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Dynamics of bacterial populations under the feast-famine cycles
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Bacterial populations in natural conditions are expected to experience stochastic environmental fluctuations,
and in addition, environments are affected by bacterial activities since they consume substrates and excrete
various chemicals. We here study possible outcomes of population dynamics and evolution under the repeated
cycle of substrate-rich conditions and starvation, called the “feast-famine cycle,” by a simple stochastic model
with the trade-off relationship between the growth rate and the growth yield or the death rate. In the model,
the feast (substrate-rich) period is led by a stochastic substrate addition event, while the famine (starvation)
period is evoked because bacteria use the supplied substrate. Under the repeated feast-famine cycle, the bacterial
population tends to increase the growth rate, even though that tends to decrease the total population size due to
the trade-off. Analysis of the model shows that the ratio between the growth rate and the death rate becomes the
effective fitness of the population. Hence, the functional form of the trade-off between the growth and death rate
determines if the bacterial population eventually goes extinct as an evolutionary consequence. We then show that
the increase of the added substrate in the feast period can drive the extinction faster. Overall, the model sheds
light on nontrivial possible outcomes under repeated feast-famine cycles.

DOI: 10.1103/PhysRevResearch.2.013372

I. INTRODUCTION

As already pointed out in the 18th century, exponential
growth is the most prominent feature of population dynamics
[1], and bacterial systems are probably the best-studied model
system about exponential growth. However, as pointed out by
J. Monod [2], the exponential growth is only one of the growth
phases of bacteria, and the stationary, the death, and the lag
phases are all important for the bacterial population dynamics
as well.

A variety of theoretical studies on the bacterial population
dynamics tend to focus on the competition for nutrients under
constant environment [3,4], where the competition takes place
mainly in the form of exponential growth under a constant
influx of substrate (combined with dilution/death to keep the
environment constant). While these models have provided
fundamental insights into bacterial population dynamics, in
natural environments like ponds, soils, and puddles, the nutri-
ents may be supplied by rarely happening events rather than
continuous influx. Under such natural environments, bacteria
experience substrate rich conditions and poor conditions alter-
nately.

This cycle between substrate rich and poor conditions is
called the feast-famine cycle [5–11]. In contrast to the contin-
uous nutrient supply (or the constant environment) condition,
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under the feast-famine cycle there is no steady state for the
amount of the substrate, and accordingly for the number of
the cells. While the environment becomes substrate-rich for
some time after the substrate addition event, once the cells
in the environment run out all the substrates, they have to
tolerate until next substrate addition event which is typically
highly stochastic. The feast-famine cycle is more than just
a fluctuating environment, in that the rate of the substrate
consumption affects the feast and famine period. Cells starve
until the substrate is supplied, and once the environment
gets substrate-rich, the cells use it quickly. During the feast
(substrate-rich) period the growth of the cells changes the state
of the environment. If cells use the substrate slowly, the feast
period lasts longer and vice versa.

In this sense, the feast-famine cycle is one example that
cells are not just affected by the environmental condition,
but also changing the environment. While the population
dynamics without such feedback are well studied [12,13], our
understandings with the feedback between the environment
and the population are still underdeveloped.

In the seminal Lenski and coworkers’ experiment of long-
term bacterial evolutionary adaptation [14], bacteria have
been diluted into fresh media every 24 hours while the growth
reaches the saturation after less than 10 hours, hence the
cells do experience repeated feast-famine cycles. However,
the famine period is rather short that there is no visible death
during the period, and the major observed adaptation was to
increase the growth rate and decrease lag-time during the feast
period, without a significant increase of the death rate during
the famine period [15]. Interestingly, however, in a separate
experiment, Vasi and Lenski had isolated mutants after the
30 to 49 days starvation [16], and most of them are found
to be inferior in competing with their progenitors in fresh
medium, but having better resistance to starvation. One of the
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five strains clearly showed an inferior fitness to its original
strain for a one-day growth competition but had superior
survivability in 15-day starvation. These observations suggest
that evolutionary adaptation under repeated feast-famine cy-
cles with long-enough famine periods could result in fairly
nontrivial results, especially if there is a trade-off between
survivability in the long famine period and the growth rate in
the feast period. It is also worth mentioning that, the trade-off
of growth rate and survivability has been clearly documented
for E. coli mutants with genetically manipulated r poS activity
[17]; the rpoS gene encodes for the stationary/starvation
sigma factor σ S and known to cause trade-offs in multiple
stressed conditions [18,19].

In the previous works, the trade-off between the growth
rate and the growth yield are well-documented [20–26]. Fast-
growth but low-yield results in an extended starvation time
and a reduction of the population size at the end of the
feast period. It has been theoretically predicted that a fast-
growth but low-yield species will wipe out a slow-growth but
high-yield species in a well-mixed environment [21,25,26].
However, the effect of the trade-off between the growth rate
and the survivability has not been theoretically analyzed yet.

In this paper, we construct a population dynamics model
where the population growth is driven by a discrete and
stochastic substrate addition events. In order to understand the
simplest case, we consider a well-mixed system with a single
niche, i.e, there is only one kind of nutrient/substrate that bac-
teria can consume to grow. Bacteria cells divide by consuming
substrates, and if there is no substrate the cells die at a constant
rate. In addition to the growth/death dynamics, mutations take
place to change the growth rate. We introduce a trade-off
between the growth rate and the death rate or the growth
yield: The fast-growing cells have a higher chance to win the
competition for the nutrients in the feast period, but instead,
are less tolerant in the famine period because of high death
rates or a small number of the population due to the low yield.

Using the model, we show that the bacterial population
faces the “Tragedy of The Commons (TOC)” type phe-
nomenon [27] under feast-famine cycles; the fast-grower
tends to take over during the feast period, making the pop-
ulation less tolerant for the famine period. This evolutionary
dilemma drives the population to faster growth and eventual
extinction in the famine period for the growth-yield trade-off
as previously predicted [21], but we find that in the growth-
death rate trade-off case, the long-term outcome depends
on the functional form of the trade-off. By analyzing the
model, we show that this is because the effective fitness under
repeated feast-famine cycle is determined by the ratio of the
growth rate and the death rate. We then focus on the nontrivial
case of the growth-death rate trade-off where functional form
drives the population to extinction in repeated feast-famine
cycles, and show that the TOC effect can be prompted by
increasing the amount of substrate added to the environment.
Finally, we discuss the model assumptions and possible exten-
sions in comparison with experimental results in the literature.

II. MODEL

The model consists of a state vector �X defined by (M +
1) integers that denote the population of M species (either

genotypes or phenotypes) and the number of substrates in the
environment. It is expressed as �X = (N0, N1, . . . , NM−1, S),
where Ni is the number of the ith bacteria, and S represents
the number of the substrates. All elements of the state vector
�X are non-negative integers. Each species can have a different
growth rate, growth yield, and death rate.

A single individual of the ith species proliferates at a
constant rate μi being given by μi = (i + 1)�μ if S is larger
than zero, while it dies at rate γi under the starving condition.
Each species has a different growth yield Yi, and �1/Yi�
substrates are consumed when a single bacterium of the ith
species divides where �·� is the ceiling function. The number
of the substrate in the environment is recovered to S = Sm

when the substrate addition event takes place at a constant rate
of 1/λ.

We introduce the mutation among species to the model.
It occurs with probability ρ when an individual divides, and
then, the daughter cell of the ith species becomes either the
(i − 1)th or (i + 1)th species in an equal probability.

By assuming that each event occurs as the Poisson process,
the master equation for the simplest one species case is given
by

dP(N, S)

dt
= μ(N − 1)P(N − 1, S + �S)

− (1 − θ (S))μNP(N, S)

+ θ (S)γ ((N + 1)P(N + 1, 0) − NP(N, 0))

− P(N, S)/λ + δS,Sm

Sm∑
i=−∞

P(N, i)/λ, (1)

where P(N, S) is the probability of the state with N bacteria
and S substrates. P(N, S) = 0 holds if N is smaller than zero
or S is larger than Sm. δi, j is Kronecker’s delta, and δ̂i, j is given
by (1 − δi, j ).

θ (S) is unity for S � 0 else zero. �S is given as �1/Y �
(the results do not change by modifying the model so that
the number of the substrate to be consumed is determined
stochastically with the average consumption per division as
1/Y ). The states with negative values of S are able to have
nonzero values, while the right hand side of the equations for
the states with negative S are the same with that of S = 0.
We regard the sum of the probabilities with S � 0 as the
probability of the starving state. This model construction is
to avoid dividing the equation into cases that S is larger and
smaller than �S (for detailed description, see Appendix A).

Figure 1(a) shows a realization of stochastic dynamics gen-
erated by the present model (1) with the Gillespie algorithm
[28]. The oscillation in the number of bacteria results from the
feast-famine cycle.

