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A NOTE ON ADDITIVE TWISTS, RECIPROCITY LAWS AND QUANTUM

MODULAR FORMS

ASBJØRN CHRISTIAN NORDENTOFT

Abstract. We prove that the central values of additive twists of a cuspidal L-function

define a quantum modular form in the sense of Zagier, generalizing recent results of Bettin

and Drappeau. From this we deduce a reciprocity law for the twisted first moment of

multiplicative twists of cuspidal L-functions, similar to reciprocity laws discovered by

Conrey for the twisted second moment of Dirichlet L-functions. Furthermore we give an

interpretation of quantum modularity at infinity for additive twists of L-functions of weight

2 cusp forms in terms of the corresponding functional equations.

1. Introduction

In an unpublished paper [5, Theorem 10] Conrey discovered a certain reciprocity law

satisfied by the twisted second moment of DirichletL-functions. The reciprocity law relates

the following two twisted moments;
∑

χ mod q

|L(χ, 1/2)|2χ(l) 
∑

χ mod l

|L(χ, 1/2)|2χ(−q),(1.1)

for primes q 6= l. Conrey’s results were then generalized and refined by Young [11] and

Bettin [1]. In this paper we prove a reciprocity law for twists of GL2-cusp forms, which in

the simplest case relates the following two twisted first moments;
∑

χ mod q,
χ primitive

τ(χ)L(f ⊗ χ, k/2)χ(l) 
∑

χ mod l,
χ primitive

τ(χ)L(f ⊗ χ, k/2)χ(−q),(1.2)

where f ∈ Sk(Γ0(1)) is a cusp form of weight k and level 1 and q 6= l are primes. The exact

moments involved for general level N and general q, l are more involved (see Theorem 2.1).

Our proof uses an interpretation of the twisted moments (1.2) in terms of additive twists

of L-functions. The additive twists associated to a weight k cusp form f ∈ Sk(Γ0(N)) are

defined as

L(f ⊗ e(a/c), s) :=
∑

n≥1

af (n)e(na/c)

ns
,

for Re s > (k + 1)/2, where af (n) denote the Fourier coefficients of f , a/c ∈ Q and

e(x) = e2πix. The Dirichlet series above satisfy analytic continuation to the entire complex

plane, which satisfy functional equations (see Section 3.1). The reciprocity law will now

follow from the fact that the central value at s = k/2 of the additive twists define a quantum

modular form of weight zero in the sense of Zagier [12] (see Theorem 4.4 for the precise

statement).

The inspiration to this approach comes from Bettin’s work [1], which gives an interpretation
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2 ASBJØRN CHRISTIAN NORDENTOFT

of the twisted first second moment (1.1) in terms of the central value of the Estermann zeta

function defined for Re s > 1 by

D(a, c; s) :=
∑

n≥1

d(n)e(na/c)

ns
,

where d(n) denotes the number of divisors of n. One can think of this as an additive twist

of ζ(s)2, which in turn is the L-function associated to the GL2-object ∂
∂sE(z, s)s=1/2.

Bettin’s results can be interpreted as showing that D(a/c; 1/2) := D(a, c; 1/2) defines a

quantum modular form [1, Theorem 1].

Recently Bettin and Drappeau [2, Lemma 8.3] showed quantum modularity in the case of

level 1 cusp forms, which they ingeniously combined with dynamical methods to determine

the limiting distribution of the central values of additive twists of L-functions of level 1

cusp forms. The results of this paper however extend the quantum modularity proved by

Bettin and Drappeau to general discrete and co-finite subgroups of SL2(R) with a cusp at

infinity (with an appropriate definition of quantum modularity). Quantum modularity for

general levels will be needed if one wants to extend the methods of Bettin and Drappeau

(see the remark on page 8 of [2]).

Remark 1.1. A different proof of the limiting distribution of central values of additive twists

was obtained by the author [9] using the theory of Eisenstein series twisted by modular

symbols. The methods furthermore apply to cusp forms for congruence subgroups of

general level and even general Fuchsian groups of the first kind with a cusp at ∞.

