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Abstract

A benchmark of anisotropic polarizabilities has been carried out for 14 (hetero)-

aromatic molecules using the methods: RPA, RPA(D), HRPA, HRPA(D), SOPPA,

SOPPA(CC2), SOPPA(CCSD), CC2, CCSD and CC3. While this benchmark, to a large

extend, shows similar tendencies as found for isotropic polarizabilities, it also reveals

some differences between isotropic and anisotropic polarizabilities. CCSD is found to

be the method performing closest to CC3 as it also was for isotropic polarizabilities.

For static anisotropic polarizabilities SOPPA(CCSD) performs incredibly close to CCSD,

however, the less demanding HRPA(D) follows shortly after in precision. For dynamic

anisotropic polarizabilities SOPPA(CCSD) is again the method least deviating from

CC3, beside CCSD, but its SD is worse than for RPA, which gives results only slightly

more deviating from the CC3 results than SOPPA(CCSD). While the HRPA model is

seen to perform incomparably worse than any of the other methods, the simpler RPA

is on the other hand thus performing notably well. The finding of this good perfor-

mance of the relatively simpler and cheaper methods, RPA and HRPA(D), permits cal-

culation of much larger systems without sacrificing the quality of the calculation.

K E YWORD S

anisotropic polarizability, basis set study, benchmark, CC3 references, linear response
methods

1 | INTRODUCTION

Plentiful studies of polarizabilities [1] have been carried out to this day. These studies, however, most often focus on the isotropic polarizability or

only mention the anisotropic polarizability as a side topic. It is fair to say that the anisotropic polarizability in itself, together with the off-diagonal

elements of the polarizability tensor, is a subject which has been rather overlooked. Meanwhile the isotropic polarizabilities have received much

attention, especially in benchmark studies [2–28]. A full description of studies of isotropic polarizabilities would be too long so only a few honor-

able mentions are made.

Various levels of coupled cluster theory have been applied to the calculation of isotropic polarizabilities [2–13, 16, 27]. In 1998, for example,

Larsen et al. [8] benchmarked the coupled cluster methods CCS, CC2 and CCSD for isotropic polarizabilities. They found no improvement from

CCS to CC2, however, CCSD performed significantly better than both of the two smaller methods. The study was later extended [9] to include

CC3 and CCSDT and it was found that the order of increasing performance was: CCS, CC2, CCSD, CC3, CCSDT. Isotropic polarizabilities have

also been calculated using the algebraic-diagrammatic construction (ADC) approximation [14–16] as well as second order polarization propagator
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methods [17–28]. A study from 2017 [15] found ADC(3/2) to perform similarly to CCSD compared to experiments. The second order polarization

propagator approximation (SOPPA) was found to perform better than the random phase approximation (RPA) for dynamic isotropic polarizabilities

[17, 18, 20–22]. In another study [19] the same was found for the static case, furthermore the performance of the methods was found to increase

in the series RPA, SOPPA, SOPPA(CCSD), CCSD [22].

Despite the seemingly more abundant studies of isotropic polarizabilities, the importance of the anisotropy of the polarizability has mul-

tiple times been shown for various effects. A study by Høye and Stell [29] investigated the contributions of the anisotropic polarizability to

the Kerr-effect. Although the anisotropic polarizability was shown to have an effect, the off-diagonal elements of the polarizability tensor

were neglected. The off-diagonal elements were as well ignored in the study by Sharma [30], where differential cross sections for Rayleigh

scattering were calculated. It was shown that the way the anisotropy has previously been handled leads to significant errors in the

scattering at tropospheric or mesospheric temperatures. A more recent study by Donati et al. [31] acknowledges the importance of these

off-diagonal elements. They studied the effect of the off-diagonal elements of the anisotropic polarizability on localized surface plasmon

resonance in nanoparticles. It was found that a specific motion of the nanoparticles increased the off-diagonal component of the molecular

polarizability, proving the importance of accounting for them. This increase caused a polarization orthogonal to the oscillation of the local-

ized surface plasmon resonance. This, previously unknown, behavior allows for a new transfer mechanism which was formerly unobserved.

The anisotropic polarizability was also introduced in the many-body polarization model for the AMOEBA force field to enhance its perfor-

mance [32]. This model is well known for overestimating the polarization energy [33–35], which was found to be a consequence of the

model originally being isotropic. Another study [23] which investigates both the isotropic and anisotropic polarizability, examines the usage

of linear response theory for a MCSCF wavefunction also at larger internuclear distances than the equilibrium geometry. In 2015 a group

investigated distributed atomic polarizabilities of amino acids, where they included isotropic as well as anisotropic polarizabilities [36]. They

were able to identify the most contributing group of an amino acid to the polarizability and they went on to specify that the anisotropy

should be carefully considered in the cases of high or low birefringence.

