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A random matrix model for lattice QCD which takes into account the positive definite nature of the
Wilson term is introduced. The corresponding effective theory for fixed index of the Wilson Dirac operator
is derived to next to leading order. It reveals a new term proportional to the topological index of the Wilson
Dirac operator and the lattice spacing. The new term appears naturally in a fixed index spurion analysis.
The spurion approach reveals that the term is the first in a new family of such terms and that equivalent
terms are relevant for the effective theory of continuum QCD.
DOI: 10.1103/PhysRevD.103.014501

I. INTRODUCTION
The duality between random matrix theory (RMT) and
low energy effective field theory (EFT) has revealed a
plethora of insights in physical systems as diverse as
quantum chromodynamics (QCD) [1,2] and topological
solid state systems which realize Majorana fermions [3].
Most results obtained address average spectral properties of
a central operator for the system in question, such as the
Hamiltonian or the Dirac operator, but also universal
parametric correlations can be obtained from RMT and
EFT [4–9]. The duality between the two approaches is
highly valuable as some questions may be technically
easier to address in one of the two frameworks. In addition
some questions only have a natural formulation in one
approach. One example of this is the effect of the
Hermiticity properties of the operator in question: In the
RMT formulation the Hermiticity properties are obvious
since the operator is directly present; on the contrary, in the
EFT approach these properties are hidden in the low energy
constants (LEC) [10]. In this work we investigate how the
positive definite nature of an operator explicitly appearing
in RMT affects the dual EFT. Remarkably this will allow us
to extend the duality and show that random matrix theory
can be used to discover new terms in the low energy
effective theory. The new terms found are intimately linked
to the topological properties of the theory and appear in the
effective action for fixed topology. Studies of effective
actions with fixed topology are of great value [11] and may
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for example be used to determine the LECs of the effective
theory [12].
The physical realization we study here is lattice regularized QCD. In particular, we focus on the Wilson term
[13] which is essential in order to remove the Fermionic
doublers from lattice QCD; see e.g., [14]. The Wilson term
is a covariant Laplacian [13] and thus positive definite [15],
see the Appendix A. The explicit symmetry breaking of the
Wilson term is well understood in EFT [16–18]; however,
the effect of the positive definite nature of the Wilson term
on the EFT is studied here for the first time. We will
introduce a new random matrix model (RMM),1 which
takes into account the fact that the Wilson term is positive
definite. A general method to derive the next to leading
order terms in the EFT from the RMM is then developed
and used. The resulting EFT uncovers a new term in the
effective action for fixed topology. The term which is linear
in the lattice spacing and the topological index is similar to
an axial mass term. We show that the new term appears
naturally from a fixed ν spurion analysis and that it is the
first in a family of such new terms.
We use the EFT to explain why an order a-improvement
of lattice actions does not only move the Dirac eigenvalues
closer to the origin but at the same time also decreases the
width of the distributions, as was observed in lattice QCD
simulations [19].
Finally we consider continuum QCD. We use the fixed ν
spurion approach to show that new terms also appear in the
effective action for continuum QCD at fixed topology. We
show that the new terms are fully consistent with the

1

We use the abbreviation RMT when referring to the general
topic of random matrix theory and RMM when referring to a
specific random matrix model.
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effective theory at fixed θ-angle [20], despite that there are
no new terms in this action.
Longer derivations are given in the Appendixes along
with a discussion of the axial anomaly at nonzero lattice
spacing.
II. THE NEW MATRIX MODEL
The new RMM with a positive definite analogue of the
Wilson term is defined as (the parameter a > 0 is the
analogue of the lattice spacing)
Z
Zν ¼ dWdAdBPðA; B; WÞ detðDW þ MÞ;




MR
aA
W
0
:
ð1Þ
DW ¼
;
M¼
−W † aB
0 ML
The matrix DW is the RMT analogue of the Wilson Dirac
operator and the diagonal term proportional to a corresponds to the Wilson term. In order to take into account the
positive definite nature of the Wilson term, the diagonal
terms are positive definite Hermitian matrices A ∈
Hermþ ðN R Þ and B ∈ Hermþ ðN L Þ. We are using a chiral
basis and the integers N R and N L indicate the number of
right- and left-handed states. As in the original chiral
random matrix theory [1] the matrix W is complex,
W ∈ CN R ×N L . The matrix structure ensures that the partition function has fixed index ν of the Dirac operator
X
ν ≡ NL − NR ¼
hψ j jγ 5 jψ j i;
ð2Þ
j

where jψ j i are the eigenvectors of DW .
The matrices are chosen to be distributed along
PðA; B; WÞ ∝ detνA AdetνB Be−ðN L þN R Þ=2ðTrW

† WþTrAþTrBÞ
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symmetry and will combine into two LECs in the EFT.
Finally, the fermion masses are M R , ML ∈ CN f ×N f .
The RMM introduced above reduces to the original
RMM for continuum QCD [1] in the limit a ¼ 0. In this
limit A and B drops out of the Wilson Dirac operator and
the partition function factors into an integral over W, which
equals the partition function of the original a ¼ 0 RMM,
and an integral over A and B which is equal to 1. Note that
contrary to the RMM for a ≠ 0 introduced in [22] it is not
possible to absorb the sign of a into the random matrix it is
multiplied by, and as we show below this introduces odd
terms in a in the effective theory.
This RMM is invariant under parity which interchanges
N L ↔ N R (i.e., ν → −ν) and νA ↔ νB . Note that though
parity changes the sizes of W, A and B the overall size,
N ≡ NL þ NR;

of DW is fixed. Additionally νA − νB is odd under this
transformation while νA þ νB is even. We introduce wt and
wM such that νA − νB ¼ wt ν þ ν and νA þ νB ¼ wM ≥ 0,
and as we show below wt and wM are the natural
combinations which become LECs in the dual EFT.
III. THE EFFECTIVE THEORY AT FIXED ν
The dual EFT is obtained from the RMM in two steps
(for a detailed derivation see Appendix B). The first step is
exact. We express the determinants as an integral over
Fermionic variables ΨðR=LÞ and then average over A, B and
W. After using the superbosonization formula [23] to
exchange the dyadic matrices ΨðR=LÞ† ΨðR=LÞ with the
unitary matrices U ðR=LÞ , we obtain