Finally we discuss quantum modularity at ∞ and show that for weight 2 cusp forms,

this is in a certain sense equivalent to the functional equation at the central point for the

additive twists of the associated L-function.

2. Statement of results

In order to state our results, let f ∈ Sk(Γ0(N)) be a new form of even weight k and

level N . Let ωf denote the eigenvalue under the Fricke involutionW (see (4.3) below) and

let

f(z) =
∑

n≥1

af (n)q
n, q = e2πiz ,

be the Fourier expansion. Then given a Dirichlet character χ, we consider the following

twisted L-function;

L(f ⊗ χ, s) =
∑

n≥1

af (n)χ(n)

ns
,

normalized so that the central value is at s = k/2. Our result is the following reciprocity

law for a certain appropriately weighted twisted first moment.

Theorem 2.1. Let f ∈ Sk(Γ0(N)) be a new form of even weight k and level N . Then we

have for any pair of integers 0 < l < q with (q,Nl) = 1 that

1

ϕ(q)

∑

χ mod q

τ(χ∗)ν(f, χ∗, q/c(χ))L(f ⊗ χ∗, k/2)χ(l)(2.1)

− ωf

ϕ(lN)

∑

χ mod lN

τ(χ∗)ν(f, χ∗, lN/c(χ))L(f ⊗ χ∗, k/2)χ(−q)

= L(f, k/2) +Of (l/q),
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where χ∗ mod c(χ) denotes the conductor of the Dirichlet character χ and the arithmetic

weights ν are given by

ν(f, χ, n) :=
∑

n1n2n3=n,
(n1,q)=1

χ(n1)µ(n1)χ(n2)µ(n2)af (n3)n
1−k/2
3 .

Remark 2.2. The reason for the specific shape of the arithmetic weights ν(f, χ, n) is due

to Lemma 3.1 below. Note that for primitive characters χ, this factor is equal to 1.

In the simplest case where q, l are prime and the level is 1, we get the following precise

version of (1.2).

Corollary 2.3. Let f ∈ Sk(Γ0(1)) be a cusp form of weight k and level 1. Then we have

for primes l < q;

1

ϕ∗(q)

∑

χ mod q
χ primitive

τ(χ)L(f ⊗ χ, k/2)χ(l)− 1

ϕ∗(l)

∑

χ mod l
χ primitive

τ(χ)L(f ⊗ χ, k/2)χ(−q)

= L(f, k/2) +Of (l/q + 1/
√
l),

where the sums are taken over all primitive characters mod q and l respectively and

ϕ∗(q) = q − 2 denotes the number of primitive characters mod q.

3. Twisted first moments and additive twists

In this section we will introduce the additive twists of a cuspidal L-function and fur-

thermore for congruence subgroups show a connection to the twisted first moments in (1.2)

using a formula due to Birch and Stevens.

3.1. Additive twists. We refer to [9, Section 3.3] for a more detailed account.

Let Γ be any discrete and co-finite subgroup of SL2(R) with a cusp at ∞ of width 1

(see [6, Chapter 2]) and consider a cusp form f ∈ Sk(Γ) of even weight k with Fourier

expansion (at ∞) given by

f(z) =
∑

n≥1

af (n)q
n.

Then for r ∈ R we define the additive twist of the L-function of f as

L(f ⊗ e(r), s) :=
∑

n≥1

af (n)e(nr)

ns
,(3.1)

which converges absolutely for Re s > (k + 1)/2 by Hecke’s bound;
∑

n≤X

|af (n)|2 ≪ Xk.(3.2)

Thus the Dirichlet series (3.1) defines a continuous function in r for Re s > (k + 1)/2.

Furthermore if r corresponds to a cusp ofΓ, thenL(f⊗e(r), s) admits analytic continuation

to the entire complex plane, given by the following integral representation

L(f ⊗ e(r), s) =
(2π)s

Γ(s)

∫ ∞

0

f(r + iy)ys−1dy,(3.3)
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well-defined for all s ∈ C.