A study from 1972 [37] presented anisotropic polarizabilities which were found from experimental parameters such as refractive indices, Kerr

constants and electro-optical absorption measurements. They specify that the theory used to convert these parameters into the components of

the polarizability tensor is very significant for the accuracy of the result. This way of achieving the anisotropic polarizability from a mix of experi-

ment and theoretical calculations provided a great insight in the property, however, it is not the approach of this study where the anisotropic

polarizabilities have been calculated ab initio. Thus the following studies presented are also ab initio studies.

A way to get around the isotropic/anisotropic specification of the polarizability is to present the components of the polarizability tensor

themselves, which is seen more often in studies which focus on comparing different methods. This is, for example, done in a study [38] which

compared Coupled Cluster methods to the full configuration interaction method for the polarizability tensor components and could thus compare

both isotropic and anisotropic polarizabilities to experimental values.

Not only have wave-functional methods been in focus but also the often much faster density functional theory (DFT) methods have thor-

oughly been investigated for the calculation of polarizabilities [39–42]. The more recent study by Hickey et al. [12] benchmarked a set of DFT

methods for, among other properties, isotropic polarizabilities. They went on to state the importance of anisotropic polarizabilities, especially for

systems with π-bonding, and dedicated a small section of their work to the anisotropy. They did in general not find any difference in the perfor-

mance of the methods for anisotropic polarizabilities, yet it was found that for smaller molecules the results deviated less from experimental data

than for larger aromatic systems. DFT with the functional CAM-B3LYP has also been tested against CC2 and CCSD in a study from 2019 [13].

The polarizability tensor components were presented as well as both the isotropic and anisotropic polarizability and the anisotropy was found to

correlate with the decreasing aromaticity. Anisotropic polarizabilities were calculated along isotropic polarizabilities also in the benchmark of ADC

methods with coupled cluster amplitudes (CC-ADC) [16].

The present study acknowledges the lack of studies purely dedicated to anisotropic polarizabilities and was inspired by two recent studies

which benchmarked a variety of methods for isotropic polarizabilities for medium sized aromatic molecules. The first study [27] focused on sec-

ond order polarization propagator methods such as SOPPA, SOPPA(CC2), SOPPA(CCSD) as well as the two coupled cluster methods CC2 and

CCSD. The results obtained with these methods were compared to CC3 values and the order of increasing performance of the methods was

found to be CC2, SOPPA, SOPPA(CC2), SOPPA(CCSD), CCSD. The second study [28] extended the first study and tested the two precursors to

SOPPA, the random phase approximation (RPA) and the higher order random phase approximation (HRPA) as well as the two new, doubles

corrected methods, RPA(D) and HRPA(D). These two newer methods were originally derived for the calculation of excitation energies [43–45]

and NMR spin–spin coupling constants [46] and were in the previous study [28] extended to the calculation of polarizabilities. Surprisingly it was

found that the relatively more simple model, RPA, performed closer to CC3 than SOPPA for both static and dynamic polarizabilities. For static

polarizabilities, RPA was in fact found to be the method closest performing to CC3, whereas for dynamic possibilities the HRPA(D) model per-

formed closest to CC3. From these two studies the question arose, how those benchmarks would translate to anisotropic polarizabilities. This

study thus aims to test the same methods, RPA, HRPA, RPA(D), HRPA(D), SOPPA, SOPPA(CC2), SOPPA(CCSD), CC2, CCSD and CC3, for the

same test set of molecules but now focusing on the anisotropic polarizabilities. Moreover, as the off-diagonal elements of the polarizability tensor

are too often neglected, they will be accounted for in this benchmark to provide a full description of the polarizability anisotropy.
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2 | METHODOLOGY

The benchmark set of molecules consists of 14 (hetero)-aromatic molecules, see Figure 1. All geometries in this study were taken from previous

literature [27], where they were optimized at a MP2/6-31G(d) level.

The elements of the polarizability tensor at the SOPPA [47–49] level were calculated with the Dalton16 program [50] using the basis sets:

aug-cc-pVDZ [51–54], aug-cc-pVTZ [51–54], aug-cc-pVQZ [51–54], d-aug-cc-pVTZ [55] and Sadlej's polarized triple zeta basis set [56, 57]. The

SOPPA(CC2) [58], SOPPA(CCSD) [59], CC2 [60, 61] and CCSD [60, 61] results were as well calculated with the Dalton16 program. The RPA [62],

RPA(D) [43, 46], HRPA [63] and HRPA(D) [45, 46] calculations were run with a local version of Dalton. The reference CC3/aug-cc-pVTZ values

were taken from a previous study [27], where CC3/aug-cc-pVDZ and CC3/Sadlej were also calculated in Dalton16. All methods were employed

in an unrelaxed formulation in order to ensure a correct pole-structure of the polarizability.