III. RESULTS

A. The Tragedy of Commons dilemma in the
bacterial evolution under the feast-famine cycle

We study the effect of the feast-famine cycle in the multi-
species system. The master equation for M (M > 1) species
system is obtained by just extending Eq. (1) for M species and
introducing mutation among the species. There is no direct
interaction among the species, but the species interact via the

013372-2



DYNAMICS OF BACTERIAL POPULATIONS UNDER … PHYSICAL REVIEW RESEARCH 2, 013372 (2020)

FIG. 1. (a) An example of the dynamics of one-species model (1). The number of bacteria oscillates driven by the feast-famine cycle.
(b) Evolution simulation with the growth-yield trade-off model. Y = 1/(κ + μ) where κ is introduced to avoid the divergence of the function.
The population-averaged growth rate keeps increasing and the whole population extinct at the point indicated by the black arrow. (c) Evolution
simulations with two different choices of the growth-death trade-off. (Top) With the linear trade-off, γ = a + bμ, the population-averaged
growth rate keeps increasing and the whole population extinct at the point indicated by the black arrow. (Bottom) On the other hand, the
growth rate and the number of bacteria get stable at a certain value with the square trade-off, γ = a + bμ2. The stable growth rate is predicted
as

√
b/a = 0.1 by the analysis of Eq. (3) which corresponds well with the numerical result. While the same parameter values of a and b are

used for the two trade-off relationships, the outcome does not change qualitatively even if different values are used for them. The parameters are
set to μ = 1, γ = 0.101, λ = 10, and Sm = 103 for (a), and a = 10−3, b = 0.1, δμ = 10−2, κ = 10−2, ρ = 10−3, Nini = 100, λ = 1.28,
Sm = 128, γ = 0.15 [only for (b)] and Y = 1 [only for (c)] for (b) and (c).

competition for the substrate. For the exact expression, see
Eq. (A1) in Appendix. We compare the dynamics of the model
with the growth rate-yield (μ-Y ) and the growth rate-death
rate (μ-γ ) trade-off separately.

We carried out stochastic simulations of the M-species
model [Eq. (A1)] with a fixed λ and Sm value using the
Gillespie algorithm. Figures 1(b) and 1(c) show evolution time
courses with several trade-off relationships. There are initially
Nini cells with the lowest growth rate μ0 and the corresponding
yield or the death rate, and Sm substrates. In the μ-Y trade-off
case [Fig. 1(b), with trade-off Y = 1/(κ + μ) with a constant
κ], the population-averaged growth rates keep increasing by
evolution, and eventually, the whole population collapses. It
is consistent with previous reports arguing that under the
growth-yield trade-off, the species with a higher growth rate
outcompetes others even though it leads to a reduction of the
population size due to the small yield [21,25,26]. On the other
hand, in the μ-γ trade-off case, the evolution of the growth
rate can either leads to population collapse [Fig. 1(c) top, with
linear trade of γ = a + bμ with constant a and b] or reach a
steady state depending on the form of the trade-off [Fig. 1(c)
bottom, with square trade-off γ = a + bμ2].

To understand the differences of the outcome, we con-
structed a simplified version of the model [Eq. (A1)] which
allows us analytical calculations. We approximate that the
population size is a continuous quantity and consider deter-
ministic growth and death. We denote the number of the ith
species right before the nth substrate addition event by a
continuous variable Ni(n). Also, we regard S as a continuous
variable, and thus, remove the ceiling function from the
yield.

After the nth substrate addition, the species grow
exponentially until all the substrate runs out. The length of the
feast period after the nth addition event, τ (n), is determined

by Sm = ∑M−1
i=0 Ni(n)/Yi(exp[μiτ (n)] − 1), because the

increment of the total population divided by the growth yield
should sum up with the added substrate Sm. If the interval
between the nth and the (n + 1)th addition events is longer
than τ (n), the cells experience the famine period to die at the
rate γi. Thus the number of cells right before the (n + 1)th
substrate addition event is given by

Ni(n + 1) =
{

Ni(n)eμiτ (n)e−γi (�t (n)−τ (n)) [τ (n) < �t (n)]
Ni(n)eμi�t (n) (otherwise)

,

(2)

where �t (n) is the stochastic variable representing the interval
between the nth and the (n + 1)th addition events, which
follows the exponential distribution with average λ. By taking
average of the effective growth rate, ln(Ni(n + 1)/Ni(n)),
over the exponential distribution, we obtain a deterministic,
discrete map system which describes the dynamics of the
population growth as

Ni(n + 1) = Ni(n) exp(μ̂iλ),

μ̂i(n) = μi(1 − exp(−τ (n)/λ)) − γi exp(−τ (n)/λ).

(3)

In Appendix, we show that the map dynamics has at least M
fixed points that only one species exists and the number of
cells is zero for the other species, which is given by

N st
i (μi ) = SmYi

(1 + γi/μi )μiλ − 1
. (4)

The linear stability analysis for the fixed points showed that
only one fixed point among the M fixed points is stable. The
condition for the fixed point to be stable is to have the largest
ratio of the growth rate to the death rate μi/γi (see Appendix).

013372-3



YUSUKE HIMEOKA AND NAMIKO MITARAI PHYSICAL REVIEW RESEARCH 2, 013372 (2020)

FIG. 2. (a) The time courses of the total population and the average growth rate. (Top) Under a weak feast-famine condition (λ = 1.28),
and (bottom) a strong feast-famine condition (λ = 81.92). Extinction takes place in much shorter time under the strong feast-famine condition
than the weak one. (b) The averaged extinction time is plotted with the standard deviation for several λ values. The average and the standard
deviation are computed from 128 extinction events. Sm is given as Sm = λS̄. The two slopes were obtained by fitting. The population-averaged
growth rate achieved is also plotted in the inset. Parameter values are set to be a = 10−3, b = 0.1, δμ = 10−2, ρ = 10−3, and S̄ = 100.

In the μ-Y trade-off case, the death rate γi has no index
dependency, and thus, the stability or the fitness is simply
determined by the growth rate. There, the growth yield Yi has
no effect on the competition among the species, and thus,
the bacterial population evolves to increase the growth rate
without caring of how the growth is efficient in terms of the
substrate consumption.

In contrast, the stability criterion tells us that the functional
form of μ-γ trade-off affects whether the evolution lasts until
the whole population goes extinct or not. When the trade-off
is linear (γ = a + bμ), the ratio μ/γ has no upper bound,
while the ratio is bounded in the square trade-off (γ = a +
bμ2) case. Therefore, in the square trade-off case, once the
growth rate reaches the optimal point (the maximum μ/γ ),
the system stays at that state. On the contrary, due to the lack
of the maximum, the growth rate will never stop increasing
for the linear trade-off case and leads to the population
collapse.

In both the growth-yield trade-off and the linear growth-
death trade-off case, the growth rate increases over generation
while the tolerance to the famine period gets worse due to
the decrease or increase of the yield or the death rate. The
evolution then leads to the reduction of total population size.
Eventually, the population size becomes too small to tolerate
fluctuations of the substrate addition time, and it results in
the extinction of the whole population when the substrate
addition times are longer than usual by chance. This can be
seen as one of the typical consequences of “The Tragedy of
The Commons” Dilemma.

B. Impact of the feast-famine cycle for the survival
of the bacterial population

In the previous section, we have seen that under a repeated
feast-famine cycle, the TOC dilemma is evoked if the trade-off
relationship is such that the death rate increase linearly or
slower than linear with the growth rate, or when there is a

growth rate-yield trade off. In the following sections, we study
how the “degree” of the feast-famine cycle affects the survival
of the bacterial population and the evolutionary dynamics
when the TOC dilemma is evoked. We chose to focus on
the less trivial case of linear growth-death trade-off model
γ (μ) = a + bμ in the following.

Firstly, we introduce the “degree” of the feast-famine
cycle. In the following, we change the value of the average
famine period λ while keeping the time-averaged substrate
supply S̄ = Sm/λ constant. With this constraint, the change
in λ, and accordingly in Sm, controls the severeness of the
feast-famine cycle. A large λ (and Sm) value indicates that a
large amount of the substrate is supplied to the environment
less often, corresponding to the severe feast-famine cycle. On
the contrary, the limit of λ → 0 with keeping S̄ constant would
correspond to the continuous substrate-supply limit, though
strictly speaking in the present model this limit cannot be
taken due to the discreteness of Sm.

We compared the dynamics under the different degrees of
the feast-famine cycle. Figure 2(a) shows two time courses of
the population and the averaged growth rate under a moderate
(top panel, λ = 1.28) and a severe (bottom panel, λ = 81.92)
feast-famine cycle. The population-averaged growth rates
commonly evolve to increase over time, and eventually, the
whole populations go extinct as expected from the foregoing
analysis. The difference of the degree of the feast-famine
cycle appears in the length of time to extinct, which we call
the survival time Ts, and the population average growth rate
just before the extinction, which we call the critical growth
rate 〈μc〉.

We plotted the survival time Ts and the critical growth
rate 〈μc〉 as a function of the degree of the feast-famine
cycle (λ) in Fig. 2(b). The survival time and the critical
growth rate decrease as λ increases, reflecting the harsher
environment. 〈μc〉 decreases approximately proportional to
1/λ, while interestingly the survival time Ts shows a crossover
from Ts ∝ λ−2 to Ts ∝ λ−1 at λ ≈ 10.
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Qualitatively, the shorter survival time Ts and the smaller
critical growth rate 〈μc〉 with increasing λ is the reflection
of the asymmetry of the growth and the death in this setup.
Increasing λ increases the possible population growth per
feast period linearly with λ because of the increase of Sm =
S̄λ, but the death in the famine period affects the population
exponentially as a factor exp(−γ λ). Clearly, the death effect is
dominant, hence it is harder to survive with longer λ, resulting
in shorter Ts and smaller 〈μc〉. Quantitative analysis requires
more careful consideration, which we present in the next
section.

C. Crossover from the directed evolution to neutral evolution

In order to have a better understanding of the observed
behavior, we now focus on the crossover of the survival time
Ts shown in Fig. 2(b) from being approximately proportional
to λ−2 to λ−1.