:
ð3Þ

ν

Z ∼

This weight is not constrained by chiral symmetry and the
Gaussian form is chosen for simplicity. As the spurion
argument in Sec. IV below shows, the new term in the
corresponding EFT is determined by the chiral symmetries
of the DW rather than by the weight. The positive definite
matrices A and B model the Wilson term and the exponents
νA , νB ≥ 0 allow for a variation of the level repulsion in the
spectra of A and B.2 These exponents are not constrained by
Equivalently for integer νA (or νB ) we could have modeled the
level repulsion by writing A (or B) as A ¼ X † X with X ∈
†
CðN R þνA Þ×N R distributed as PðXÞ ∝ e−ðN L þN R Þ=2TrX X , which exactly corresponds to A distributed as PðAÞ ∝ detνA Ae−ðN L þN R Þ=2TrA
[21]. Thus by writing the repulsion as determinants we generalize to
νA and νB real and positive. We would like to emphasize that the
dyadic structure X † X mimics the structure of the Wilson term, see
Appendix A.
2

ð4Þ

Z
½UðN f Þ2

dμðUR ÞdμðUL Þdet−N R UR det−N L UL

× detνA þN R ð1N f þ aU R ÞdetνB þN L ð1N f þ aUL Þ


N þ NL
ðTrUR UL þ TrðM R UR þ ML UL ÞÞ ;
× exp R
2
ð5Þ
where the integration is over the normalized Haar measure.
pﬃﬃﬃ
In the second step we define the counting a ∼ m ∼ 1= n,
where we introduced n with N R ¼ n and N L p
¼ﬃﬃﬃﬃﬃﬃ
n þ ν to
simplify the notation. We then substitute U R ¼ Ua U and
pﬃﬃﬃﬃﬃﬃ
UL ¼ U−1 U a , expand the massive modes like Ua ¼
pﬃﬃﬃ
pﬃﬃﬃ
expðiH= nÞ ¼ 1 þ iH= p
n ﬃﬃﬃ− H2 =ð2nÞ þ    and keep
all terms up to order 1= n. Finally, we integrate over
pﬃﬃﬃ
the Hermitian matrix H and get the EFT up to order 1= n,
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Zν

Z
¼

UðN f Þ

ðaÞ

dμðUÞdetν UeðN=2þN f =8ÞTrðUMR
ðaÞ

× eðN=192ÞTrðUMR
3

× eðNa =6ÞTrðU

ðaÞ

3
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ðaÞ

ðaÞ

ðaÞ

þM L U−1 Þ−ðNa2 =4ÞTrðU 2 þU −2 Þ−ðN=16ÞTrðUMR þML U −1 Þ
ðaÞ

2

ðaÞ

þML U −1 Þ þðNa2 =8ÞTrðUMR þML U −1 ÞðU 2 þU −2 Þ

3 þU −3 Þþðw νa=2ÞTrðU−U −1 Þ
t

ð6Þ

:

ðaÞ

Note that the shifted mass matrix MR=L ¼ M R=L þ a þ
wm a=N results naturally from the positivity of the Wilson
term.
While the Gaussian form of the weight (3) makes this
direct computation possible, we stress the Gaussian form is
not essential for the terms in the EFT. Likewise, the values
of the exponents νA and νB are not important for the terms
generated in (6), even if the determinant factors are omitted
νA ¼ νB ¼ 0, we obtain the same terms in the EFT (with
wt ¼ −1). A general νA and νB , however, generates the free
LEC wt . For a detailed discussion of this universality in the
context of RMT at a ¼ 0 see [24].
A word on the counting before we proceed: We here
make use of the p-regime counting for m and derivative
terms therefore also enter at the leading orders in the EFT.
Since it is zero dimensional the RMM does not generate
dynamical terms. However, the virtue of the RMT approach
used here is that we can explicitly derive the corresponding
EFT from the RMM and in this way obtain terms in the
EFT that may have been overlooked in the standard
approach to EFT.
IV. THE NEW TERM IN THE EFT
AND SPURION ANALYSIS AT FIXED ν
All terms apart from the last in the effective action of (6)
also appear in [16–18] and this allows us to identify N as
the dimensionless volume where the dimension is set by a
LEC multiplying each term in the effective action.
However, the last term in (6)
a
wt ν TrðU − U −1 Þ
2

ð7Þ

has not appeared previously. Note that this new term takes
the form of an axial mass proportional to νa.
Let us try to understand why the new term has not
appeared in effective actions previously. From the RMT
side the term could not be generated by the model of [22]
since this by construction was even in a. From the EFT side
[16–18], one writes down the most general effective
action consistent with the symmetries order by order in
a of the Symanzik action at fixed θ-angle. However, one
discards all terms that are total derivatives [25,26]. Here, we
consider the theory in a sector with fixed index of the Dirac
operator, therefore in the associated continuum expansion
the topological density, which is a total derivative, will

integrate to ν. Including the total derivatives associated with
the fixed topology opens for possible new terms in the
Symanzik expansion, which in turn gives rise to new terms
in the effective theory. As we now show the new term,
wt νaTrðU − U−1 Þ=2, has just the right structure from a
spurion perspective.
On this end we now extend the standard spurion
approach to fixed ν and show that the new term, (7), arises
naturally in this fixed ν spurion analysis. The basic rules for
a fixed ν spurion analysis are the same as used for the fixed
θ ¼ 0 spurion analysis in [16–18]: First, since the explicit
breaking of chiral symmetry by the Wilson term at leading
order in a can be restored, provided that we spurion
transform a → gR ag†L , the lattice spacing can enter the
effective action only through invariant combinations such
as TrðaU † Þ and Trða UÞ. Second, the effective action must
be invariant under parity which interchanges U ↔ U† . In
addition in the fixed ν spurion analysis we must take into
account that volume splits into a parity even part N L þ N R
and a parity odd part ν ¼ N L − N R . Hence we naturally
have the invariant combinations ðN L þN R ÞTrða U þaU † Þ
and νTrða U − aU† Þ to leading order in a. From a spurion
perspective at fixed ν the new term found is therefore
as natural as the ordinary linear term in a. Of course
since typically N L þ N R ≫ jN L − N R j the new term is of
higher order.
V. THE EFFECTIVE THEORY AT FIXED θ
In order to check that the EFT with the new term is
physically consistent with the standard EFT at fixed θ, we
now derive the partition function at fixed vacuum angle θ.
From the spurion approach no new terms are expected in
Zθ , since for fixed θ the volume does not split naturally in a
parity even and odd part. As we now show by explicitly
deriving Zθ this is indeed the case.
We use the relation
Zθ ðm; aÞ ≡

