen more readily
by plotting G2 (t) to larger t as in Fig. 4, which shows a beat pattern charac-
teristic of interference effects. For ωR & 1000ωQ, spectra are in the motionally
averaged regime where a spectrum is equivalent to the G2 (t) of the static,
axially-symmetric EFG that is obtained by averaging the rotating EFG over
all orientations.

Dependence on θ of spectra in the motionally averaged regime is shown
in Fig. 5a. In each case, G2 (t) is equivalent to the PAC spectrum of a time-
independent quadrupole interaction with EFG given by Eqs. 4–6 averaged over
one period of rotation. This average is an axially symmetric EFG with main
principal component given by 〈Vzz〉 = 1

4V0 [1 + 3 cos (2θ)]. The dependence of
〈Vzz〉 on θ is shown in Fig. 5b. In the one extreme, θ = 0, the motionally-
averaged interaction is identical to the underlying EFG, because there is no
reorientation of the Vzz component; moreover, G2 (t) will have no dependence
on ωR in this limit. On the other extreme, θ = π/2, 〈Vzz〉 is the same as
Vyy, because this component of the EFG remains parallel to L throughout
the period of rotation. The cross-over between positive and negative values
of 〈Vzz〉 occurs at θ = cos−1

(
1/
√

3
)
, which is the angle between the body

Preprint: Hyperfine Interactions 242, 56 (2021)
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Fig. 3 Simulated PAC spectra for a spin-5/2 probe experiencing a rotating EFG with
indicated rotation frequencies ωR at (a) θ = π/2 and (b) θ = π/6.
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Fig. 4 Simulated PAC spectrum for a spin-5/2 probe with ωR = 0.3ωQ and θ = π/2,
showing behavior over a long time period.
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Fig. 5 Simulated PAC spectrum for a spin-5/2 probe with ωR = 1000ωQ, showing (a)
behavior in the motionally averaged limit, at indicated values of θ, and (b) value of main
principal component of the time-averaged EFG, 〈Vzz〉, as a function of θ.

diagonal and edge of a cube. At this angle, the motionally averaged spectrum
is unperturbed; i.e., G2 (t) = 1.

5 Simulation of spectra for symmetric molecules rotating with a
distribution of angular velocities

Simulations in the previous section show effects of rotating EFGs on G2 (t),
independent of the physical origin of the rotating EFG. One possible physical
realization of the rotating EFG would be when PAC probe nuclei are located
in an ensemble of molecules. If it is possible to achieve experimental conditions
such that the average time between molecular collisions is much larger than
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Fig. 6 Simulated PAC spectrum for a spin-5/2 probe experiencing distributions of ωR and
θ expected for I1 = 1.9 × 10−44 kg ·m2, I3 = 3.8 × 10−44 kg ·m2, and ωQ = 16.8 Mrad/s
at T = 300 K: full simulation (solid curve) and average of static G2(t) (dots).

the PAC time scale, perhaps in a gas at low pressure, then one would expect
the PAC spectrum to arise from probes in molecules rotating with angular
velocity components given by the Maxwell Boltzmann distribution [21]

P (ω1, ω2, ω3) =

√
I21I2

8 (πkBT )
3 exp

[
−
(
I1ω

2
1 + I1ω

2
2 + I3ω

2
3

)
/2kBT

]
. (16)

In this case, the measured PAC perturbation function would be given by

〈G2 (ωQ, t)〉 =

∫ ∞
−∞

dω1dω2dω3P (ω1, ω2, ω3)×

G2 (ωQ, ωR (ω1, ω2, ω3) , θ (ω1, ω2, ω3) , t) . (17)

Molecular moments of inertia are roughly of the order 10−44 kg·m2. Choos-
ing values I1 = 1.9×10−44 kg ·m2 and I3 = 3.8×10−44 kg ·m2 to represent an
oblate molecule, ωQ = 16.8 Mrad/s to represent a moderately strong EFG, and
T = 300 K, 〈G2 (ωQ, t)〉 was calculated using Gauss-Hermite quadrature with
128 points in each dimension and is shown in Fig. 6. The root mean square
angular velocity in this example is about 1×105 Mrad/s, which is much larger
than ωQ. This means that it should be possible to calculate 〈G2 (ωQ, t)〉 us-
ing a distribution of static perturbation functions with motionally-averaged
quadrupole interaction frequencies:

〈G2 (ωQ, t)〉 =

∫ ∞
−∞

dω1dω2dω3P (ω1, ω2, ω3)×

G2

(
1

4
ωQ (1 + 3 cos [2θ (ω1, ω2, ω3)]) , t

)
. (18)

The 〈G2 (ωQ, t)〉 calculated using Eq. 18 is shown in Fig. 6 and exactly repro-
duces the spectrum calculated using Eq. 17, as expected.