In the moderate feast-famine cycle (λ � 10) depicted in
the top panel of Fig. 2(a), it appears that the evolution speed
of the growth rate has two regimes: The evolution speed
significantly slows down after the average growth rate reaches
≈1, which happens around time 1 × 107 in this example.
Since the mutation probability is constant, we hypothesized
that the dynamics of how a new species takes over the majority
of the population changes with the average growth rate.

To quantify this change of the dynamics, we studied the
dynamics of taking-over among species by setting Nini cells of
the ith phenotype at t = 0, and ran the population dynamics
until the dominant species becomes another.

For the simulations performed in this section, we add the
spontaneous migration term to the model. The spontaneous
migration makes it possible to increase the number of the
cells by one without consuming any nutrient even under the
starved condition [for the detailed expression of the term,
see Eq. (A1)]. An introduction of the term is a mathematical
treatment for gathering many trajectories efficiently for better
statistics. Since the spontaneous migration rate ε is set to be
sufficiently smaller than any other parameters in the model, it
is effectively the same as introducing one cell into the system
when the population extinct.

From this computation, we obtained the transition prob-
abilities from the ith species to another. With our default
parameter set, it never happened that the species other than
the nearest neighbors of i becomes dominant before i − 1th
or i + 1th dominates the system. Thus the obtained transition
probabilities were for increasing the growth rate by �μ

[probability p(μ)] or decreasing it by �μ [probability 1 −
p(μ)]. Figure 3(a) shows the asymmetry of the probability for
increasing/decreasing the growth rate, defined by the differ-
ence between the two probabilities [2p(μ) − 1]. As clearly
seen, the evolution of the growth rate takes place in a directed
manner up to μ ≈ 1, whereas the dynamics of the evolution
resembles the random walk when μ  1. This qualitative
difference in the evolution dynamics above and below μ ≈ 1
may consistently describe the crossover of the survival time
Ts, which is happening at around 〈μc〉 ≈ 1. Namely, when
the critical growth rate 〈μc〉 is below one for long enough
λ, the extinction happens relatively quickly since the growth
rate systematically increase through the evolution, but when

〈μc〉 is above one, the evolution takes a lot longer time due to
the diffusive behavior, hence survival time Ts grows faster as
decreasing λ.

Where does this transition from the directed to neutral
evolution come from? The simple map dynamics [Eq. (4)]
just tells us that the species with the largest μ/γ dominates
the population which does not explain the random walklike
behavior of the averaged growth rate. In order to gain more
insights, we studied the detailed dynamics of the take over
events of the population by dominant species in stochastic
simulation.

Since the main purpose of this simulation was to ask how
the dominant species changes one to another, we simulated the
model with only two species which have a slightly different
growth rate to each other. One has a growth rate μl and the
other has a higher growth rate, μh given as μh = 1.05 μl . Fig-
ure 3(b) shows the time-averaged populations of the species
are plotted against the growth rate of the slowly-growing
species (μl ). The fast-growing species dominates the whole
population and the number of individuals is much larger than
that of the slow grower in the small μl region, whereas the
difference of the population sizes of the two species shrinks
as μl increases and it gets indistinguishably small at μl ≈ 1.
Examples of time courses are plotted in Fig. 3(c). The dynam-
ics with large μl shows rather stochastic changes between the
fast-grower dominating and slow-grower dominating states,
while with small μl the fast grower is stably dominates the
system.

This shrinkage of the gap in the two populations explains
the transition from the directed to the neutral evolution of
the growth rate. Intuitively, the mechanism of this shrink-
age can be understood by considering the effective fitness
μ/γ . Since we use the linear trade-off γ (μ) = a + bμ, the
difference of the effective fitness between the fast species
with the growth rate μh = (1 + δ)μl and the slow species
with the growth rate μl is given by μh/γ (μh) − μl/γ (μl ) =
δaμl/[(a + bμl )(a + b(1 + δ)μl ], which approaches zero as
μl increases. In other words, the larger the value of μl is,
the harder it becomes for the fast species to take over the
population. As a result, the growth rate performs almost a
random walk through evolution for the large value of μl .

The more quantitative understanding can be obtained by
applying the Wright-Fisher (WF) model [29]. The WF model
is a stochastic model describing temporal changes of the popu-
lation structure such as the fixation probability and the fixation
time. While the set-up of the present model does not fully fit
the WF framework, we can apply the framework to the model
with some assumptions which are described in Appendix. The
WF framework enables us to calculate the probability of the
fast grower to be fixed in the population under no-mutation
no-migration condition. The fixation probability is given by

pfix = [1 − exp(−Nt uy)]/[1 − exp(−Nt u)], (5)

where Nt , y, and u represents the total number of the cells,
the initial fraction of the fast growers, and the relative fitness
of the fast grower defined as u = (μh/γh − μl/γl )/(μl/γl ),
respectively.

Figure 3(d) shows the comparison between the fixation
probabilities computed by the simulation of the present model
when the initial fraction of the fast-growing population y
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FIG. 3. (a) The asymmetry of the evolution. The evolution of the growth rate is directed up to μ ≈ 1, while the growth rate behaves
similarly to the random walker in a larger μ region. (b) The averaged population is plotted against the growth rate of the slow grower (μl ) with
the error bar as the standard deviation. The growth rate of the fast grower is set to be 5% higher than that of the slow grower. (c) Examples of
time courses with μl = 0.01 (top) and 0.64 (bottom). (d) The comparison of the fixation probabilities obtained from the numerical simulation
and the calculation of the WF model. The comparison of the fixation time is also shown in the inset. For (d), we set ε = ρ = 0 so that one
of the two species eventually be fixed. We choose the initial value of the total number of the bacteria as Nst (μl ) given in Eq. (D8), and the
initial fraction of the species with faster growth rate as 5%. Parameters are set to be λ = 1.0, Sm = 100, a = 10−3, b = 10−1, ρ = 10−3, and
ε = 10−8.

set to 0.051 and pfix from the WF model in Eq. (5). In the
WF model, the total population size Nt is replaced by the
steady-state average population size of one species case for
the given parameters, calculated from master equations with
assuming long enough λ so that the system typically reaches
zero nutrient state in the famine period (Appendix D). The
two results show good correspondence. From the analytic
expression of the fixation probability obtained from the WF
approach [Eq. (5)], we can see that the decrease of the fixation
probability is led by two effects, namely, the decrease of the
relative fitness advantage and the population size effect. One
effect is the form of u being a decreasing function of μ,
hence as discussed before the advantage of the fast growth is

1To compute the fixation probability of the present model in the
stochastic simulation, we set the mutation rate and the migration rate
to zero, and run the dynamics from the fixed initial value of Nl, Nh,
and S. A single run finishes if one of them become extinct, and it is
repeated with different random number seeds to compute the fixation
probability.

reduced even the population size stays constant. In addition,
the population size shrinks as the growth rate increases, and
it makes the population dynamics noisier, making the small
fitness difference no longer be the determinant of the dynam-
ics. The two effects similarly contribute to the change of the
fixation probability as shown by the dashed lines in Fig. 3(d),
where the fixation probability Eq. (5) with a constant relative
fitness u or a constant total population Nt are also plotted.

The WF model also in principle shows the parameter
dependence of the crossover point, which should correspond
to the point where fixation probability is sufficiently close to
1/2 when starting from the equal population (y = 1/2). The
closed-form is difficult to obtain because the complex depen-
dence of Nt on μ, but the form indicates that the crossover
growth rate depends on the trade-off function parameter val-
ues (a and b).

D. Supplying more substrates leads to the quick extinction

Finally, we show that an increase of the substrate supply Sm

with fixed λ, hence increasing the average nutrient supply S̄,
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FIG. 4. The averaged survival time is plotted against Sm with a constant λ value [λ = 10 (a) and 100 (b)]. While the survival time increases
with Sm, above a certain value of Sm, the further increase of Sm causes the decrease of the survival time. The analytic estimate �(1 − pfix)/pfix τm

is overlaid for each figure and captures nonmonotonic behavior. Each point is obtained from 128 independent evolution-extinction time courses
and the error bars indicate the standard deviation. The parameters are set at a = 10−3, b = 10−1, ρ = 10−6, and δμ = 10−2. ε is set at 0 for
the numerical simulation, while it is set at 10−12 for the analytic estimate because of the reason explained in the main text.

decreases the survival time Ts. This is shown in Fig. 4, where
the survival time Ts is plotted as a function of Sm with constant
λ. For the small Sm region, the survival time of the population
increases as Sm gets larger because the amount of the substrate
supply is too small at the left edge of the horizontal axis. On
the other hand, the further increase of Sm shortens the survival
time even though the waiting time is kept constant meaning
that the total supply of the substrate increases.

To ask what makes the survival time shorter, we estimated
the survival time analytically. The survival time is approxi-
mated by the time needed to evolve the growth rate from the
initial low value to the critical value with which the average
population is close to one. We hypothesized that the survival
time consists of the two main parts, namely, the time for
gaining the new species by mutation τm and the time for the
new species to take over the whole population.

The bacterial population needs to wait that the fast grower
appears by mutation to evolve. The mean time of the emer-
gence of the grower by mutation is given as τm = 1/(1 −
(1 − ρ/2)N ) ≈ 2/ρN , where N is the population size which
depends on the population structure. It is possible that the slow
grower appears and takes over the population, but we ignore
this small possibility for simplicity. Then, after the fast grower
appears, it either takes over the population or is eliminated.
The time needed for the take over (τh) and elimination of
the mutant (τl ) are estimated as the fixation time in the WF
framework.