∞
X

eiνθ Zν ðm; aÞ

ð8Þ

ν¼−∞

to define the partition function at fixed θ for nonzero a.
Note that despite the new term proportional to ν in the EFT,
we still have Zν ¼ Z−ν , and thus Zθ ¼ Z−θ . For notational
simplicity we set N f ¼ 1 where U ¼ eiθ̃ and set the mass
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θ̃ ¼ −θ þ wt a sinðθÞ − w2t a2 sinð2θÞ=2 þ Oða3 Þ:

ðaÞ

matrix to ma ≡ MR ¼ M L ¼ m þ a þ wm a=N ∈ R,
meaning without axial mass source term. The sum over
ν in (8) imposes the constraint θ þ θ̃ þ wt a sinðθ̃Þ ¼ 0
which when expanded in a yields

ð9Þ

We p
thus
ﬃﬃﬃ obtain for the partition function up to
Oð1= nÞ

Zθ ¼ exp ½ðNma þ ma =4 þ wt aÞ cosðθÞ − Na2 =2 cosð2θÞ þ wt Nma asin2 ðθÞ − Nm2a =4cos2 ðθÞ
× exp ½Nm3a =24cos3 ðθÞ − wt Nm2a a=2 cosðθÞsin2 ðθÞ
× exp ½Na2 ma =2ðcosðθÞ cosð2θÞ þ wt sinðθÞ sinð2θÞ − w2t cosðθÞsin2 ðθÞÞ
× exp ½Na3 =3ðcosð3θÞ − 3wt sinð2θÞ sinðθÞÞ:
Despite the new term at fixed ν, the partition function at
fixed θ has no new terms. Zθ is, as it should be, perfectly
consistent with the standard spurion approach where the
volume does not split into a parity even and odd part.
The effective theory with fixed θ just obtained allows us
to compute the topological susceptibility
hν2 i

¼

−∂ 2θ

logðZθ Þjθ¼0 ¼ Nma þ Oð1Þ:

Zν ðmÞ ¼

1
2π

Z

VI. TWO EQUIVALENT FORMULATIONS
It is of course possible also to go back to the partition
function Zν we started from using [11]

Zν ðmÞ ¼

ð11Þ

pﬃﬃﬃﬃ
Therefore, we have hν2 i ∼ N in the counting considered,
and hence the new term is in fact typically enhanced by a
factor N 1=4.

ð10Þ

1
2π

Z

π

−π

dθe−iνθ Zθ ðmÞ:

ð12Þ

If we insert Zθ from (10) we have a formulation of Zν which
contains only standard terms

π

dθe−iνθ exp½−a cosðθÞ
−π



3 2
2
2
× exp Nðm þ aÞ cosðθÞ þ asin ðθÞ − a cosðθÞsin ðθÞ
2


2
Na
× exp −
ðcosð2θÞ þ 2a sinðθÞ sinð2θÞÞ
2


N
N
2
2
2
3
3
× exp − ðm þ aÞ ðcos ðθÞ þ 2a cosðθÞsin ðθÞÞ þ ðm þ aÞ cos ðθÞ
4
24
 2

3
Na
Na
× exp
ðm þ aÞ cosðθÞ cosð2θÞ þ
cosð3θÞ
2
3


a
× exp cosðθÞ :
4

However, when we shift the integration variable
θ ¼ θ0 þ a sinðθ0 Þ;

ð14Þ

and expand in a we recover the expression (6) for Zν we
started from. Note that the Jacobian
∂θ
¼ 1 þ a cosðθ0 Þ ∼ exp ½a cosðθ0 Þ
∂θ0

ð15Þ

ð13Þ

cancels the factor from the δ-function. The conclusion is
remarkable: Zν has two formulations at the given order, one
including only standard terms and one including the new
term.
The two partition functions (6) and (13) are equal at the
given order. This is similar to asymptotic expansions which
may have different and yet equivalent expressions to a
given order [27]. The different formulations may be useful
for example when determining the low energy constants of
the EFT.
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VII. APPLICATION OF THE EFT
The EFT (6) may be used to derive properties of the real
eigenvalues λk of the original Wilson Dirac operator. For
example, we may get the distribution of the chiralities over
the real eigenvalues of the Wilson Dirac operator [9]
X

ρχ ðλÞ ≡
δðλ − λk Þsignhψ k jγ 5 jψ k i ;
ð16Þ
k

through the relation [9]
1
ρχ ðλÞ ¼ Im½Σðm ¼ −λÞ;
π
where the Green function of DW is


1
:
ΣðmÞ ≡ Tr
DW þ m

ð17Þ

ð18Þ

Hence we compute ρχ from the EFT by the supersymmetry
technique; see [9] for details on this method. For simplicity,
we consider the quenched case employing the relation
ΣðmÞ ¼ lim
∂ m log Z1j1 ðmjm0 Þ;
0
m →m