Finally if r is in the Γ-orbit of ∞, say r = γ∞, then we have the following functional

equation;

Λ(f ⊗ e(γ∞), s) :=
( c

2π

)s

Γ(s)L(f ⊗ e(γ∞), s)

= (−1)k/2Λ(f ⊗ e(γ−1∞), k − s),(3.4)

where c is the lower-left entry of γ.

3.2. The Birch–Stevens formula. In the special case where Γ = Γ0(N), the set of cusps

corresponds to Q ∪ {∞} and the classical Birch–Stevens formula [10, Eq. 2.2] expresses

the central value L(f ⊗ χ, k/2) for a primitive Dirichlet character χ mod q in terms of

additive twists;

τ(χ)L(f ⊗ χ, k/2) =
1

ϕ(q)

∑

a∈(Z/qZ)×

L(f ⊗ e(a/q), k/2)χ(a),(3.5)

where τ(χ) denotes the Gauss-sum of χ.

For k = 2 the central valuesL(f⊗e(a/q), 1) are known as modular symbols and the above

equality has been used for computations of the central values of L-functions of base-change

of an elliptic curve over Q.

If we furthermore assume that f is a new form (in particular an eigenform for all Hecke

operators), then we have the following generalization to non-primitive characters χ.

Lemma 3.1. Let f ∈ Sk(Γ0(N)) be a new form of even weight k and χ a Dirichlet

character mod q. Then we have

τ(χ∗)ν(f, χ∗, q/c(χ))L(f ⊗ χ∗, k/2) =
∑

a∈(Z/qZ)×

χ(a)L(f ⊗ e(a/q), k/2),(3.6)

where χ∗ mod c(χ) denotes the conductor of the Dirichlet character χ and

ν(f, χ, n) =
∑

n1n2n3=n,
(n1,q)=1

χ(n1)µ(n1)χ(n2)µ(n2)af (n3)n
1−k/2
3 .

For a proof see [9, Proposition 6.1].

Remark 3.2. This formula was also the essential ingredient for Bruggeman and Diamantis

in [4], where they give an explicit formula for the constant Fourier coefficient of Eisenstein

series twisted by modular symbols.

From the above formula we conclude, using orthogonality of characters on the finite

group (Z/cZ)×, the following identity.

Corollary 3.3. Let f ∈ Sk(Γ0(N)) be a new form of even weight k. Then we have

L(f ⊗ e(a/q), k/2) =
1

ϕ(q)

∑

χ mod q

τ(χ∗)ν(f, χ∗, c/c(χ))L(f ⊗ χ∗, k/2)χ(a),(3.7)

with χ∗, c(χ) and ν as above.

Thus for l = o(q), it follows from (2.1) that

L(f ⊗ e(l/q), k/2)− L(f ⊗ e(−q/(Nl)), k/2) = L(f, k/2) + o(1),
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as q → ∞. This is in sharp contrast with the average behavior since we know from the

distribution result [9, Theorem 1.4] that for q fixed, the number

L(f ⊗ e(l/q), k/2),

is typically of magnitude
√
log q.

4. Quantum modularity of additive twists

The notion of quantum modular forms was introduced by Zagier in [12] with one of

the first examples appearing in earlier work with Lawrence [7] on certain symmetries of

quantum invariants of 3-knots. In Zagier’s original definition quantum modular forms

are maps P1(Q)\S → C with S a finite set which satisfy a variation of the modular

transformation rule for congruence subgroups Γ0(N) ⊂ SL2(Z) acting on P1(Q). One

should think of the equivalence classes of P1(Q) under the action ofΓ0(N) as the boundary

of the symmetric space Γ0(N)\H.