The anisotropic polarizability, designated Δα, is calculated from the trace of the polarizability tensor [36]:

Δα=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

3Tr α2ð Þ−Tr αð Þ2
n or

ð1Þ

where Tr indicates the trace. This formula can account for the off-diagonal elements of the polarizability if they are simply included. In this study,

static polarizabilities as well as dynamic polarizabilities at the frequencies: 0.072003 au (632.8 nm) and 0.093215 au (488.8 nm) were calculated.

3 | RESULTS

To ensure the quality of the basis set which should be applied in this study, the first section explores the performance of different basis sets. The fol-

lowing section goes on to define adequate theoretical reference values for the benchmarking of the methods which is discussed in the final section.

3.1 | Basis set

The choice of basis set is known to have a great importance for the accuracy of calculations of molecular properties [64]. More so, diffuse func-

tions have been found to influence the polarizability drastically [12]. A number of Dunning's augmented basis sets as well as Sadlej's polarized

F IGURE 1 Structures of the molecules used in this study
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basis set were previously tested for this set of molecules for calculations of isotropic polarizabilities [27]. Nevertheless, their performance is tested

again here to see if focusing on the anisotropy changes the conclusion. The results for the anisotropic polarizabilities, obtained with the aug-cc-

pVTZ basis set, are plotted against the polarizabilities obtained with the other basis sets so that the correlation between the results with two dif-

ferent basis sets can be described by a linear description, y = ax + b. Two basis sets performing identical would result in a perfect linear fit. This

investigation investigates thus weather we may gain or would lose any accuracy by using the aug-cc-pVTZ basis set in further calculations. The

anisotropic polarizabilities were calculated with the aug-cc-pVDZ, aug-cc-pVTZ, aug-cc-pVQZ, d-aug-cc-pVTZ and Sadlej's basis set using the

SOPPA method. The investigation is carried out for static and dynamic anisotropic polarizabilities separately, the dynamic polarizabilities being of

the frequencies: 0.072003 au and 0.093215 au. The individual tensor components and the anisotropic polarizabilities with the different basis sets

for the SOPPA method can be found in Tables S1–S15. The coefficients of the linear descriptions can be found in Table 1.

As was found in the previous investigation for isotropic polarizabilities [27], it is seen that the larger aug-cc-pVQZ performs very close to the

aug-cc-pVTZ with a slope infinitesimally deviating from 1, an only slight off-set and the correlation, R2, being near perfect, for both the static and

dynamic polarizabilities. This shows that the loss in accuracy is insignificant when using the smaller basis set, while the saving in computational

cost is great on using the aug-cc-pVTZ basis set. The double augmented basis set, d-aug-cc-pVTZ, is once again also found to perform almost

identically to the aug-cc-pVTZ, thus there would be no loss in accuracy on choosing the only singly augmented basis set. What differs here from

the previous study [27], is the performance of the two relatively smaller basis sets. For isotropic polarizabilities it was found that the aug-cc-pVDZ

had a greater R2 value and a smaller off-set than Sadlej but Sadlej's basis set had a slope closer to 1. Here the exact opposite is observed for both

the static and dynamic case.

Another study [28] extended the methods investigated in the first benchmark of the isotropic polarizabilities. There it was found that Sadlej's

basis set did not perform very well compared to aug-cc-pVTZ for the RPA, HRPA, RPA(D) and HRPA(D) methods. Therefore, Sadlej's basis set

was tested here in the same fashion against aug-cc-pVTZ for the anisotropic polarizabilities obtained with those four methods. The correlations

are the last entry in Table 1 and the individual tensor components of the polarizability and the anisotropic polarizability can be found in

Tables S16–S39. For the static as well as the dynamic case it is seen, that Sadlej's basis set' performance is not acceptably close to the aug-cc-

pVTZ for these methods. The slope is not close enough to 1, the off-set is the largest observed and the correlation, R2, is the lowest. The same

conclusion is thus found as for the study of isotropic polarizabilities, Sadlej's basis set does not perform adequately with those methods, both for

isotropic and anisotropic polarizabilities.

Continuing in this study the aug-cc-pVTZ should be performing satisfyingly with no significant loss in accuracy compared to using the larger

basis sets tested.

3.2 | Reference values

For the benchmark, the reference values are at the CC3/aug-cc-pVTZ level. However, the large amount of basis functions in this basis set com-

bined with such a demanding method resulted in few values not being obtained. The lacking anisotropic polarizabilities are for benzonitrile, imid-

azole, phenol and pyrimidine. For these molecules the reference values must be obtained with a smaller basis set. In the previous study [27], an

approach was therefore employed, where the results from the smaller basis set were corrected in order to be closer to the values obtained with

the aug-cc-pVTZ basis set than rather just using the values of the smaller basis set. In this section, we will investigate now, whether this approach

of obtaining “pseudo” aug-cc-pVTZ values is also the optimal choice for polarizabilty anisotropies.