Preprint: Hyperfine Interactions 242, 56 (2021)
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The time dependence in Fig. 6 differs from the exponentially damped spec-
tra characteristic of stochastic models such as are shown in Fig. 1. This means
that it should be possible to distinguish between signals obtained from probes
in molecules experiencing negligible collisions on the time-scale of the mea-
surement (rotation-only) and in molecules experiencing significant collisions
(stochastic reorientation). If it is possible to achieve the experimental con-
dition needed for negligible collision, then it should be possible to use this
method to characterize the inertial properties of molecules in which probes
are embedded.

The predicted dependence of spectra on ratio I3/I1 is shown in Fig. 7.
For 0.5 . I3/I1 ≤ 2, the perturbation function is characterized by a broad
linewidth, originating from a wide distribution of θ. In this range, the shape
of G2 (t) shows a slight dependence on the value I3/I1, most visible in the first
150 ns for the selected simulation parameters. For I3/I1 ≤ 0.5, line-broadening
decreases with decreasing I3/I1, and, correspondingly, the distribution of θ
narrows. In the limit of a perfectly prolate molecule (I3/I1 = 0), only the value
θ = π/2 is allowed, and the PAC spectrum will be the same as that produced
by the motionally averaged EFG with half the interaction frequency of the
rotating EFG (see discussion of Fig. 5b in section 4). As seen in Fig. 7, even
with a small deviation from perfectly prolate (I3/I1 = 10−4), the spectrum
exhibits the motionally averaged signal within the displayed time range.

6 Discussion

Design of experiments to achieve rotational EFG frequencies in the roughly
105–109 rad/s range needed to test the predicted rotation-frequency depen-
dence of G2 (t) shown in Fig. 3 is not trivial. A mechanical solution may pro-
vide access to the low end of the range. Devices used in magic-angle spinning
(MAS) nuclear magnetic resonance measurements are capable of reaching 105

Hz [22,23]. Thus, performing a PAC measurement with 111In in indium metal
using an MAS device could achieve up to about 0.2ωQ, which, with good
counting statistics, should produce an observable effect if the single-crystal
sample is mounted so that θ = π/2. A chemical solution may provide the
means of achieving rotational frequencies throughout the target range; for ex-
ample, investigation of rotational dynamics of caged supramolecular dynamers
using experiment and molecular dynamics simulation [24,25] showed rotation
frequencies between 10−1 and 109 Hz are expected over a temperature range
of 66–400 K.

Investigation of the motionally averaged rotation regime may be more read-
ily achievable through PAC experiments with PAC tracers embedded in molec-
ular gasses. A recent PAC study of Hg and Cd halides showed the effect of
molecular collisions on signal was relatively minor compared to molecular ro-
tation and vibration effects [11]. If it is necessary to reduce the effects of
collisions in order to investigate predicted I3/I1 dependence shown in Fig. 7,
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Fig. 7 Simulated PAC spectra expected for a spin-5/2 probe experiencing distributions of
ωR and θ at varying ratios I3/I1 with max (I1, I3) = 1× 10−44 kg ·m2, ωQ = 16.8 Mrad/s,
and T = 300 K. Graphs with decreasing I3/I1 are arranged counter-clockwise starting from
top, left.

then use of the supersonic jet technique might result in molecular gasses with
collision time much larger than the inverse rotational frequency [26].

7 Summary

This work showed how to use the Floquet formalism to calculate the PAC
perturbation function for tracers that experience rotating EFGs. Only the
case of axially symmetric EFGs with principal axis system the same as the
principal axis system of the molecular inertia tensor was considered; however,
the method is readily adaptable to non-axially symmetric EFGs with any
orientation. In that case, the perturbation function is expected to depend on
ω3, the rate of rotation about the unique moment-of-inertia axis, unlike the
calculations of this work.

Simulations that included physically appropriate Maxwell-Boltzmann dis-
tributions of angular velocities showed that the shape of the perturbation
function depends on the ratio of moment-of-inertia components. This indi-
cates that PAC measurements could be used to probe inertial properties of
molecules, provided that it is possible to create the physical conditions nec-
essary for the time between molecular collisions to be much larger than the
characteristic PAC timescale.
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