In this paper we study quantum modularity for general co-finite, discrete subgroups Γ ⊂
SL2(R) with a cusp at ∞. Although quantum modularity for general Fuchsian groups of

the first kind has not been explicitly defined before in the literature, the definition is implicit

in the introduction of [12]. To make this definition, denote by s(Γ) ⊂ R ∪ {∞} the set of

cusps of Γ (i.e. fixed points of parabolic motions of Γ). In particular if Γ = Γ0(N), we

have s(Γ) = Q ∪ {∞} = P1(Q). Then we have the following definition.

Definition 4.1. Let Γ be a discrete, co-finite subgroup of SL2(R) with a cusp at ∞
of width 1 and consider a map f : s(Γ)\S → C with S a finite set. Then f is a

quantum modular form of weight k for Γ if the following holds; for all γ ∈ Γ the function

gγ(r) : s(Γ)\(S ∪ γ−1S) → C defined by

gγ(r) := f(γr)− j(γ, r)kf(r),(4.1)

extends to a continuous function P1(R)\(S ∪ γ−1S) → C.

Remark 4.2. Note that we have a large class of uninteresting examples coming from

restrictions of continuous maps P1(R)\S → C with S a finite set.

Remark 4.3. Here "continuous" can be replaced by different notions of regularity (C1,

smooth, analytic, . . .).

4.1. Proof of quantum modularity. In this section we present a proof of the quantum

modularity for the central values of additive twists of cuspidal L-functions. The proof

uses the integral representation of the additive twist (3.3) and is similar in spirit to the

treatment of Eichler integrals of half-integral cusp forms by Bringmann and Rolen in [3].

One can also consider the Eichler integrals of an integral weight k cusp form f , which

corresponds to the special value L(f ⊗ e(r), k − 1) of the additive twists. For k > 2
this is however not an interesting example in our context since this is the restriction of a

continuous function1 (because of the absolute convergence of the Dirichlet series (3.1) at

the special value s = k − 1) as was also noted in [2, Section 1.4.1].

Using [9, Theorem 1.4] one can see that the the central value s = k/2 of the additive twists

of the L-function of an integral weight cusp form f considered as a function of the twisting

1Quantum modularity of Eichler integrals of integral weight cusp forms were studied by Lee in [8]. In this

work the notion of regularity used in the definition of quantum modular forms is smooth instead of continuous.

Now one gets a non-trivial result since the Eichler integrals do not define a smooth function, but the discrepancy

(4.1) is even a polynomial in this case.
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parameter r ∈ s(Γ), is not the restriction of a continuous function. Our result is that this

does however define a quantum modular form.

Theorem 4.4 (Quantum modularity). Let Γ be a discrete, co-finite subgroup of SL2(R)
with a cusp at ∞ of width 1 and let f ∈ Sk(Γ) be a cusp form of even weight k. Then the

map s(Γ)\{∞} → C defined by

r 7→ L(f ⊗ e(r), k/2)

is a quantum modular form of weight zero for Γ. More precisely for γ ∈ Γ and r ∈
s(Γ)\{∞} with γr 6= ∞ and γ∞ 6= ∞, we have

L(f ⊗ e(γr), k/2)−L(f ⊗ e(r), k/2)

= L(f ⊗ e(γ∞), k/2) +

k/2−1
∑

j=1

(

k/2−1
j

)

(c−1j(γ, r))j
(−2πi)−jΓ(k/2 + j)

Γ(k/2)
L(f ⊗ e(r), k/2 + j)

+

k/2−1
∑

j=1

(

k/2−1
j

)

(cj(γ, r))j
(−2πi)jΓ(k/2− j)

Γ(k/2)
L(f ⊗ e(γ∞), k/2− j),(4.2)

where c is the lower-left entry of γ.

Proof. We have to show continuity of the discrepancy (4.1) for all γ ∈ Γ. First of all if

γ∞ = ∞ then it is easy to see that

L(f ⊗ e(γr), k/2) = L(f ⊗ e(r), k/2),

for all r ∈ s(Γ)\{∞} since f is 1-periodic. Thus quantum modularity for such γ is clear.