ð19Þ

where the quenched partition function, Z1j1 , comprises a
single valence fermion and boson and is given by a
supersymmetric integral. We now show that the overall
structure of the calculation motivates the counting and
allows us to understand the effect of order a improvement
on the real modes of DW . The details of the computations
are described in Appendix C.
pﬃﬃﬃ
The counting a ∼ m ∼ 1= n employed here is relevant
as the positive definite order a term will move the real
eigenvalues of the Wilson Dirac operator from the origin to
values of order a. Hence, the Fermion mass m, which in the
quenched supersymmetric partition function becomes the
eigenvalue, cf. (17), must be of the same order. Otherwise
the resulting eigenvalue density will only probe regions
where no eigenvalues appear. Order a improvement of the
lattice action will primarily reduce the LEC of the order a
term in the EFT action [28] and thus correspondingly the
magnitude of the eigenvalue. If the order a improvement is
so accurate that the p
LEC
ﬃﬃﬃ of the order a term in the EFT
becomes of order 1= n, then the relevant counting for the
eigenvalues and hence quark mass in the quenched supersymmetric partition function becomes m ∼ 1=n. Thus
accurate order a improvement will connect back
pﬃﬃﬃto the
standard ϵ-counting where m ∼ 1=n and a ∼ 1= n. The
EFT derived here, in this way, allow us to monitor the effect
of the order a improvement.
A simple example of this is as follows: Order
a-improvement of the Wilson Dirac operator naturally
moves the eigenvalues of the Wilson Dirac operator closer
to the origin, since the order a-term acts as a mass.
Surprisingly, however, as observed in [19] the distribution

FIG. 1. The distribution of the chiralities over the real eigenvalues of the Wilson Dirac operator, ρχ ðλÞ defined in Eq. (16). As
the LEC of the leading order a-term is reduced (as for order
a-improvement), the distribution not only moves toward the
origin it also becomes more narrow. Compare to the lattice QCD
data of Fig. 1 in the second entry of [19]. The dotted curves
display the effect of the new term obtained by subtracting from
the full result the result without
the new term. The parameters are
pﬃﬃﬃ
ν ¼ 2, n ¼ 100, a ¼ 1= n, wt ¼ 1 and wm ¼ 0. For the unimproved curve the LEC of the leading order term in a is enhanced
by a factor 5.

of the real eigenvalues also becomes narrower when the
Wilson Dirac operator is order a-improved. The action of
(6) offers a natural explanation: The width of the distribupﬃﬃﬃ
tion of the real modes comes from the order 1 and 1= n
terms in the action which, we note, includes m. As the
action is order a improved, the relevant eigenvalue and
hence the relevant m used in the supersymmetric method
pﬃﬃﬃ
decreases. This in turn suppresses the order 1 and 1= n
terms resulting in a narrower (and hence more continuumlike) distribution of the real modes of the Wilson Dirac
operator; see Fig. 1 where the effect of the new term is also
explicitly shown.
An other example of how the EFT can be applied is given
in Appendix D, where we show that it can be used to
analyze the spectral contributions to the axial anomaly.
VIII. THE EFFECTIVE THEORY
OF CONTINUUM QCD
It is natural to ask if the new term, (7), is special to the
effective theory for lattice QCD or whether it is also
relevant in the effective theory for continuum QCD [20]
at fixed ν [11]. To answer this let us consider the fixed ν
spurion analysis in the continuum. Since ν is fixed the
volume again splits into a parity even and a parity
odd part, and thus it is as natural to have a new term
νTrðm U − mU† Þ in the effective action as it is to have the
usual mass term ðN L þ N R ÞTrðm U þ mU† Þ.
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We now show how the new term νTrðm U − mU† Þ appears in the effective action at fixed ν even if we start from an
effective theory at fixed θ which only includes standard terms. To simplify we neglect all terms except the mass and the L7
term of [20]. We make use the relation Zθ ðmÞ ¼ Zθ¼0 ðmeiθ=N f Þ [11] and start from


1
†
†
−iθ=N
iθ=N
2
2
2
−iθ=N
iθ=N
f
f
f
f
dμðŨÞexp VΣmTrðe
Zθ ðmÞ ∼
Ũ þ e
Ũ Þ − 4Vm B0 L7 Tr ðe
Ũ − e
Ũ Þ ;
2
SUðN f Þ
Z

ð20Þ

with B0 ¼ FΣ2 [20]. We now integrate as in (12)
π

1
Z ðmÞ ∼
2π
ν

Z

π

−π

Z

−iνθ

dθe

SUðN f Þ

dμðŨÞ


1
†
†
−iθ=N
iθ=N
2
2
2
−iθ=N
iθ=N
f
f
f
f
× exp VΣmTrðe
Ũ þ e
Ũ Þ − 4Vm B0 L7 Tr ðe
Ũ − e
Ũ Þ :
2


ð21Þ

In this form Zν is expressed using standard terms. However, we can shift the integration variable
x
0
0
θ ¼ θ0 þ i Trðe−iθ =N f Ũ − eiθ =N f Ũ † Þ;
2

ð22Þ

pﬃﬃﬃﬃ
and choose x ¼ 16mN f B20 L7 =Σ ∼ 1= V , such that the contribution from the standard mass term is canceled. With this
change of variables we obtain
Zν ðmÞ ∼

1
2π

Z

π

−π

dθ0 e−iνθ

0

Z
SUðN f Þ

dμðŨÞ


8mB20 L7
1
0
0
0
0
Trðe−iθ =N f Ũ þ eiθ =N f Ũ† Þ þ VΣmTrðe−iθ =N f Ũ þ eiθ =N f Ũ† Þ
2
Σ


2
16N f B0 L7
0 =N
0 =N
†
−iθ
iθ
f Ũ − e
f Ũ Þ :
× exp νm
Trðe
Σ


× exp

ð23Þ

(The first term in the second line is the Jacobian.) After the
integration over θ0 and Ũ the partition function in the standard
representation, (21), is equal to the partition function with the
new term, (23), to the order we work at. Again the different
formulations are similar to how asymptotic series may have
different but equivalent expressions [27].
The LEC of the new term is proportional to L7 which
according to best fits [29] is nonzero. We therefore
conclude that new term is relevant for the effective action
for continuum QCD at fixed topology. The new equivalent
formulation of the EFT can perhaps be useful in determining the low energy constant L7 . In particular we stress that
in the new formulation (23) the squared trace in (21) is
changed for terms linear in the Goldstone field.
FIG. 2. The eigenvalue density ρ5 ðλ5 Þ (blue solid), the distribution of the chiralities ρ5;χ ðλ5 Þ (red dashed) and the symmetrized
pﬃﬃﬃ
ðsÞ
version ρ5;χ ðλ5 Þ (black dotted), for m ¼ 0, a ¼ 0.1= n, n ¼ 100,
ðsÞ

wt ¼ 1, wm ¼ 0 and ν ¼ 2. Note that ρ5;χ ðλ5 Þ is fully dominated
by the near topological modes.