The previous study found that the slope of the linear correlation had a great importance for the prediction of the “pseudo”-aug-cc-pVTZ
values. As it was found in the basis set analysis that Sadlej's polarized triple zeta basis set in general correlated better with the aug-cc-pVTZ than

TABLE 1 Correlation of the different
basis sets with the aug-cc-pVTZ one for
anisotropic polarizabilities calculated at a
SOPPA level

Static Dynamic

Basis set on y-axis a b R2 a b R2

aug-cc-pVDZ 0.9991 −0.3784 0.9997 0.9954 −0.3616 0.9996

aug-cc-pVQZ 1.0003 0.1134 0.9999 1.0007 0.1243 0.9999

d-aug-cc-pVTZ 0.9988 0.0959 1.0000 0.9988 0.1081 1.0000

Sadlej 0.9940 0.1404 0.9999 0.9915 0.1603 0.9998

Sadlej(RP)a 0.9916 0.4395 0.9989 0.9900 0.5107 0.9987

Note: The dynamic polarizabilities are of the frequency of 0.072003 au and 0.093215 au.
aThis entry is for the correlation of the anisotropic polarizabilities obtained with the aug-cc-pVTZ and

Sadlej's basis set but using the RPA, HRPA, RPA(D) and HRPA(D) methods.
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the aug-cc-pVDZ did, but that the aug-cc-pVDZ had a slope closer to 1, both these basis sets are tested here to see which obtains the most accu-

rate “pseudo”-aug-cc-pVTZ values.

A linear correlation is found between the CC3 anisotropic polarizabilities obtained with the aug-cc-pVTZ basis set and the values obtained

with a smaller basis set for the static and dynamic anisotropic polarizabilities together. From the linear description, of the form y = ax + b, the

“pseudo”-aug-cc-pVTZ values can then be found as a function of the value of the smaller basis set. In this way the offset is accounted for and the

“pseudo”-value should be close to the “true” one. The individual tensor components of the polarizability obtained with the CC3 method with

the aug-cc-pVTZ, aug-cc-pVDZ and Sadlej's basis set can be found in Tables S52–S60. Equation (2) is the linear description obtained from plotting

the values of the aug-cc-pVTZ, as y, against the CC3 values of Sadlej's basis set, as x.

y =1:0112x−0:3080, R2 = 0:9993 ð2Þ

In the same way Equation (3) is the linear description obtained from plotting the CC3 values of the aug-cc-pVTZ basis set, as y, against the

values of the aug-cc-pVDZ basis set, as x.

y =1:0013x+0:3536, R2 = 0:9986 ð3Þ

In Tables 2 and 3 the CC3 anisotropic polarizabilities can be found for the aug-cc-pVTZ, aug-cc-pVDZ and Sadlej's basis set as well as the

predicted “pseudo”-values from each of the smaller basis sets. Upon first glance both the aug-cc-pVDZ and Sadlej's basis set seems to predict

the “pseudo”-values quite well and within reasonable range of the “true” aug-cc-pVTZ values. A statistical analysis, however, reveals that the

“pseudo”-aug-cc-pVTZ values obtained from Sadlej's basis set, have an absolute mean deviation of 0.11 and a SD of 0.15. The largest deviation

belongs to phosphole at the frequency of 0.093215 au, with a deviation of 1.23%. In contrary to what the previous study [27] found, the aug-cc-

pVDZ basis set predicts poorer “pseudo”-values, despite having a slope closer to one than Sadlej's basis set did. This shows that though the slope

might be important, it is not the most important factor. The “pseudo”-values predicted from the aug-cc-pVDZ have an absolute mean deviation of

0.19 and a SD of 0.23. Its most deviating result is as well for phosphole at 0.093215 au frequency with a deviation of 1.40%. The higher absolute

mean deviation and bigger spread of the values makes these “pseudo”-aug-cc-pVTZ values, obtained from aug-cc-pVDZ, less reliable that the

ones obtained using Sadlej's basis set.

Despite this pointing at the “pseudo”-values with Sadlej's basis set being an adequate choice for the reference values for those molecules,

where the “true” aug-cc-pVTZ result is lacking, one should look closer. Actually, it can be observed that more often than not, the “pure” Sadlej

value lies closer to the aug-cc-pVTZ value than the “pseudo”-value. For that reason the missing polarizabilities in the set of reference values will

in this study simply be replaced by the value obtained with Sadlej's basis set.