The fast grower is expected to fail the fixation (1 −
pfix)/pfix times on average, and new mutant need to appear
at every fixation failure. Therefore the time for the dominant
species to become n to n + 1 is given by

Tn,n+1 = 1 − pfix

pfix
(τm + τl ) + τh. (6)

Note that pfix, τh, and τl are the functions of μn and μn+1.
In addition, at the every change of the dominant species
that increase the average growth rate, the average population

size decreases. This population size was already calculated
in Appendix D from the master equation, and we assume
that the extinction occurs when this population size becomes
smaller than unity. Then, by summing up Tn,n+1 over n, until
the population size reaches to unity, we obtain the estimate of
the survival time.

With the present parameter values shown in Fig. 4, the
dominant term of

∑
n Tn,n+1 is the time for the fast grower ap-

pearance by mutation, i.e., �(1 − pfix)/pfix · τm. The compar-
ison between the simulation and this expression is compared
in Fig. 4 shows a reasonable agreement. Also, the agreement
indicates that the reduction of the survival time Ts is mainly
due to the increased rate of getting a fast-growing mutant with
increasing Sm because it increases the typical population size.
The more detailed comparison with the rest of the terms is
given in Fig. 6 in Appendix F.

IV. DISCUSSION

Here, we developed a stochastic population dynamics
model in which the vital substrates were supplied to the
environment by discrete, stochastic events rather than con-
tinuously. This stochastic substrate addition separates the
dynamics into two phases, namely, the feast and the famine
phase. During the feast period with plenty of substrates,
the cells with a higher growth rate increase their population
more quickly than the others. On the other hand, during the
famine period, the cells could not grow but die due to the lack
of substrates.

With a trade-off between the growth rate and the growth
yields the feast-famine cycle always led to the Tragedy of the
Commons Dilemma-type result, while the outcome crucially
depends on the form of the trade-off in the growth-death trade-
off case.

The survival time, or the average time to extinction, was
shown to have a power-law dependency to the average wait-
ing time λ with the constant time-averaged substrate supply

013372-7



YUSUKE HIMEOKA AND NAMIKO MITARAI PHYSICAL REVIEW RESEARCH 2, 013372 (2020)

S̄ = Sm/λ, with a crossover from close to λ−2 to λ−1. The
cross over stemmed from the transition from the directed
evolution to the undirected, random walklike evolution dy-
namics. As the average growth rate increases, the difference
in the fitness between two species with similar growth rates
reduces. In addition, the population dynamics become noisier
due to the decrease in the average population, and thus, the
difference in fitness becomes less influential to the dynamics.
Finally, it was shown that a pure increase of supplied substrate
per nutrition addition event enhanced the extinction, and the
reduction of the mutant appearance time due to increased
population size was turned out to be the main part of the
decrease of the survival time.

For the crossover from the directed to the random evolution
to occur, the form of the trade-off is probably essential. With
the square trade-off, one can choose the parameter values
so that the evolution stops without enough shrinkage of the
fitness gap and the population size, and then, only the directed
evolution is expected. On the other hand, with the trade-off
without the upper bound of the fitness, the population size
becomes considerably small before the extinction. Also, the
fitness gap always shrinks as the growth rate increases. By
this argument, a crossover being similar to what we presented
above is expected to occur.

It is worth noting that the trade-off between the growth
rate and death rate (killing rate) are well reported under a
variety of stress conditions for bacteria [17–19,22,30–33], and
the trade-offs between the growth and death rate are linear in
some cases [34,35]. Also, the linear relationship between the
growth- and the death rate is documented in the continuous
culture of the fission yeast [36]. With the linear trade-off, the
evolution could not find an optimal point in the present model
and the whole population faced extinction.

Undoubtedly, bacteria do not go extinct so easily as the
present model has shown. Indeed, it is reported that the long-
term evolution experiment of E. coli leads to the coexistence
of the variety of bacterial genotypes [14,37,38]. Since the
present model is a simple toy model, there is a large gap
between the model and the real experiment. For the further
investigations of bacterial population dynamics under the
feast-famine cycle, it might be fruitful to argue the differences
between them.

First of all, the present model has no spatial degree of
freedom. It is well-known fact that the introduction of the spa-
tial structure will allow replicator models to have coexistence
solutions [39–44]. Introduction of the spacial structure was
also proposed to avoid the TOC caused by the growth-yield
trade-off [21]. Furthermore, it was experimentally shown that
E. coli cells with the attenuated r poS outcompeted the wild-
type cells in the well-mixed culture but coexisted with the
wild-type in the spatially-structured culture [45]. With the
spatial structure introduced, it is possible that the present
model shows the coexistence of multiple species that work
to prevent extinction due to the TOC scenario.

Even without the effect of the space, it is possible that the
physicochemical limits of the rates and the yield simply stop
their values keep evolving. Another possible way to stop the
extinction is to have the growth-death trade-off relationship
being stronger than linear. However, we would like to point

out that having a stronger trade-off might be a weak strategy.
Let us consider the situation where the trade-off relationship
also evolves. In the population level, having the stronger trade-
off relationship is preferential solution to avoid the extinction,
but naïvely thinking, the bacterial population with a strong
trade-off relationship is fragile to the invasion of another
population with weaker trade-off relationship in the same
sense as that slow growers are competed out by fast growers
in the present model.

It is also worth noting that, in reality, a small fraction
of the bacterial population can be nongrowing persisters
[46–48]. The introduction of the persister phenotype makes
the big jump between the high-growth and high-death and
low-growth and low-death state possible, and it might change
the evolutionary strategies. Also, the lag and stationary phases
were not implemented in the model. The period of the lag
phase is considered to increase with the starvation time (or the
time in the stationary phase) [11,49,50], and the prolonged lag
time is clearly disadvantageous for the competition for sub-
strates. The real bacteria might design their growth strategy
also to cope with the length of lag time. Furthermore, it has
been shown that during the death phase, the substrate provided
by dead cells are utilized by alive cells to survive longer
[51], and this feedback from cell death to the environment
can be another factor to be considered to compare with the
reality.

Another factor to consider is the stochasticity in the fix-
ation process. It is theoretically shown by using a Wright-
Fisher-type model that the trade-off between the fitness ad-
vantage in WF scheme (e.g., the growth rate) and the carrying
capacity (the maximum population of given species) makes
a fixation probability of the species with smaller fitness ad-
vantage higher than that of the species with bigger fitness
advantage under a certain condition [52]. When a single cell
of fast-growth and small carrying capacity is introduced into
a community formed only of the other type, the chance of
the former species to be selected is small due to a small
frequency in the community. By contrast, in the opposite case,
the population size of the community is small, and thus, the
frequency and the fitness advantage are less influential to
the selection. There, the randomness dominates the selection
process rather than other factors.

The effect of the feast-famine cycle to the bacterial evolu-
tion has been addressed experimentally, though typically the
famine period is the order of a day or shorter that the bacteria
enters the stationary phase but not the death phase. Lenski and
coworkers’ evolutionary adaptation experiment [14,38,53–56]
has been continued for more than 30 years and a variety of
mutations have been confirmed. For instance, some of the new
genotypes can use citrate as a sole carbon source which the
ancestral strain was unable to utilize [54,56] and cross-feeding
polymorphism to appear [55]. Those observations mean that
new niches were created during the evolution time series.
As only a single nutrient is considered in the present model,
there is only one niche and the possibility of the cross-feeding
was not taken into account. An extension of the model to
have more than two types of the nutrient and secretion of the
chemicals from the cells will allow the model to have more
niches and hence polymorphism to appear.
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In a recent experiment of bacteria under repeated feast-
famine cycle with the exchange of medium [11], a large
amount of the bacteria cells were also flushed out when
the fresh media is added. In this case, the cells that form
aggregates are selected, even though the growth was in the
liquid culture. Though this particular experiment imposed the
selection for aggregates, in general one should have in mind
that the aggregation and hence spatial heterogeneity can arise
even in a liquid culture [57], which can make a deviation from
the prediction of a “well-mixed” model.

Having these possible deviations from the present model
in mind, it will still be interesting to perform an evolution
experiment with longer famine period, to see the role of the
trade-off between the growth rate and the death rate in the
repeated feast-famine cycle.

As discussed, the present model has plenty of choices to
be extended for emulating the strategy of the real bacterial
population. However, in spite of its simplicity, it provides
several insights into how the feast-famine environment could
affect the bacterial population dynamics, which hopefully
helps the future development of our understandings of bac-
terial population dynamics and evolution.
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APPENDIX A: MODEL EQUATION FOR THE
MULTISPECIES MODEL

(1) Ni : the number of the cell of ith phenotype
(2) S : the amount of the nutrient (max Sm)
(3) �Si = �1/Yi�: the amount of the nutrient needed by

the ith species to proliferate
(4) μi : growth rate of ith phenotype
(5) γi : death rate of ith phenotype
(6) ε : migration (invasion) rate (normally it is set to zero)
(7) λ : the average waiting time for the substrate addition

dP( �N, S)

dt
=

∑
i

μi
(
δ̂S,Sm δ̂Ni,0E

−1
Ni
E�Si

S (1 − ρ

+ (δi,0 + δi,M−1)ρ/2) − (1 − θ (S))
)
NiP( �N, S)

+ δ̂S,Sm

ρ

2

∑
i

E−1
Ni

(
E�Si+1

S δ̂i,M−1μi+1Ni+1

+E�Si−1
S δ̂i,0μi−1Ni−1

)
P( �N, S)

+ θ (S)
∑

i

γi
(
ENi − 1

)
NiP( �N, 0) − P( �N, S)/λ

+ δS,Sm

Sm∑
s=−∞

P( �N, s)/λ

+ ε
(
E−1

Ni
− 1

)
P( �N, S), (A1)

where Ei is the step operator of species i which acts to
an arbitrary function f (· · · , Ni, · · · ) as Ei f (· · · , Ni, · · · ) =
f (· · · , Ni + 1, · · · ). Here, we allow to P(N, S) with nega-
tive S to have nonzero value because instead of setting the
boundary at S = 0 because it needs an exception handling, for
instance, assuming that all the transition from such states go
to the state with S = 0. While the state S < 0 is reachable,
the right hand side of the equation is the same among S � 0.
Therefore, by assuming the sum of the probabilities for S � 0
represents the probability of the starving state, we can avoid
the introduction of the exception handling.