IX. GENERALIZATIONS
The fixed ν spurion analysis allows us to identify a
family of new terms in the effective action at fixed
topology. All we need to ensure is that the action must
respect parity and that volumes N L þ N R and N L − N R
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must only enter to first power such that the action is
extensive. For example νTrðm U − mU† ÞTrðm U þ mU† Þ
is a perfectly valid higher order term in the continuum
effective action at fixed topology.
Related we may ask if the shift of variable as in (14) and
(22) is unique or if there are other possibilities. On this end
we note that the shift of variable (22) is Hermitian, respects
the standard spurion structure and is parity odd. Other shifts
are possible and as long as they respect this all new terms
generated automatically conserve the fixed ν spurion rules.
Finally we note that effective actions for QCD where
topology is directly linked to the Goldstone field has a long
history, see eg. [30], but we stress that the terms considered
here are of a different nature.
X. SUMMARY
Our analysis of a new RMM for lattice QCD with a
positive definite analogue of the Wilson term has revealed a
new term in effective actions at fixed topology. We have
extended spurion analysis to fixed topology and used this to
show that the term is the first in a new family of terms.
While the new terms were discovered in the context of the
EFT at nonzero lattice spacing we have shown that they are
relevant even for the effective theory of continuum QCD. In
particular, we have explicitly shown how the new terms at
fixed topology can arise starting from an effective action at
fixed θ including only standard terms. The effective theory
including the new term has been used to discuss the effect
of order a improvement as well as to obtain new insights in
the spectral contributions to the axial anomaly. Both of
these insights have been obtained by explicitly deriving the
relevant spectral correlation functions using the supersymmetric technique.
It would be most interesting to explore if the formulation
of the effective theory with the new term present can be
used to obtain better bounds on the physical parameters
4
hψ 1 j∇þ
μ ψ 2i ¼ a
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which appear as low energy constants in the effective
theory.
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APPENDIX A: PROPERTIES OF THE WILSON
DIRAC OPERATOR IN LATTICE QCD
For completeness this Appendix reviews some of the
properties of the Wilson Dirac operator following the
setup described in [15]. In 4 dimensional lattice QCD
we discretize the Euclidean spacetime with some lattice
spacing a such that we consider a lattice T ⊂ R4 . The
spinor fields ψðxÞ live on the lattice sites and take values in
C4 ⊗ CN c , where N c is the number of colors in the SUðN c Þ
gauge symmetry. We can further equip this space of spinor
function with an inner product
X
hψ 1 jψ 2 i ≡ a4 ψ 1 ðxÞ† ψ 2 ðxÞ:
ðA1Þ
x∈T

The gauge field resides on the bonds of the lattice as
parallel transporters U μ ðxÞ taking values in the gauge
group. In particular Uμ ðxÞ parallel transports a spinor from
x þ aeμ to x, where eμ is a unit vector in the μth direction.
This allows us to write covariant forward (backward)
difference operators
∇þ
μ ψðxÞ ¼ U μ ðxÞψðx þ aeμ Þ − ψðxÞ;
∇−μ ψðxÞ ¼ ψðxÞ − U μ ðx − aeμ Þ† ψðx − aeμ Þ:

ðA2Þ

We can then compute the Hermitian conjugate of ∇þ
μ with
respect to the inner product (A1)

X
ψ 1 ðxÞ† ðUμ ðxÞψ 2 ðx þ aeμ Þ − ψ 2 ðxÞÞ
x∈T

X
¼a
½ðUμ ðxÞ† ψ 1 ðxÞÞ† ψ 2 ðx þ aeμ Þ − ψ 1 ðxÞ† ψ 2 ðxÞ
4

x∈T

X
¼a
ðUμ ðx − aeμ Þ† ψ 1 ðx − aeμ Þ − ψ 1 ðxÞÞ† ψ 2 ðxÞ ¼ h−∇−μ ψ 1 jψ 2 i;
4

ðA3Þ

x∈T

where we shifted the sum in the last line. A similar
computation holds for ∇−μ and hence we have
∓
1
†
−
þ
ð∇
μ Þ ¼ −∇μ . This implies that ∇μ ¼ 2 ð∇μ þ ∇μ Þ is
anti-Hermitian ð∇μ Þ† ¼ −∇μ which further renders the
Dirac operator =
∇ ¼ γ μ ∇μ anti-Hermitian (in Euclidian
μ
signature γ are Hermitian). We can define the covariant
“Laplacian” Δ that occurs in the Wilson term
X
† þ
Δ≡
ð∇þ
ðA4Þ
μ Þ ∇μ ;

which is clearly Hermitian and semi positive-definite as
hψjΔψi ¼

X
þ
h∇þ
μ ψj∇μ ψi ≥ 0:

ðA5Þ

μ

Finally, we can state the full Wilson Dirac operator

μ
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DW ¼ γ

μ




1
a 1
Δ :
∇ þ
a μ
2 a2

ðA6Þ
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APPENDIX B: FROM RMM TO EFT
In this Appendix we give details on how to derive the EFT from the RMM. As above we consider the random matrix
model defined in Eq. (1) and first rewrite the determinant as fermionic Gauss integral
Z

Zν ∝

dWdAdBdΨdetνA AdetνB B exp ½−ðn þ ν=2ÞðTrWW † þ TrA þ TrBÞ
†

†

†

†

× exp ½TrðMR ΨðRÞ ΨðRÞ þ ML ΨðLÞ ΨðLÞ Þ − aTrAΨðRÞ ΨðRÞ − aTrBΨðLÞ ΨðLÞ 
†

†

× exp ½−TrWΨðLÞ ΨðRÞ þ TrWΨðRÞ ΨðLÞ ;

ðB1Þ

ðRÞ

where ΨðR=LÞ has indices in both flavor and “RMT” space i.e., Ψif with i ¼ 1; …; n and f ¼ 1; …; N f . Further we write
†
†
ðLÞ ðRÞ
ðLÞ ðRÞ
ΨðLÞ ΨðRÞ as shorthand for Ψif Ψjf and ΨðLÞ ΨðRÞ for Ψif Ψig . One can now show through series expansion that
†