TABLE 2 CC3 static and dynamic anisotropic polarizabilities (au) obtained with Sadlej's basis set and the aug-cc-pVTZ basis set, aT, and the
“pseudo”-aug-cc-pVTZ values, (aT), from the correlation in Equation (2)

0.000000 au 0.072003 au 0.093215 au

Molecules Sadlej aT (aT) Sadlej aT (aT) Sadlej aT (aT)

Benzene 35.97 35.87 36.07 37.96 37.89 38.08 39.48 39.44 39.61

Benzonitrile 60.59 - 60.96 64.77 - 65.19 68.05 - 68.51

Furan 21.10 20.97 21.02 22.01 21.90 21.95 22.71 22.62 22.65

Imidazole 22.63 - 22.57 23.64 - 23.60 24.41 - 24.37

Oxazole 19.84 19.77 19.75 20.68 20.63 20.60 21.32 21.28 21.25

Phenol 42.04 - 42.20 44.54 - 44.73 46.49 - 46.70

Pyrazine 33.25 33.31 33.31 35.17 35.27 35.26 36.68 36.82 36.78

Pyridazine 31.75 31.68 31.80 33.16 33.11 33.22 34.12 34.07 34.19

Pyridine 34.12 - 34.20 35.97 - 36.06 37.38 - 37.49

Pyrimidine 31.33 31.30 31.37 32.81 32.79 32.86 33.89 33.88 33.96

Pyrrole 23.52 23.56 23.48 24.55 24.62 24.52 25.33 25.43 25.30

Phosphole 33.28 33.64 33.34 35.72 36.20 35.81 37.82 38.41 37.94

Thiazole 28.29 28.22 28.30 29.72 29.66 29.75 30.81 30.77 30.85

Thiophene 29.82 29.81 29.85 31.43 31.45 31.47 32.68 32.73 32.73
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3.3 | Benchmark of methods

With suitable reference values found, the anisotropic polarizabilities calculated with the methods in this study: RPA, HRPA, RPA(D), HRPA(D),

SOPPA, SOPPA(CC2), SOPPA(CCSD), CC2 and CCSD can now be compared to the CC3/aug-cc-pVTZ anisotropic polarizabilities. The comparison

will be carried out for static and dynamic polarizabilities separately. The individual tensor components of the polarizabilities and the anisotropic

polarizabilities calculated with the different methods can be found in Tables S4–S6 and S28–S51.

Before looking into the deviations of the different methods, it is of interest to see how important the off-diagonal elements are for the stud-

ied molecules. As the molecules in this study all are aromatic, flat and possess high symmetry, it is expected that the importance is only small. Fur-

thermore, only four molecules in this study actually have off-diagonal contributions. These four molecules' anisotropic polarizabilities, including

and excluding the off-diagonal elements, are shown in Table 4. They are shown for the SOPPA method with the two basis sets used in this study.

Despite the small significance of the elements, which can be seen from the deviations between the anisotropic polarizabilities calculated with and

without the off-diagonal contributions, differences are still observed. That differences are observed for these molecules goes to show how impor-

tant the inclusion of off-diagonal elements could be for other less flat and symmetrical molecules. From the table it is further seen that the basis

sets introduces no differences. On the other hand, it can also be seen that the increasing frequency increased also the size of the off-diagonal ele-

ments and thus their importance. Despite the small influence for these specific molecules, in the present study the off-diagonal elements of the

polarizability tensor will always be included in the anisotropic polarizability.

Figure 2 shows the mean deviation and absolute mean deviation of the static anisotropic polarizabilities obtained with the different methods

from the CC3 reference values as well as the SD from the mean deviations. At first inspection most methods seem to perform very similarly

except for HRPA. This comparably poor performance was also seen for isotropic polarizabilities [28], where HRPA also consistently under-

estimated the isotropic polarizability. This underestimation of the polarizability is due to the well-known overestimation of excitation energies at

the HRPA level as recently again shown in a study by Haase et al. [45].

It can be hard to differentiate between the rest of the methods from this figure, hence Figure 3 shows only the five best performing methods,

which in addition to CCSD and SOPPA(CCSD) includes the three lower level methods HRPA(D), RPA(D) and RPA and neither SOPPA nor CC2 or