APPENDIX B: DERIVATION OF THE MAP SYSTEM

Here, we derive the map system, first for the one-species
case. To derive it, we ignore the interactions among species
(i.e., deal with the growth/death dynamics of only one
species.) and stochasticity in the bacterial growth/death dy-
namics. First, we calculate the duration of τ in which the
bacterial population use up the newly added Sm substrates.
Since the bacterial population grows exponentially as long as
the substrate remains, the number of the bacteria at time t ,
Ñ (t ) is given as

Ñ (t ) = Ñ (0)eμt , (0 � t < τ ),

where we set t = 0 as the time the substrates are newly
added. The integral of this equation from t = 0 to t = τ

gives us the cumulative consumption of the substrate given
by (eμτ − 1)Ñ (0)/Y . By the definition of τ , the cumulative
consumption equals to Sm, and thus, we get

τ = μ−1 ln(1 + SmY/Ñ (0)), (B1)

Next, we introduce the waiting time between nth and (n +
1)th substrate addition periods, �t (n). Note that if τ (n) <

�t (n), the bacteria run out all the substrates and start to die,
otherwise, the population grows to Ñ (τ ). Thus the population
at the (n + 1)th substrate addition event is determined by the
population at the nth addition event as follows;

N (n + 1) =
{

N (n)eμτ (n)e−γ (�t (n)−τ (n)) (τ (n) < �t (n))
N (n)eμ�t (n) ,

(B2)

where N (n) indicates the number of the bacteria at the nth
substrate addition. Since τ depends N (n), we put (n) to
explicitly show that τ can have different values for different
n’s.

Note that the average of ln(N (n + 1)/N (n)) over �t (n)
with the exponential distribution gives the effective growth
rate and leads to the deterministic time evolution of the
bacterial population. The average results in

N (n + 1) = N (n) exp(μ̂λ)

μ̂(n) = μ(1 − exp(−τ (n)/λ)) − γ exp(−τ (n)/λ).

For the multispecies case, the map system is derived in a
similar way. It is given as

Ni(n + 1) = Ni(n) exp(μ̂i(n)λ),

μ̂i(n) = μi(1 − exp(−τ (n)/λ)) − γi exp(−τ (n)/λ),
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where τ (n) is given as the solution of the following equation;

Sm =
M−1∑
i=0

Ni(n)/Yi(exp(μiτ (n)) − 1). (B3)

Although we performed many numerical computation of the
map dynamics with a variety of parameter choice, any at-
tractor at which the species coexist was not found. Thus we
concentrate to the attractors at which only one species has
nonzero population. By setting μ̂i(n) = 0 and Nj (n) = 0 for
any j �= i, we get the steady solution given by

N st
i = SmYi

(1 + γi/μi )μiλ − 1
(B4)

APPENDIX C: THE STABILITY ANALYSIS
OF THE MAP SYSTEM

In this section, we describe that the ratio between the
growth rate and the death rate works as the fitness in the
present model by performing the linear stability analysis of
the map system which is derived in the previous section.
Here, we deal only with the fixed points at which only one
species survives. Let us suppose that there are M species. The
Jacobi matrix of the system at the nth substrate addition event
(N0(n), N1(n) · · · , NM−1(n)) is given as

Ji j (n) = ∂Ni(n + 1)

∂Nj (n)

= δi j exp[μ̂i(n)λ] + Ni(n)λ exp[μ̂i(n)λ]
∂μ̂i(n)

∂Nj (n)
. (C1)

By renumbering the species index, we can assume that only
the species with index 0 survive at the attractor without los-
ing generality. Since N0(n → ∞) = N st

0 and N1(n → ∞) =
· · · NM−1(n → ∞) = 0 hold, the elements of the Jacobi ma-
trix get simplified at the fixed point as

Ji j =
{

δ0 j + N st
0 λ

∂μ̂0

∂Nj

∣∣
st. (i = 0)

δi j exp[μ̂iλ]|st. (i > 0)
, (C2)

where ·|st indicates the value of the functions at the steady
state which we are interested in. This equation shows that the
Jacobi matrix is triangle, and thus, the eigenvalues are

1 + N st
0 λ

∂μ̂0

∂N0

∣∣∣∣
st.

, exp[μ̂1λ]|st.,

exp[μ̂2λ]|st., . . . , exp[μ̂M−1λ]|st.

The first eigenvalue 1 + N st
0 λ

∂μ̂0

∂N0
|st. is zero, and μ̂i|st is given

as μ̂i|st = μi(γ0/μ0 − γi/μi )/(1 + γ0/μ0) because τ is given
by λ ln(1 + γ0/μ0) holds at the fixed point. Since λ is positive
constant, γ0/μ0 < γi/μi, for all i = 1, 2, . . . , M − 1 is the
stability condition for this fixed point. Therefore the only one
fixed point with the largest μ/γ is stable among all the fixed
points at which only one dominant species exists.

APPENDIX D: THE APPROXIMATED SOLUTION
OF THE MASTER EQUATION

In this section, we calculate the steady state solution of the
master equation with only one species, Eq. (1). Here, we write

the probability of the each state as PS (N ) instead of P(N, S)
and convert the single master equation into the system of
(1 + Sm) master equations just for the readability of following
calculations. For the sake of simplicity, here we consider only
the cases which satisfy Sm�Y � ∈ Z. Then, the difference of the
yield is absorbed into the value of Sm which allows us to set
the yield to unity.

The full-model is approximated by assuming that λ 
ln(1 + Sm/Nst )/μ holds to ignore the terms PS (N )/λ for S > 0.
Here, we also introduced a spontaneous migration with rate ε,
because the master equation has an absorbing state at (N, S) =
(0, Sm) and without the migration term, only the steady state
is P(0, Sm) = 1 and 0 for the others. The approximated master
equations are given as

dPSm (N )

dt
= −μNPSm (N ) + ε

(
PSm (N − 1) − PSm (N )

)
+ P0(N )/λ,

dPS (N )

dt
= μ(N − 1)PS+1(N − 1) − μNPS (N )

+ ε(PS (N −1) − PS (N )), (S =1, · · · Sm − 1),

dP0(N )

dt
= μ(N − 1)P1(N − 1) + ε(P0(N − 1) − P0(N ))

+ γ ((N + 1)P0(N + 1) − nP0(N )) − P0(N )/λ.

Here, we introduce the moment-generating function for each
S defined as

GS (z) =
∞∑

N=0

zN PS (N ).

We get following equations at the steady state:

0 = −μzG′
Sm

+ εGSm (z − 1) + G0/λ,

0 = −μzG′
S + μz2G′

S+1 + εGS (z − 1) (S = 1, . . . , Sm − 1),

0 = μz2G′
1 − γ (z − 1)G′

0 + εG0(z − 1) − G0/λ, (D1)

where G′
S represents the first-order derivative of GS’s respect

to z. By setting z = 1, we get

0 = −μzG′
Sm

+ G0/λ,

0 = −μzG′
S + μz2G′

S+1 (S = 1, . . . , Sm − 1), (D2)

0 = μz2G′
1 − G0/λ.

Thus an equality

G′
1(1) = G′

2(1) = · · · = G′
Sm

(1) = G0(1)/μλ (D3)

holds.
Also, by differentiating Eq. (D1) respect to z again, we get

0 = −μG′
Sm

− μzG′′
Sm

+ εGSm + εGm(z − 1) + G′
0/λ,

0 = −μG′
S − μzG′′

S + 2μzG′
S+1 + μz2G′′

S+1

+ εGS + εG′
S (z − 1), (D4)

0 = 2μzG′
1 + μz2G′′

1 − γ G′
0 − γ (z − 1)G′′

0

+ εG0 + εG′
0(z − 1) − G′

0/λ.
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By summing up these Sm equations and setting z = 1, we get

0 = ε + μ

Sm∑
S=1

G′
S − γ G′

0

⇔ 0 = ε + M
G0

λ
− γ G′

0 (D5)

From Eqs. (D3) and (D5), the first moment is given by

Sm∑
S=0

G′
S (z = 1) = G′

0(1) +
Sm∑

S=1

G′
S (1)

= ε

γ
+ M

G0(1)

λγ
+ M

G0(1)

λμ

= ε

γ
+ MG0(1)

λ
(μ−1 + γ −1). (D6)

Since G0(1) is indeterministic from the Eqs. (D2)–(D5), we
make an anzats that G0(1) has the form

G0(1) = λ

λ + H0(Sm)/μ + ε−1 exp(−H1(Sm)/γ λ)
, (D7)

with

H0(Sm) =
�N̂ (Sm )�+Sm−1∑

n=�N̂ (Sm )�

1

n
, H1(Sm) =

�N̂ (Sm )�+Sm∑
n=1

1

n
.

Here, we use the steady state solution the map dynamics in the
main text Eq. (4) as N̂ and �·� represents the ceiling function.