†

detð1n þ ΨðRÞ ΨðRÞ Þ ¼ det−1 ð1N f þ ΨðRÞ ΨðRÞ Þ, where the inverse is due to the anticommutative nature of the Ψs. We can
R
then solve the integrals over A and B using Hermþ ðnÞ dA detν Ae−TrAC ∝ det−ν−n C and the W-integral using standard
Gaussian integrals
Z

ν

†

†

dΨdet−νA −n ½ðn þ ν=2Þ1 þ aΨðRÞ ΨðRÞ det−νB −n−ν ½ðn þ ν=2Þ1 þ aΨðLÞ ΨðLÞ 


1
ðLÞ ðRÞ† ðRÞ ðLÞ†
ðRÞ† ðRÞ
ðLÞ† ðLÞ
× exp −
TrΨ Ψ Ψ Ψ
þ TrðMR Ψ Ψ þ ML Ψ Ψ Þ :
n þ ν=2

Z ∝

ðB2Þ

†

Using the superbosonization formula we exchange ΨðR=LÞ ΨðR=LÞ → ðn þ ν=2ÞUR=L ∈ ðn þ ν=2ÞUðN f Þ and simultaneously factor out ðn þ ν=2Þ of the determinants as
Z

ν

Z ∝

UðN f Þ⊗2

dμðU R ÞdμðUL Þdet−n UR det−n−ν UL detνA þn ð1 þ aUR ÞdetνB þnþν ð1 þ aUL Þ




ν
× exp n þ ðTrU R UL þ TrðMR UR þ ML U L ÞÞ :
2

ðB3Þ

pﬃﬃﬃﬃﬃﬃﬃ
We can then shift the integral as U L → U −1
UL U R and identify U ¼ U R and Ua ¼ U L
R U L followed U R →
Z
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
Zν ∝
dμðUÞdμðUa Þdetν Udet−n−ν=2 Ua detνA þn ð1 þ a U a UÞdetνB þnþν ð1 þ aU−1 Ua Þ
UðN f Þ⊗2




pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
ν
−1
Ua ÞÞ :
× exp n þ ðTrUa þ TrðM R U a U þ ML U
2

ðB4Þ

After that a saddlepoint approximation can be performed around Ua ¼ 1, where we use the counting M R ∼ ML ∼ a ∼ p1ﬃﬃn.
1
Thus we expand as Ua ¼ 1 þ piﬃﬃn H − 2n
H2 þ    with H Hermitian and collect terms up to p1ﬃﬃn
ν

Z ≈

Z

dμðUÞdHdetν U


N
na2
ðaÞ
ðaÞ
−1
2
−2
× exp
TrðMR U þ U ML Þ −
TrðU þ U Þ
2
2
 3

na
a
3
−3
−1
× exp
TrðU þ U Þ þ wt ν TrðU − U Þ
2
3


pﬃﬃﬃ
1
i n
ðaÞ
ðaÞ
TrðHðMR U þ U−1 M L ÞÞ
× exp − TrH2 þ
2
2


pﬃﬃﬃ
i
1
i na2
ðaÞ
ðaÞ
3
2
−1
2
−2
× exp − pﬃﬃﬃ TrH − TrðH ðM R U þ U M L ÞÞ −
TrðHðU þ U ÞÞ ;
8
2
6 n
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ðaÞ

where we define νA − νB ¼ wt ν þ ν, νa þ νb ¼ wm and the shifted mass matrix MR=L ¼ MR=L þ a þ wM a=N. We can
then shift the integral in H by the linear term (it is sufficient to shift by the linear term in the third line) and expand
the p1ﬃﬃn-suppressed terms
ν

Z ∝

Z

dμðUÞdHdetν U


N
na2
ðaÞ
−1 ðaÞ
2
−2
× exp
TrðMR U þ U ML Þ −
TrðU þ U Þ
2
2
 3

na
wt νa
3
−3
−1
× exp
TrðU − U Þ
TrðU þ U Þ þ
2
3


1
n
ðaÞ
ðaÞ
× exp − TrH 2 − TrððM R U þ U −1 ML Þ2 Þ
2
8

n
1
ðaÞ
ðaÞ
ðaÞ
ðaÞ
× 1 − TrððMR U þ U−1 M L Þ3 Þ − TrðH 2 ðM R U þ U−1 M L ÞÞ
48
8


n
na2
ðaÞ
ðaÞ
−1 ðaÞ 3
−1 ðaÞ
2
−2
þ TrððM R U þ U M L Þ Þ þ
TrððM R U þ U ML ÞðU þ U ÞÞ ;
32
4

ðB6Þ

where we neglected odd powers of H as they vanish due to symmetry (after the shift). The average over H is essentially a
constant h1i ¼ 1 and a nontrivial term hTrH2 Ai ¼ N f TrA so that we get after re-exponentiation



N Nf
Na2
ðaÞ
−1 ðaÞ
2
−2
þ
TrðMR U þ U ML Þ −
TrðU þ U Þ
Z ∝ dμðUÞdet U exp
2
8
4


N
N
ðaÞ
ðaÞ
ðaÞ
ðaÞ
× exp − TrðMR U þ U−1 ML Þ2 þ
TrðM R U þ U−1 M L Þ3
16
192
 2

Na
Na3
wt νa
ðaÞ
ðaÞ
−1
2
−2
3
−3
−1
× exp
TrðU − U Þ :
TrðM R U þ U ML ÞðU þ U Þ þ
TrðU þ U Þ þ
2
8
6
ν

Z

ν

APPENDIX C: THE SUPERSYMMETRIC
TECHNIQUE
In order to obtain the various spectral correlation
functions ρχ , ρ5 , etc. from a given effective theory, we
employ the so called supersymmetric (SUSY) technique;
see eg. [31,32]. The actual partition function of interest has
N f flavors. The idea of SUSY is to add two valance flavors,
one of fermionic statistics and one of bosonic with masses
and axial masses m, z and m0 , z0 , respectively. The partition
function including the new valence flavors takes the form
Z
detðDW þ m þ γ 5 zÞ
ZνN f þ1j1 ¼ D½Aμ ν e−SYM ½Aμ 
detðDW þ m0 þ γ 5 z0 Þ
×