SOPPA(CC2). The RPA method is seen to underestimate the polarizability like HRPA did, however, to a much smaller degree. The doubles correc-

tions in RPA(D) to the RPA model is seen to have a positive effect on the anisotropies leading now to a smaller and positive mean deviation but at

the cost of a larger SD from the mean compared to RPA, meaning there is less of a tendency in the spread of the deviations. For the isotropic

polarizabilities [28], the doubles correction was also found to improve the mean deviation a bit but at the cost of an increase in absolute mean

deviation and SD which is significantly larger than found here for the anisotropic polarizabilities. In agreement with the finding for isotropic polar-

izabilities, RPA is still performing slightly better than SOPPA for the anisotropies, whereas in contrast to the isotropic polarizabilities RPA(D) is also

performing better than SOPPA for the anisotropies. The doubles corrections to the HRPA, leading to HRPA(D), are seen to affect the result drasti-

cally, decreasing the deviation significantly. This was also seen for isotropic polarizabilities [28], excitation energies [45] and nuclear spin–spin

coupling constants [46] previously. HRPA(D), SOPPA(CCSD) and CCSD all perform very similar, the numerical values of the deviations, seen in

Table 5, can clarify the performance of the methods.

TABLE 3 CC3 static and dynamic
anisotropic polarizabilities (au) obtained
with aug-cc-pVDZ, aD, basis set and the
aug-cc-pVTZ basis set, aT, and the
“pseudo”-aug-cc-pVTZ values, (aT), from
the correlation in Equation (3)

0.000000 au 0.072003 au 0.093215 au

Molecules aD aT (aT) aD aT (aT) aD aT (aT)

Benzene 35.37 35.87 35.77 37.35 37.89 37.75 38.86 39.44 39.27

Benzonitrile - - - - - - 67.85 - 68.29

Furan 20.52 20.97 20.90 21.41 21.90 21.79 22.09 22.62 22.47

Imidazole 22.24 - 22.63 23.23 - 23.62 23.98 - 24.37

Oxazole 19.50 19.77 19.88 20.32 20.63 20.70 20.95 21.28 21.34

Phenol - - - - - - - - -

Pyrazine 33.12 33.31 33.51 35.04 35.27 35.43 36.54 36.82 36.94

Pyridazine 31.52 31.68 31.92 32.93 33.11 33.32 33.89 34.07 34.29

Pyridine 33.80 - 34.19 35.63 - 36.03 37.05 - 37.45

Pyrimidine 31.17 31.30 31.56 32.64 32.79 33.04 33.72 33.88 34.12

Pyrrole 22.99 23.56 23.37 23.99 24.62 24.38 24.75 25.43 25.14

Phosphole 32.93 33.64 33.32 35.37 36.20 35.77 37.47 38.41 37.87

Thiazole 27.95 28.22 28.34 29.66 29.66 30.05 30.46 30.77 30.85

Thiophene 29.45 29.81 29.85 31.07 31.45 31.46 32.32 32.73 32.72
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To no surprise, CCSD is the best method at reproducing the CC3 values. What is maybe more surprising, is how close SOPPA(CCSD) is per-

forming to CCSD for the static anisotropies. For the isotropic polarizabilities [27], SOPPA(CCSD) was also found to be the method performing

closest to CCSD, and CCSD performing closest to CC3, but what is noteworthy here, is how close SOPPA(CCSD) and CCSD are performing.

TABLE 4 Anisotropic polarizability
with all off-diagonal elements of the
polarizability tensor, Δα, the anisotropic
polarizability without the off-diagonal
elements, no off-diagonal elements
(NOE), and the deviations between the
two, Dev

0.000000 au 0.072003 au 0.093215 au

Δα NOE Dev. Δα NOE Dev. Δα NOE Dev.

aug-cc-pVTZ

Imidazole 23.92 23.89 0.03 25.18 25.13 0.05 26.16 26.09 0.07

Oxazole 21.16 21.04 0.12 22.25 22.09 0.17 23.10 22.90 0.20

Phenol 45.80 45.74 0.06 49.33 49.27 0.06 52.20 52.14 0.06

Thiazole 30.74 30.73 0.01 32.71 32.71 0.00 34.28 34.28 0.00

Sadlej-pVTZ

Imidazole 23.87 23.85 0.03 25.11 25.06 0.05 26.07 26.00 0.07

Oxazole 21.23 21.10 0.12 22.29 22.12 0.16 23.11 22.91 0.20

Phenol 45.76 45.70 0.06 49.25 49.19 0.06 52.09 52.04 0.06

Thiazole 30.80 30.79 0.00 32.74 32.74 0.00 34.27 34.27 0.00

Note: The anisotropic polarizabilities are calculated with the SOPPA model with the basis sets aug-cc-

pVTS and Sadlej-pVTZ.