At the end, the steady state solution of the bacterial popu-
lation is given by

Nst =
Sm∑

S=0

G′
S (1)

= ε

γ
+ Sm

1/μ + 1/γ

λ + H0(Sm)/μ + exp[−H1(Sm)/γ λ]/ε
.

(D8)

Figure 5 shows the comparison of the two types of analytic
estimates of the steady state solution to the numerically com-
puted one (time-averaged population). The solution derived
in this section gets less accurate when μ is small due to
the assumption λ � μNst. On the other hand, it predicts the
extinction of the population (the strong drop of the population)
precisely.

We made the anzats that G0(1) has the form shown in
Eq. (D7) because G0(1) represents the fraction of time that
the system stays at the states with no substrate. Apparently,
the timescale to escape from the no-substrate states is λ. On
the other hand, the length of time that the system stays at
the with-substrate states is given by H0/μ. Suppose that the
system is at the state with (N, S) = (n, Sm). The spontaneous
immigration rate is ignorable if there are the substrates, and
thus, the bacteria proliferates without experiencing any other
elemental processes until all the substrates are run out. Since
the number of bacteria increases strictly one by one as a
single substrate is used, the timescale for reaching to the
nonsubstrate states is obtained by summing up the timescales
of the proliferation with given number of the substrate. It is

FIG. 5. The comparison among three types of the analytic es-
timates of the steady state solution and the numerically computed
steady state solution. “Map” and “Master Eq.” corresponds to the
steady state solution given in Eqs. (4) and (D8), respectively.
The “Map” solution fails to correctly predict the sudden drop of the
steady population due to the deterministic and continuous approx-
imation of the variables and averaging of the waiting time, while
the “Master Eq.” cannot capture the steady solution correctly in low
growth rate region because we assumed the growth rate is sufficiently
larger than 1/λ to calculate the master equation. Parameter values are
set to λ = 10, Sm = 103, ε = 10−8, a = 0.1, and b = 10−3.

given as (1/n + 1/(n + 1) + · · · + 1/(n + Sm − 1))/μ. The
number of the bacteria right after the substrate addition is
typically given by �N̂�, and thus, the sum is written as H0/μ.

Lastly, there is finite possibility that the system reaches the
state (N, S) = (0, Sm) which becomes the absorbing state un-
der ε → 0 limit. Once the system falls into the state, the only
one elemental process could take place is the spontaneous
immigration occurring at rate ε. It might be natural to estimate
the probability of the system to fall into this state from the
ratio of two timescales, namely, the timescale of the substrate
addition and cell death. A single bacterium in N bacteria
dies within 1/γ N on average. Thus the whole population is
expected to extinct within H1/γ . Therefore the probability
that the total population becomes zero before the substrates
being supplied can be approximated by (exp[−H1/γ λ]).

The sum of these three parts gives the typical length of
time consumed in between two substrate addition events, and
thus, the ratio between λ and the sum corresponds to what we
desired.

APPENDIX E: THE FIXATION PROBABILITY AND THE
FIXATION TIME CALCULATED FROM THE

WRIGHT-FISHER MODEL

In this section, we explain how the WF model is applied to
the present model. Before listing up the assumptions made,
we briefly explain the framework of the WF model, while
detailed descriptions can be found in standard textbooks [29].
The WF model is a Markov-chain model which predicts
the temporal evolution of relative abundances of the species.
Suppose that there are two species, species h and l (high and
low), which has the relative fitness 1 + u (here we assume

013372-11



YUSUKE HIMEOKA AND NAMIKO MITARAI PHYSICAL REVIEW RESEARCH 2, 013372 (2020)

u > 0) and 1, respectively. The total population is kept to the
constant number Nt , and the generational change is assumed
to take place simultaneously. The probability that one indi-
vidual at the next generation to be the species h is given by
pi = i(1 + u)/[i(1 + u) + (Nt − i)], where i is the number of
the species h at the previous generation. Thus the transition
probability

From (the number of h cells,the number of l cells) =
( j, Nt − j) To (i, Nt − i) in one generation is given by

Pi j =
(

Nt

i

)
pi

j (1 − p j )
i. (E1)

If the mutation is not included in the model, the model has
two absorbing states at which only one species dominates
the whole population corresponding to the fixation of the
species. By using the diffusion approximation of the WF
model, the fixation probability of species h is analytically
given as pfix = (1 − exp(−Nt uy))/(1 − exp(−Nt u)), where y
is the initial abundance of the species h relative to the total
population.

For fitting the present model into the framework of the
Wright-Fisher (WF) model, we have to make several assump-
tions, while they are not always fulfilled by the present model
exactly. Here, we first list the assumptions which we need to
make with comments.

(i) The total number of the population is constant. Clearly
this requirement is violated, while we assume that the total
number of the population is fixed at the steady-state value
[Eq. (D8)] with the growth rate of the slow grower.

(ii) Proliferation/cell death takes place simultaneously.
Since cell division and cell death occur as a Poisson random
event in the present model. We can neither fulfill the two
conditions. We assume, however, that it is effectively satisfied

by coarse-graining the time. We suppose that on average
every Nλ/Sm time interval, N individuals die and N bacteria
are newly born, and accordingly, one generation in the WT
framework corresponds to Nλ/Sm in the timescale of the
present model.

(iii) The fitness function. Due to the differences between
the WF framework and the present model, it is unclear which
parameter in the present model should correspond to the
relative fitness advantage. So, here we adopt the ratio between
the growth rate and death rate as the fitness function because
it is already shown to determine the stable fixed point under
the deterministic approximation of the model.

Here, we calculate the fixation probability and the fixation
time of the two-species WF model. We assume that there
are two species with slightly different growth rates and death
rates. We do not include the mutation process in the analysis.
Instead, we set a very small portion of the total population (y)
as the bacteria with higher fitness. The fixation probability of
the bacteria with the higher fitness is given as

pfix(u, N, y) = 1 − exp[−αy]

1 − exp[−α]
, (E2)

under the continuous (large N) limit, where α is defined as
α = uN . Since one of the two species is eventually fixed, the
fixation probability of the other species is given as 1 − pfix.

Next, the fixation time τi (i = l, h) is given by solving the
backward Kolmogorov equation below,

αu(1 − u)
∂τ̃i

∂y
+ 1

2N
u(1 − u)

∂2τ̃i

∂y2

=
{−pfix (i = h)
−(1 − pfix) (i = l ) ,

τh = τ̃h/pfix, τl = τ̃l/(1 − pfix).

The solutions are given by the following equations

τ̃l (u, N, y) = C0(u, N ) − C1(u, N )e−2αy + F (u, N, y) + G(u, N, y), (E3)

τ̃h(u, N, y) = D0(u, N ) − D1(u, N )e−2αy − F (u, N, y), (E4)

F (u, N, y) = 1

u(1 − e−α )

[
ln

(
y

1 − y

)
− E (−2αy) + E (2α(y − 1)) (E5)

+ e−αy[E (−αy) − E (αy)] + e−αy[E (α(y − 1)) − E (−α(y − 1))]

]
, (E6)

u · G(u, N, y) = ln

(
1 − y

y

)
+ E (−2αy) − E (2α(y − 1)), (E7)

D1(u, N ) = (F (u, N, 1) − F (u, N, 0))/(1 − e−2α ), (E8)

D0(u, N ) = D1(u, N ) + F (u, N, 0), (E9)

C1(u, N ) + D1(u, N ) = (G(u, N, 0) − G(u, N, 1))/(1 − e−2α ), (E10)

C0(u, N ) + D0(u, N ) = (C1(u, N ) + D1(u, N )) − G(u, N, 0), (E11)

013372-12



DYNAMICS OF BACTERIAL POPULATIONS UNDER … PHYSICAL REVIEW RESEARCH 2, 013372 (2020)

where E (x) is the product of the exponential function ex and
the exponential integral function with the negative argument
Ei(−x), i.e., E (x) = ex · Ei(−x) = ex

∫ ∞
x e−t t−1dt .

APPENDIX F: AN ANALYTIC ESTIMATE OF THE
SURVIVAL TIME BEFORE EXTINCTION

In this section, we derive the analytic estimate of the
survival time before the extinction shown in Eq. (6) in the
main text.

With the sufficiently small mutation rate ρ, the survival
time can be estimated from the recursive taking-over process
between two species with different fitness values because
there are only two neighboring species in the system most of
the time. So, we calculate the average length of time needed
for the (i + 1)th species dominates the whole population
which was initially dominated by the ith species. We denote
this as Ti,i+1, and consecutively sum up them to get the total
length of time.

The time for the (i + 1)th species to take over the pop-
ulation consists of three parts, namely, time for the mutant
appearance (τm), time consumed by failures of the fixation (ith
species dominates again, being given by τl ), and the time for
the fixation [(i + 1)th species dominates, being given by τh].
For making it clear that each part depends on the index of the
species, we put index explicitly as τ i

m, τ i,i+1
l and τ i,i+1

h , while
omitting the superscript when we mention general features. In
this section, we suppose the growth rate μ and the maximum
number of the substrate Sm as parameters, and only μ and Sm

are indicated as arguments of functions.
A single mutant with the higher fitness appears within

τm = (1 − (1 − ρ/2)N ) ≈ 2/ρN generation on average. Note
that we can ignore the appearance of the mutants with lower
fitness because they typically fail to increase their portion in
the whole population due to the low fitness and the small

population. Thus the result does not alter even if the (i − 1)th
species is dealt as the ith species. In the following argument,
we assume that the initial portion of the bacteria with higher
fitness, y, equals to the inverse of the population size N ,
because it is less likely to happen that more than two mutant
appears at the same time due to low mutation rate.