Nf
Y

detðDW þ mf Þ;

we can derive certain statistics with respect to the original
ensemble by differentiating ZνN f þ1j1 with respect to m and z
and subsequently taking the aforementioned limit. In
particular we can calculate the following resolvents:
Σðm; zÞ ¼ lim
0

m →m
z0 →z

∂
log ZνN f þ1j1
∂m


¼ Tr
Σ5 ðm; zÞ ¼ lim
0

m →m
z0 →z

f¼1


1
;
DW þ m þ γ 5 z

∂
log ZνN f þ1j1
∂z


¼ Tr

ðC1Þ

where the path integral is taken over the sector of
topological index ν. The main observation is that in the
limit m0 → m and z0 → z the partition function (C1)
coincides with the original without valence flavors. Thus

ðB7Þ

γ5
DW þ m þ γ 5 z

From the resolvents we can
correlation functions. As an
relation for ρ5 ðλ5 Þ, i.e.,
D5 ¼ γ 5 ðDW þ mÞ. As D5 is

014501-9




¼


1
Tr
:
D5 þ z

ðC2Þ

ðC3Þ

directly obtain the spectral
example we work out the
the spectral density of
Hermitian we can write the
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expression for Σ5 in the eigenbasis of D5 , letting z ¼
−λ5 − iϵ we have

ρχ ðλÞ ≡

X


1
Σ5 ðm; z ¼ −λ − iϵÞ ¼
λ5k − λ5 − iϵ
k

X
δðλ5k − λ5 Þ þ …;
¼ iπ
5

ðC4Þ

k

1
¼ ImΣ5 ðm; z ¼ −λ5 þ iϵÞ:
π

ðC5Þ

Similarly for D5 one can derive the following relation:
X

5
5 5 5
5
ρ5;χ ðλÞ ≡
δðλ − λk Þhψ k jγ jψ k i
k

1
¼ ImΣðm; z ¼ −λ5 þ iϵÞ:
π

ðC6Þ

For the Wilson operator we can also compute the distribution of the real eigenvalues of DW weighted by either the
sign or the value of the chirality yielding ρχ ðλÞ [9] and
ρcont;χ ðλÞ

Zν1j1


5

δðλ − λk Þsignhψ k jγ jψ k i

k∶λk ∈R

1
¼ ImΣðm ¼ −λ; z ¼ −iϵÞ;
π
 X

5
δðλ − λk Þhψ k jγ jψ k i
ρcont;χ ðλÞ ≡

ðC7Þ

k∶λk ∈R

k

where we use the Sokhotski-Plemelj theorem and
“…” denotes the real part. This immediately gives us the
relation
X

5
5
5
ρ5 ðλ Þ ≡
δðλ − λk Þ

 X

1
¼ ReΣðm ¼ −iλ − ϵ; z ¼ 0Þ:
π

ðC8Þ

In particular we can use the above to derive spectral
densities of chiral effective theories, where the partition
function is expressed as a integral over the Goldstone
manifold UðN f Þ.
To accommodate for the valance flavors we extend the
integration manifold to GlðN f þ 1j1Þ [32]. The Lagrangian
of (6) is effectively promoted to being supersymmetric
by replacing traces and determinants with their SUSY
counterparts, i.e., Tr → Str and det → Sdet. This leaves the
question of parametrization of U ∈ GlðN f þ 1j1Þ and its
accompanying measure. For simplicity we consider the
quenched case N f ¼ 0 and use the parametrization of [32]



 iθ
0 α
e 0
dθ
exp
; dμðUÞ ¼ dsdβdα;
U¼
ðC9Þ
s
2π
β 0
0 e
with θ ∈ ½−π; π, s ∈ ð−∞; ∞Þ and α, β Grassmannian.
Hence we arrive at the SUSY integral representation of the
graded partition function



dθ
N
Na2
ðaÞ
ðaÞ
ν
−1
2
−2
dsdβSdet U exp i StrðMR U − U M L Þ −
¼
StrðU þ U Þ
2π
2
4


N
iN
ðaÞ
ðaÞ
−1 ðaÞ 2
−1 ðaÞ 3
× exp − StrðMR U − U M L Þ −
StrðM R U − U ML Þ
16
192


iNa2
iNa3
ðaÞ
−1 ðaÞ
2
−2
3
−3
× exp −
StrðMR U − U M L ÞðU þ U Þ −
StrðU − U Þ
8
6


iwt νa
× exp
StrðU þ U −1 Þ ;
2
Z

where we shifted the integral as U → iU to ensure convergence [9,22]. At this point it is straightforward, but
rather tedious to expand out the Grassmann part of
the exponent and solve the Grassmann integral. This
leaves the partition function as an integral over the θ
and s, which can be differentiated to find Σ and Σ5 . The
remaining two-fold integral can be numerically integrated
to yield the spectral functions ρ5 , ρ5;χ , ρχ and ρcont;χ as
described above.

ðC10Þ

APPENDIX D: THE AXIAL ANOMALY
In this Appendix we use the EFT to discuss the spectral
contributions to the axial anomaly. As shown by Fujikawa
[33] the response of the Fermionic measure to an axial
transformation

014501-10

jψi → jψ 0 i ¼ eiγ5 α jψi;

hψj → hψ 0 j ¼ hψjeiγ5 α
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includes a nontrivial Jacobian J. Here, we extend the
argument of Fujikawa to nonzero lattice spacing by using
the eigenvalues and eigenvectors,
D5 jψ 5k i

¼

λ5k jψ 5k i;

We have the relation
1
ρ5;χ ðλ5 Þ ¼ Im½Σðm; z ¼ −λ5 Þ;
π

ðD1Þ

of the Hermitian Wilson Dirac operator, D5 ¼ γ 5 ðDW þmÞ.
We follow the proof of Fujikawa and obtain