F IGURE 2 Deviations from CC3—static anisotropic polarizabilities—(CC2) and (CCSD) are the SOPPA(CC2) and SOPPA(CCSD) models

F IGURE 3 Deviations from CC3—Static anisotropic polarizabilities—The five closest performing models to CC3
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CCSD scales as N6 whereas the calculation of the response functions at the SOPPA(CCSD) level scales as N5 and only the calculation of the

wave-function amplitudes scales as N6. This makes SOPPA(CCSD) often considerably faster in CPU time than CCSD, at least for reasonably sized

molecules. SOPPA(CCSD) could thus be an ample alternative to CCSD. HRPA(D) is also very close and its SD is actually smaller than for

SOPPA(CCSD). However, its absolute mean deviation is slightly higher than for SOPPA(CCSD) thus further from CCSD. HRPA(D) scales at max as

N5 and is thus even faster than SOPPA(CCSD) and CCSD. It could thus also be considered as an alternative faster method which still performs

with somewhat similar precision.

Now coming to the dynamic anisotropic polarizabilities, the performance of the methods compared to CC3 can be seen in Figure 4. The spe-

cific values of the deviations can also be found in Table 5. It is hard to say much more from the figure itself than that HRPA is again performing

much worse than any of the other methods and CCSD is the best performing method compared to CC3.

Again taking a closer look at the five best performing methods in Figure 5, it is seen that it is the same five methods as for the static case.

However, for the dynamic anisotropic polarizabilities, it becomes a bit harder to point out the best performing method, aside from CCSD.

SOPPA(CCSD) still has the lowest mean and absolute mean deviations but its SD is somewhat higher than for RPA, whereas RPA's absolute mean

deviation is not that much greater than for SOPPA(CCSD), meaning that although SOPPA(CCSD) performs closer to CC3, RPA is more consistent.

RPA also possesses the advantage that it only scales as N4, thus it is a substantially faster method, hence it could be applied to much larger mole-

cules. For the dynamic isotropic polarizabilities [28] RPA was found to perform modestly better than HRPA(D), which is also the case in this

study.

Another finding, which appears to be in conflict with intuition, is the relatively poor performance of SOPPA and even worse of CC2.

Both are second order methods, hence having second order terms and are thus expected to perform better than first order methods as

RPA. However, it is here seen for both the static and dynamic case that SOPPA and CC2 apart from HRPA are the methods with the

highest deviations from CC3, with SOPPA performing slightly better than CC2. This was also the case in the previous study of isotropic

TABLE 5 Mean deviations, MD,
absolute mean deviations, AMD, and
standard deviations, StdDev, for static
and dynamic anisotropic polarizabilities
(in au) of all methods with respect to the
CC3/aug-cc-pVTZ or CC3/Sadlej-pVTZ

Static Dynamic

Methods MD AMD StdDev MD AMD StdDev

RPA −1.64 1.64 0.58 −1.56 1.71 0.94

RPA(D) 1.49 1.49 0.79 1.97 1.97 1.10

HRPA −9.31 9.31 3.77 −11.14 11.14 4.66

HRPA(D) −0.75 0.75 0.69 −1.74 1.74 1.29

SOPPA 2.36 2.36 0.94 3.17 3.17 1.46

SOPPA(CC2) 1.88 1.88 0.71 2.59 2.59 1.15

SOPPA(CCSD) 0.56 0.57 0.44 1.53 1.53 1.16

CC2 3.05 3.05 0.84 3.31 3.31 0.97

CCSD 0.35 0.36 0.24 0.25 0.31 0.27

F IGURE 4 Deviations from CC3—Dynamic anisotropic polarizabilities at frequencies: 0.072003 au and 0.093215 au—(CC2) and (CCSD) are
the SOPPA(CC2) and SOPPA(CCSD) models

8 of 11 JØRGENSEN AND SAUER



polarizabilities [28]. Perhaps it should actually not be a question of why SOPPA and CC2 perform so relatively poor but why RPA performs

so good.

An explanation could be made from the energy-weighted sum rule, known as the Thomas–Reich–Kuhn sum rule [1]. With a relatively

small spectral region, such a sum rule can function as a direct estimate of a response property such as polarizability. Of the methods applied

in this study only RPA truly fulfills this sum rule and methods like SOPPA and CC2 does not, as discussed in more detail in the previous

study [28].

Overall, it is clear that for both static and dynamic anisotropic polarizabilities, CCSD is the best method for reproducing CC3 values. For the

static case, SOPPA(CCSD) performed sufficiently close to CCSD to be an adequate alternative. HRPA(D) is also worth noticing here, as it does

come close to SOPPA(CCSD) and CCSD but is a less demanding method than both of the others. For the dynamic case it got a bit more compli-

cated, as no method was both least deviating and most consistent. SOPPA(CCSD) is again performing the closest to CCSD and CC3 but RPA is

more consistent and has only a slight loss in precision compared to SOPPA(CCSD). Also RPA is a far more simple model which gives it a huge

advantage for calculations on larger systems.