The expected number of failures of the fixation (the count
of the event that a mutant appeared but eventually eliminated)
is given by

R(u(μl , μh), N (μl , Sm))

= R(μl , μh, Sm) (F1)

≡ �l (u, N, 1/N )/�h(u, N, 1/N ) (F2)

= [coth(u/2) sinh(uN/2) − cosh(uN/2)]e−uN/2. (F3)

At every failure, the population has to wait for a next mutant
to appear and one failure takes time with length τ i,i+1

l . The
fixation of the species with higher fitness has to take place
only once, and thus, the population is expected to evolve their
dominant species from ith to (i + 1)th species in

Ti,i+1(μi, μi+1, Sm)

= R(μi, μi+1, Sm) · [
τ i

m(μi, Sm) + τ i,i+1
l (μi, μi+1, Sm)

]
+ τ i,i+1

h (μi, μi+1, Sm).

Lastly, we need to convert the timescale because the unit of
time is the number of generations in the WT model. Since Sm

bacteria divide after a single substrate addition event, N/Sm

substrate addition events are needed for a single generation
to pass (N bacteria divide). The substrate addition events
take place every λ interval on average. Thus the timescale
is converted from WT to the present model by multiplying

FIG. 6. The comparison of the average survival time Ts and the estimate of the value. In this figure, the estimate is given by
∑

[(1 −
pfix)/pfix(τm + τl ) + τh]. Each part

∑
(1 − pfix)/pfixτm,

∑
(1 − pfix)/pfixτl , and

∑
τh is plotted separately as red, cyan, and orange dashed line,

respectively. The parameters are set at a = 10−3, b = 10−1, ρ = 10−6, and δμ = 10−2. ε is set at 0 for the numerical simulation, while it is
set at 10−12 for the analytic estimate because of the reason explained in the main text.
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N (μ)λ/Sm.

Ts(Sm) = λ

Sm

i∗∑
i=0

N (μi )Ti,i+1.

Note that here we assumed that the (i + 1)th species always
has a fitness value higher than that of the ith species (u > 0).

This assumption makes it unlikely to happen that the (i − 1)th
species appear by mutation and eliminate the ith species. This
directedness is vital to make an estimate of the survival time
by simply summing up the length of time for each taking-over
event Ti,i+1. The assumption is violated if the fitness function
μ/γ (μ) has a peak, for example, the fitness function with the
square trade-off.

[1] T. R. Malthus, An Essay on the Principle of Population
(J. Johnson, London, 1798).

[2] J. Monod, The growth of bacterial cultures, Annu. Rev.
Microbiol. 3, 371 (1949).

[3] G. F. Gause, The Struggle for Existence (Hafner, New York,
USA, 1934).

[4] E. R. Pianka, On r- and K-selection, Am. Nat. 104, 592 (1970).
[5] R. Hengge-Aronis, Survival of hunger and stress, the role of

rpoS in early stationary phase gene regulation in E. coli, Cell
72, 165 (1993).

[6] M. Simon, H.-P. Grossart, B. Schweitzer, and H. Ploug, Mi-
crobial ecology of organic aggregates in aquatic ecosystems,
Aquat. Microb. Ecol. 28, 175 (2002).

[7] M. S. Datta, E. Sliwerska, J. Gore, Martin F. Polz, and Otto
X. Cordero, Microbial interactions lead to rapid micro-scale
successions on model marine particles, Nat. Commun. 7, 11965
(2016).

[8] A. M. Kellerman, T. Dittmar, D. N. Kothawala, and L. J.
Tranvik, Chemodiversity of dissolved organic matter in lakes
driven by climate and hydrology, Nat. Commun. 5, 3804 (2014).

[9] J. R. Seymour, S. A. Amin, J.-B. Raina, and R. Stocker,
Zooming in on the phycosphere, the ecological interface for
phytoplankton–bacteria relationships, Nat. Microbiol. 2, 17065
(2017).

[10] M. A. Savageau, Escherichia coli habitats, cell types, and
molecular mechanisms of gene control, Am. Nat. 122, 732
(1983).

[11] J. Merritt and S. Kuehn, Frequency-and Amplitude-Dependent
Microbial Population Dynamics During Cycles of Feast and
Famine, Phys. Rev. Lett. 121, 098101 (2018).

[12] E. Kussell and S. Leibler, Phenotypic diversity, population
growth, and information in fluctuating environments, Science
309, 2075 (2005).

[13] E. Kussell, R. Kishony, N. Q. Balaban, and S. Leibler, Bacterial
persistence, a model of survival in changing environments,
Genetics 169, 1807 (2005).

[14] R. E. Lenski, M. R. Rose, S. C. Simpson, and S. C. Tadler,
Long-term experimental evolution in escherichia coli. I. Adap-
tation and divergence during 2,000 generations, Am. Nat. 138,
1315 (1991).

[15] F. Vasi, M. Travisano, and R. E. Lenski, Long-term experimen-
tal evolution in escherichia coli. II. Changes in life-history traits
during adaptation to a seasonal environment, Am. Nat. 144, 432
(1994).

[16] F. K. Vasi and R. E. Lenski, Ecological strategies and fitness
tradeoffs in escherichia coli mutants adapted to prolonged star-
vation, J. Genet. 78, 43 (1999).

[17] Y. Yang, A. L. Santos, L. Xu, C. Lotton, F. Taddei, and A. B.
Lindner, Temporal scaling of aging as an adaptive strategy of
escherichia coli, Sci. Adv. 5, eaaw2069 (2019).

[18] L. Notley-McRobb, T. King, and T. Ferenci, rpoS mutations
and loss of general stress resistance in escherichia coli popu-
lations as a consequence of conflict between competing stress
responses, J. Bacteriol. 184, 806 (2002).

[19] R. Maharjan, S. Nilsson, J. Sung, K. Haynes, R. E. Beardmore,
L. D. Hurst, T. Ferenci, and I. Gudelj, The form of a trade-off
determines the response to competition, Ecology Letters 16,
1267 (2013).

[20] J.-N. Jasmin, M. M. Dillon, and C. Zeyl, The yield of exper-
imental yeast populations declines during selection, Proc. R.
Soc. London B 279, 4382 (2012).

[21] T. Pfeiffer, S. Schuster, and S. Bonhoeffer, Cooperation and
competition in the evolution of ATP-producing pathways,
Science 292, 504 (2001).

[22] T. Ferenci, Trade-off mechanisms shaping the diversity of bac-
teria, Trends Microbiol. 24, 209 (2016).

[23] M. Novak, T. Pfeiffer, R. E. Lenski, U. Sauer, and S.
Bonhoeffer, Experimental tests for an evolutionary trade-off
between growth rate and yield in E. coli, Am. Nat. 168, 242
(2006).

[24] R. C. MacLean, The tragedy of the commons in microbial popu-
lations, insights from theoretical, comparative and experimental
studies, Heredity 100, 471 (2008).

[25] J.-U. Kreft, Biofilms promote altruism, Microbiology 150, 2751
(2004).

[26] T. Frick and S. Schuster, An example of the prisoner’s dilemma
in biochemistry, Naturwissenschaften 90, 327 (2003).

[27] G. Hardin, The tragedy of the commons, Science 162, 1243
(1968).

[28] D. T. Gillespie, Exact stochastic simulation of coupled chemical
reactions, J. Phys. Chem. 81, 2340 (1977).

[29] W. J. Ewens, Mathematical Population Genetics 1: Theoreti-
cal Introduction, Springer Science & Business Media Vol. 27
(Springer-Verlag, New York, 2004).

[30] A. Zakrzewska, G. van Eikenhorst, J. E. C. Burggraaff, D. J.
Vis, H. Hoefsloot, D. Delneri, S. G. Oliver, S. Brul, and G. J.
Smits, Genome-wide analysis of yeast stress survival and toler-
ance acquisition to analyze the central trade-off between growth
rate and cellular robustness, Mol. Biol. Cell 22, 4435 (2011).

[31] T. Dong, S. M. Chiang, C. Joyce, R. Yu, and Herb E. Schellhorn,
Polymorphism and selection of rpoS in pathogenic escherichia
coli, BMC microbiology 9, 118 (2009).

[32] T. King, A. Ishihama, A. Kori, and T. Ferenci, A regulatory
trade-off as a source of strain variation in the species escherichia
coli, J. Bacteriol. 186, 5614 (2004).

[33] S. S. Porter and K. J. Rice, Trade-offs, spatial heterogeneity,
and the maintenance of microbial diversity, Evolution, Int. J.
Org. Evol. 67, 599 (2013).