X
5
5
J ¼ exp −iα hψ k jγ 5 jψ k i :
ðD2Þ
k

Fujikawa regulates the infinite sum as


X
J ¼ lim exp −iα hψ 5k jγ 5 jψ 5k i expð−λ5k 2 =Λ2 Þ ;
Λ→∞

PHYS. REV. D 103, 014501 (2021)

k

where Λ is the width of the regularization. Subsequently, he
reformulates the regulator to show that the sum equals
the topological index ν of the gauge field configuration.
We follow a different path and consider the quantity
X
δðλ5 − λ5k Þhψ 5k jγ 5 jψ 5k i;
ðD3Þ

where the Green function of DW is


1
Σðm; zÞ ≡ Tr
DW þ m þ zγ 5




¼


γ5
Tr
:
D5 þ z

ðD5Þ

Hence we may compute ρ5;χ from the EFT by the
supersymmetry technique as outlined in Appendix C.
The outcome is most interesting: The resulting ρ5;χ ðλ5 Þ
has a 1=λ5 tail for λ5 ≫ m, a. Hence, the Riemannian
way of integrating it would produce a logarithmic divergence instead of reproducing the topological index ν.
One needs to understand the integral over ρ5;χ ðλ5 Þ like a
principal value integral, in particular we need to integrate
R ∞ ðsÞ 5 5
0 ρ5;χ ðλ Þdλ ¼ ν with

k
ðsÞ

which allows us to turn the sum in the exponent of J into an
integral. To understand the integrand in the exponent, we
introduce the ensemble averaged distribution of the chiralities over the spectrum of D5
X

ρ5;χ ðλ5 Þ ≡
δðλ5 − λ5k Þhψ 5k jγ 5 jψ 5k i :
ðD4Þ
k

[1] E. V. Shuryak and J. J. M. Verbaarschot, Nucl. Phys. A560,
306 (1993).
[2] J. J. M. Verbaarschot, Phys. Rev. Lett. 72, 2531 (1994).
[3] C. W. J. Beenakker, Rev. Mod. Phys. 87, 1037 (2015).
[4] R. Grobe, F. Haake, and H.-J. Sommers, Phys. Rev. Lett. 61,
1899 (1988).
[5] A. Szafer and B. L. Altshuler, Phys. Rev. Lett. 70, 587 (1993).
[6] C. W. J. Beenakker and B. Rejaei, Physica (Amsterdam)
203A, 61 (1994).
[7] B. Mehlig and M. Santer, Phys. Rev. E 63, 020105 (2001).
[8] G. Akemann, Y.-P. Förster, and M. Kieburg, J. Phys. A 53,
145201 (2020).
[9] G. Akemann, P. H. Damgaard, K. Splittorff, and J. J. M.
Verbaarschot, Phys. Rev. D 83, 085014 (2011).
[10] M. Kieburg, K. Splittorff, and J. J. M. Verbaarschot, Phys.
Rev. D 85, 094011 (2012).
[11] H. Leutwyler and A. V. Smilga, Phys. Rev. D 46, 5607
(1992).

ρ5;χ ðλ5 Þ ≡ ρ5;χ ðλ5 Þ þ ρ5;χ ð−λ5 Þ:

ðD6Þ

The integrand is then completely dominated by the topological peak, as illustrated in Fig. 2, where we also plot the
level density ρ5 ðλ5 Þ of D5 ¼ γ 5 ðDW þ mÞ [22]. We stress
that this is fully consistent and the natural extension of
Fujikawa’s result.

[12] P. Damgaard, U. M. Heller, K. Splittorff, and B. Svetitsky,
Phys. Rev. D 72, 091501 (2005).
[13] K. G. Wilson, Phys. Rev. D 10, 2445 (1974).
[14] C. Gattringer and C. B. Lang, Lect. Notes Phys. 788, 1
(2010).
[15] D. H. Adams, Ann. Phys. (N.Y.) 296, 131 (2002).
[16] S. R. Sharpe and R. L. Singleton, Phys. Rev. D 58, 074501
(1998).
[17] G. Rupak and N. Shoresh, Phys. Rev. 66, 054503 (2002).
[18] O. Bär, G. Rupak, and N. Shoresh, Phys. Rev. D 70, 034508
(2004).
[19] P. H. Damgaard, U. M. Heller, and K. Splittorff, Phys. Rev.
D 85, 014505 (2012); 86, 094502 (2012).
[20] J. Gasser and H. Leutwyler, Ann. Phys. (N.Y.) 158, 142
(1984); Nucl. Phys. B250, 465 (1985).
[21] N. R. Goodman, Ann. Math. Stat. 34, 152 (1963).
[22] P. H. Damgaard, K. Splittorff, and J. J. M. Verbaarschot,
Phys. Rev. Lett. 105, 162002 (2010).

014501-11

KIEBURG, LAURITZEN, SØGAARD, and SPLITTORFF
[23] H.-J. Sommers, Acta Phys. Pol. B 38, 4105 (2007); P.
Littelmann, H.-J. Sommers, and M. R. Zirnbauer. Commun.
Math. Phys. 283, 343 (2008); M. Kieburg, H.-J. Sommers,
and T. Guhr, J. Phys. A 42, 275206 (2009).
[24] G. Akemann, P. H. Damgaard, U. Magnea, and S. Nishigaki,
Nucl. Phys. B487, 721 (1997).
[25] M. Luscher, S. Sint, R. Sommer, and P. Weisz, Nucl. Phys.
B478, 365 (1996).
[26] M. Luscher, arXiv:hep-lat/9802029.
[27] J. D. Murray, Asymptotic Analysis (Springer, New York,
1984).

PHYS. REV. D 103, 014501 (2021)
[28] M. Golterman, arXiv:0912.4042.
[29] J. Bijnens and G. Ecker, Annu. Rev. Nucl. Part. Sci. 64, 149
(2014).
[30] P. Di Vecchia and G. Veneziano, Nucl. Phys. B171, 253
(1980).
[31] K. Efetov, Supersymmetry in Disorder and Chaos
(Cambridge University Press, Cambridge, England, 1996).
[32] P. H. Damgaard, J. C. Osborn, D. Toublan, and J. J. M.
Verbaarschot, Nucl. Phys. B547, 305 (1999).
[33] K. Fujikawa, Phys. Rev. Lett. 42, 1195 (1979).

014501-12