Although we trust the efficiency of the few Sadlej-pVTZ reference values used in this benchmark, they are undoubtedly not the same as the

aug-cc-pVTZ/CC3 values. Therefore a quick comparison of the methods is being made in the following, leaving out the molecules for which we

do not have a aug-cc-pVTZ/CC3 reference value: benzonitrile, imidazole, phenol and pyridine. The mean deviations, absolute mean deviations

and SDs from the aug-cc-pVTZ/CC3 reference values for all the methods can be found in Table 6. It is seen that the performance of the methods

compared to each other is the same as when including the Sadlej-reference values, which validates our choice of using Sadlej's/CC3 values for

the few cases of missing aug-cc-pVTZ values. However, the deviations are all seen to increase slightly. This could be a consequence of the statisti-

cally obtained references values for those four molecules, yet it could also simply be due to the test set of molecules now being 29% smaller. In

any case, our conclusions remain unchanged.

F IGURE 5 Deviations from CC3—Dynamic anisotropic polarizabilities at frequencies: 0.072003 au and 0.093215 au—The five closest
performing models to CC3

TABLE 6 Mean deviations, MD,
absolute mean deviations, AMD, and
standard deviations, StdDev, for static
and dynamic anisotropic polarizabilities
(in au) of all methods with respect to the
CC3/aT

Static Dynamic

Methods MD AMD StdDev MD AMD StdDev

RPA −1.52 1.52 0.47 −1.61 1.61 0.59

RPA(D) 1.32 1.32 0.65 1.71 1.71 0.88

HRPA −8.13 −8.13 1.84 −9.69 9.69 2.37

HRPA(D) −0.52 0.52 0.28 −1.35 1.35 0.69

SOPPA 2.09 2.09 0.57 2.72 2.72 0.83

SOPPA(CC2) 1.69 1.69 0.53 2.26 2.26 0.74

SOPPA(CCSD) 0.44 0.46 0.33 1.21 1.21 0.77

CC2 2.82 2.82 0.64 3.02 3.02 0.71

CCSD 0.38 0.38 0.22 0.29 0.31 0.21
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4 | CONCLUSIONS

Having tested the same molecules, methods and basis sets for anisotropic polarizabilities as for the previously studied isotropic polarizabilities [27, 28],

it is now possible to see the influence of the anisotropy of the polarizability. Firstly, the benchmark study revealed more or less the same trends as for

the isotropic polarizabilities. For static and dynamic anisotropic polarizabilities there is not found any significant gain in precision by using the larger

aug-cc-pVQZ basis set instead of the aug-cc-pVTZ basis set at the SOPPA level. Similarly, it is unnecessary to add more sets of diffuse functions to

the aug-cc-pVTZ basis set. In contrary to the study on isotropic polarizabilities, Sadlej's basis set leads to results closer to the results of the aug-cc-

pVTZ basis set than the smaller aug-cc-pVDZ basis set does. However, both these two smaller basis sets will lead to a small loss in accuracy if used

instead of the aug-cc-pVTZ. In general, the dynamic anisotropic polarizabilities seem a bit more dependent on the choice of basis set than the dynamic

isotropic polarizabilities, although only slightly. As in our previous study on the isotropic polarizabilities [28], Sadlej's polarized triple zeta basis set is

found to perform worse in comparison with aug-cc-pVTZ for the lower level methods RPA, HRPA, RPA(D) and HRPA(D) methods. On the other hand,

for the CC3 reference values, Sadlej's basis set was found to yield results closer to the aug-cc-pVTZ results than the aug-cc-pVDZ basis set did.

The benchmarking of the methods with the CC3 reference values revealed similar performances of the methods for the polarizability anisot-

ropies as previously found for the isotropic polarizabilities. HRPA yields both for the static and dynamic case results incomparably with any other

method but adding the doubles corrections to this method significantly improves its performance. The five best performing methods for both static

and dynamic anisotropic polarizabilities were: RPA, RPA(D), HRPA(D), SOPPA(CCSD) and not surprisingly CCSD. For the static case it is remarkable

how closely SOPPA(CCSD) and CCSD perform, making the less demanding SOPPA(CCSD) method a valuable alternative to CCSD. The HRPA(D)

method is a considerably cheaper method than those two, but nevertheless yields results, which are only slightly more deviating from the CC3

results. For the dynamic anisotropic polarizabilities, the CCSD performs considerably better than the other methods. The RPA, RPA(D), HRPA(D) and

SOPPA methods all perform very similarly, making RPA a powerful tool as it only scales N4 and thus can be applied to significantly larger systems.

Finally, one should comment, that the present study considered only aromatic molecules. It would therefore be of great interest to compare

the RPA method to SOPPA, HRPA(D), CCSD and CC3 also for other non-aromatic molecules in order to see if the tendencies observed here will

remain true.
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