Recall that by (3.2), the additive twists L(f ⊗ e(x), k/2 + j) for j > 0 define continuous

functions in x ∈ R. Thus for γ fixed the two sums in (4.2) both extend to continuous

functions R\{γ−1∞} → C. This shows that it suffices to prove (4.2).

To prove (4.2) we begin with the following integral representation

L(f ⊗ e(γr), k/2) =
(2π)k/2

Γ(k/2)

∫ ∞

0

f(γr + iy)yk/2−1dy

=
(−2πi)k/2

Γ(k/2)

∫ i∞

γr

f(z)(z − γr)k/2−1dz,

where the integral is taken along the vertical line from γr to i∞. Now the integrand is

holomorphic and we can apply Cauchy’s theorem to write

L(f⊗e(γr), k/2) =
(−2πi)k/2

Γ(k/2)

(∫ γ∞

γr

f(z)(z − γr)k/2−1dz +

∫ ∞

γ∞

f(z)(z − γr)k/2−1dz

)

.

We will now treat the two integrals separately. In the first integral we do the change of

variable z 7→ γz and use the fact that

γz − γr =
z − r

j(γ, z)j(γ, r)
,



A NOTE ON ADDITIVE TWISTS, RECIPROCITY LAWS AND QUANTUM MODULAR FORMS 7

to arrive at
∫ γ∞

γr

f(z)(z − γr)k/2−1dz

=

∫ i∞

r

f(γz)(γz − γr)k/2−1 dz

j(γ, z)2

=

(

c

j(γ, r)

)k/2−1 ∫ i∞

r

f(z)

(

(z − r)(z − r +
j(γ, r)

c
)

)k/2−1

dz

=

k/2−1
∑

j=0

(

k/2− 1

j

)(

c

j(γ, r)

)j ∫ i∞

r

f(z)(z − r)k/2+j−1dz

=

k/2−1
∑

j=0

(

k/2− 1

j

)(

c

j(γ, r)

)j
Γ(k/2 + j)

(−2πi)k/2+j
L(f ⊗ e(r), k/2 + j).

A similar treatment of the other integral gives

∫ i∞

γ∞

f(z)(z − γ∞+ (γ∞− γr))k/2−1dz

=

k/2−1
∑

j=0

(

k/2− 1

j

)(

1

cj(γ, r)

)j ∫ i∞

γ∞

f(z)(z − γ∞)k/2−j−1dz

=

k/2−1
∑

j=0

(

k/2− 1

j

)(

1

cj(γ, r)

)j
Γ(k/2− j)

(−2πi)k/2−j
L(f ⊗ e(γ∞), k/2− j),

which finishes the proof. �

Remark 4.5. For k = 2 we observe that the right-hand side of (4.2) is just a constant.

From this it follows immediately that the central value of the additive twists (i.e. modular

symbols) define a strong quantum modular form in the sense of Zagier [12].

Remark 4.6. The proof and statement of Theorem 4.4 is very similar to [9, Lemma 5.1],

which is used to reduce the study of Eisenstein series twisted by (generalized) modular

symbols to the study of certain "completions" in the sense of [4, page 6]. This was used

to determine the distribution of central values of additive twists in [9] and thus there seem

to be some similarities with the methods in [2], which would be interesting to understand

better.

If Γ = Γ0(N) is a congruence group and we assume that f ∈ Sk(Γ0(N)) is a new form,

we get a similar result for the Fricke involution, defined as

Wf(z) := N−k/2z−kf(HNz),(4.3)

where

HN =

(

0 −1
N 0

)

.

The proof is essentially the same and we will omit it.
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Theorem 4.7. Let f ∈ Sk(Γ0(N)) be a cuspidal new form of even weight k and level N .

Then we have for all r ∈ Q\{0} that

L(f ⊗ e(−1/(Nr)), k/2)− L(f ⊗ e(r), k/2)

= L(f, k/2) + ωf

k/2−1
∑

j=1

(

k/2−1
j

)

rj
(−2πi)−jΓ(k/2 + j)

Γ(k/2)
L(f ⊗ e(r), k/2 + j)

+

k/2−1
∑

j=1

(

k/2−1
j

)

(Nr)j
(−2πi)jΓ(k/2− j)

Γ(k/2)
L(f, k/2− j),(4.4)

where ωf = ±1 is the eigenvalue of f under the Fricke involution W .

4.2. Quantum modularity at ∞ and the functional equation. A natural question to

ask is whether we can extend our quantum modular forms to ∞. This is equivalent to

whether we can assign a value at ∞ such that the right-hand side of (4.2) converges, as

respectively r → ∞ and r → γ−1∞, to the left-hand side of (4.2) with respectively

r = ∞ and r = γ−1∞. In the special case when k = 2 this can be done by putting

L(f ⊗ e(∞), 1) = 0. It turns out that quantum modularity at ∞ amounts to the functional

equation for L(f ⊗ e(γ∞), s) at the central point.

Theorem 4.8. Let Γ be a discrete, co-finite subgroup of SL2(R) with a cusp at ∞ of width

1 and let f ∈ S2(Γ). Then the map s(Γ) → C defined by

r 7→ L(f ⊗ e(r), 1)

where we put L(f ⊗ e(∞), 1) = 0, is a quantum modular form of weight zero for Γ.

Proof. First of all if γ∞ = ∞ then the result is clear for all k even. Furthermore when

k = 2, (4.2) reduces to

L(f ⊗ e(γr), 1)− L(f ⊗ e(r), 1) = L(f ⊗ e(γ∞), 1),(4.5)

and since the right-hand side is constant we can ignore convergence completely.

Using Theorem 4.4 we only need to check that (4.5) still holds at r = ∞ and r = γ−1∞.

The first case is immediate and the second case reduces to

L(f ⊗ e(γ−1∞), 1)
?
= −L(f ⊗ e(γ∞), 1),

which is exactly the functional equation (3.4) at the central point s = k/2 = 1. This

finishes the proof. �

Remark 4.9. This seems to be a very special phenomena for k = 2 and the author was not

able to prove anything for higher weights. We even have numerical data suggesting that it

is not true for the Ramanujan ∆-function. It would be interesting to investigate quantum

modularity at ∞ for other quantum modular forms in the litterature.

5. From quantum modularity to reciprocity laws

In this final section, we will prove the reciprocity laws Theorem 2.1 and Corollary 2.3

using the quantum modularity for the Fricke involution of additive twists proved above.
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5.1. Proof of Theorem 2.1 and Corollary 2.3. By combining Corollary 3.3 and Theorem

4.7 (with r = −q/(lN)) we get an explicit formula for the left-hand side of (2.1). The

expression for the error term on the right-hand side of (2.1) follows by the following estimate

of the right-hand side of (4.4);

L(f, k/2) + ωf

k/2−1
∑

j=1

(

k/2−1
j

)

rj
(−2πi)−jΓ(k/2 + j)

Γ(k/2)
L(f ⊗ e(r), k/2 + j)

+

k/2−1
∑

j=1

(

k/2−1
j

)

(N2r)j
(−2πi)jΓ(k/2− j)

Γ(k/2)
L(f, k/2− j)

= L(f, k/2) +Of





k/2−1
∑

j=1

r−j





= L(f, k/2) +Of (r
−1),

where we again used the following uniform bound

|L(f ⊗ e(r), k/2 + j)| ≤
∑

n≥1

|af (n)|
nk/2+1

< ∞,

for j ≥ 1. This proves Theorem 2.1.

Furthermore if l and q are both primes then the only non-primitve character modulo l and

q are the principal characters. Now using Deligne’s bound af (n) ≪ d(n)n(k−1)/2 on the

Fourier coefficients of f , we derive

τ(χ0
∗)ν(f, χ∗

0, q/c(χ0)) = ν(f, 1, q) = af (q)q
1−k/2 − 1 ≪f q1/2,

and similarly for l. Using that

1

ϕ(q)
=

1

ϕ∗(q)
+O(q−2),

we conclude the proof of Corollary 2.3.
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