[34] A. J. Lee, S. Wang, H. R. Meredith, B. Zhuang, Z. Dai, and
L. You, Robust, linear correlations between growth rates and

013372-14

https://doi.org/10.1146/annurev.mi.03.100149.002103
https://doi.org/10.1146/annurev.mi.03.100149.002103
https://doi.org/10.1146/annurev.mi.03.100149.002103
https://doi.org/10.1146/annurev.mi.03.100149.002103
https://doi.org/10.1086/282697
https://doi.org/10.1086/282697
https://doi.org/10.1086/282697
https://doi.org/10.1086/282697
https://doi.org/10.1016/0092-8674(93)90655-A
https://doi.org/10.1016/0092-8674(93)90655-A
https://doi.org/10.1016/0092-8674(93)90655-A
https://doi.org/10.1016/0092-8674(93)90655-A
https://doi.org/10.3354/ame028175
https://doi.org/10.3354/ame028175
https://doi.org/10.3354/ame028175
https://doi.org/10.3354/ame028175
https://doi.org/10.1038/ncomms11965
https://doi.org/10.1038/ncomms11965
https://doi.org/10.1038/ncomms11965
https://doi.org/10.1038/ncomms11965
https://doi.org/10.1038/ncomms4804
https://doi.org/10.1038/ncomms4804
https://doi.org/10.1038/ncomms4804
https://doi.org/10.1038/ncomms4804
https://doi.org/10.1038/nmicrobiol.2017.65
https://doi.org/10.1038/nmicrobiol.2017.65
https://doi.org/10.1038/nmicrobiol.2017.65
https://doi.org/10.1038/nmicrobiol.2017.65
https://doi.org/10.1086/284168
https://doi.org/10.1086/284168
https://doi.org/10.1086/284168
https://doi.org/10.1086/284168
https://doi.org/10.1103/PhysRevLett.121.098101
https://doi.org/10.1103/PhysRevLett.121.098101
https://doi.org/10.1103/PhysRevLett.121.098101
https://doi.org/10.1103/PhysRevLett.121.098101
https://doi.org/10.1126/science.1114383
https://doi.org/10.1126/science.1114383
https://doi.org/10.1126/science.1114383
https://doi.org/10.1126/science.1114383
https://doi.org/10.1534/genetics.104.035352
https://doi.org/10.1534/genetics.104.035352
https://doi.org/10.1534/genetics.104.035352
https://doi.org/10.1534/genetics.104.035352
https://doi.org/10.1086/285289
https://doi.org/10.1086/285289
https://doi.org/10.1086/285289
https://doi.org/10.1086/285289
https://doi.org/10.1086/285685
https://doi.org/10.1086/285685
https://doi.org/10.1086/285685
https://doi.org/10.1086/285685
https://doi.org/10.1007/BF02994702
https://doi.org/10.1007/BF02994702
https://doi.org/10.1007/BF02994702
https://doi.org/10.1007/BF02994702
https://doi.org/10.1126/sciadv.aaw2069
https://doi.org/10.1126/sciadv.aaw2069
https://doi.org/10.1126/sciadv.aaw2069
https://doi.org/10.1126/sciadv.aaw2069
https://doi.org/10.1128/JB.184.3.806-811.2002
https://doi.org/10.1128/JB.184.3.806-811.2002
https://doi.org/10.1128/JB.184.3.806-811.2002
https://doi.org/10.1128/JB.184.3.806-811.2002
https://doi.org/10.1111/ele.12159
https://doi.org/10.1111/ele.12159
https://doi.org/10.1111/ele.12159
https://doi.org/10.1111/ele.12159
https://doi.org/10.1098/rspb.2012.1659
https://doi.org/10.1098/rspb.2012.1659
https://doi.org/10.1098/rspb.2012.1659
https://doi.org/10.1098/rspb.2012.1659
https://doi.org/10.1126/science.1058079
https://doi.org/10.1126/science.1058079
https://doi.org/10.1126/science.1058079
https://doi.org/10.1126/science.1058079
https://doi.org/10.1016/j.tim.2015.11.009
https://doi.org/10.1016/j.tim.2015.11.009
https://doi.org/10.1016/j.tim.2015.11.009
https://doi.org/10.1016/j.tim.2015.11.009
https://doi.org/10.1086/506527
https://doi.org/10.1086/506527
https://doi.org/10.1086/506527
https://doi.org/10.1086/506527
https://doi.org/10.1038/sj.hdy.6801073x
https://doi.org/10.1038/sj.hdy.6801073x
https://doi.org/10.1038/sj.hdy.6801073x
https://doi.org/10.1038/sj.hdy.6801073x
https://doi.org/10.1099/mic.0.26829-0
https://doi.org/10.1099/mic.0.26829-0
https://doi.org/10.1099/mic.0.26829-0
https://doi.org/10.1099/mic.0.26829-0
https://doi.org/10.1007/s00114-003-0434-3
https://doi.org/10.1007/s00114-003-0434-3
https://doi.org/10.1007/s00114-003-0434-3
https://doi.org/10.1007/s00114-003-0434-3
https://doi.org/10.1126/science.162.3859.1243
https://doi.org/10.1126/science.162.3859.1243
https://doi.org/10.1126/science.162.3859.1243
https://doi.org/10.1126/science.162.3859.1243
https://doi.org/10.1021/j100540a008
https://doi.org/10.1021/j100540a008
https://doi.org/10.1021/j100540a008
https://doi.org/10.1021/j100540a008
https://doi.org/10.1091/mbc.e10-08-0721
https://doi.org/10.1091/mbc.e10-08-0721
https://doi.org/10.1091/mbc.e10-08-0721
https://doi.org/10.1091/mbc.e10-08-0721
https://doi.org/10.1186/1471-2180-9-118
https://doi.org/10.1186/1471-2180-9-118
https://doi.org/10.1186/1471-2180-9-118
https://doi.org/10.1186/1471-2180-9-118
https://doi.org/10.1128/JB.186.17.5614-5620.2004
https://doi.org/10.1128/JB.186.17.5614-5620.2004
https://doi.org/10.1128/JB.186.17.5614-5620.2004
https://doi.org/10.1128/JB.186.17.5614-5620.2004
https://doi.org/10.1111/j.1558-5646.2012.01788.x
https://doi.org/10.1111/j.1558-5646.2012.01788.x
https://doi.org/10.1111/j.1558-5646.2012.01788.x
https://doi.org/10.1111/j.1558-5646.2012.01788.x


DYNAMICS OF BACTERIAL POPULATIONS UNDER … PHYSICAL REVIEW RESEARCH 2, 013372 (2020)

β-lactam–mediated lysis rates, Proc. Natl. Acad. Sci. USA 115,
4069 (2018).

[35] E. Tuomanen, R. Cozens, W. Tosch, O. Zak, and A. Tomasz,
The rate of killing of escherichia coli by β-lactam antibi-
otics is strictly proportional to the rate of bacterial growth,
Microbiology 132, 1297 (1986).

[36] H. Nakaoka and Y. Wakamoto, Aging, mortality, and the
fast growth trade-off of schizosaccharomyces pombe, PLoS
Biology 15, e2001109 (2017).

[37] J. E. Bouma and R. E. Lenski, Evolution of a bacteria/plasmid
association, Nature 335, 351 (1988).

[38] B. H. Good, M. J. McDonald, J. E. Barrick, R. E. Lenski, and
M. M. Desai, The dynamics of molecular evolution over 60, 000
generations, Nature (London) 551, 45 (2017).

[39] D. Mollison, Spatial contact models for ecological and epi-
demic spread, J. R. Stat. Soc.: Ser. B (Methodol.) 39, 283
(1977).

[40] K. Hufkens, P. Scheunders, and R. Ceulemans, Ecotones in
vegetation ecology, methodologies and definitions revisited,
Ecol. Res. 24, 977 (2009).

[41] J. Mathiesen, N. Mitarai, K. Sneppen, and A. Trusina, Ecosys-
tems with Mutually Exclusive Interactions Self-Organize to
a State of High Diversity, Phys. Rev. Lett. 107, 188101
(2011).

[42] B. Kerr, C. Neuhauser, B. J. M. Bohannan, and A. M. Dean, Lo-
cal migration promotes competitive restraint in a host–pathogen
‘tragedy of the commons’, Nature (London) 442, 75 (2006).

[43] S. J. Schrag and J. E. Mittler, Host-parasite coexistence, the
role of spatial refuges in stabilizing bacteria-phage interactions,
Am. Nat. 148, 348 (1996).

[44] S. Heilmann, K. Sneppen, and S. Krishna, Sustainability of
virulence in a phage-bacterial ecosystem, J. Virol. 84, 3016
(2010).

[45] F. J. H. Hol, P. Galajda, K. Nagy, R. G. Woolthuis, C. Dekker,
and J. E. Keymer, Spatial structure facilitates cooperation in a
social dilemma, empirical evidence from a bacterial commu-
nity, PloS one 8, e77042 (2013).

[46] N. Q. Balaban, J. Merrin, R. Chait, L. Kowalik, and S. Leibler,
Bacterial persistence as a phenotypic switch, Science 305, 1622
(2004).

[47] J.-W. Veening, W. K. Smits, and O. P. Kuipers, Bistability,
epigenetics, and bet-hedging in bacteria, Annu. Rev. Microbiol.
62, 193 (2008).

[48] Y. Wakamoto, N. Dhar, R. Chait, K. Schneider, F. Signorino-
Gelo, S. Leibler, and J. D. McKinney, Dynamic persistence of
antibiotic-stressed mycobacteria, Science 339, 91 (2013).

[49] I. Levin-Reisman, O. Gefen, O. Fridman, I. Ronin, D. Shwa, H.
Sheftel, and N. Q. Balaban, Automated imaging with scanlag
reveals previously undetectable bacterial growth phenotypes,
Nat. Methods 7, 737 (2010).

[50] Y. Himeoka and K. Kaneko, Theory for Transitions between
Exponential and Stationary Phases, Universal Laws for Lag
Time, Phys. Rev. X 7, 021049 (2017).

[51] S. J. Schink, E. Biselli, C. Ammar, and U. Gerland, Death
rate of E. coli during starvation is set by maintenance cost and
biomass recycling, Cell Syst. 9, 64 (2019).

[52] B. Houchmandzadeh, Fluctuation driven fixation of cooperative
behavior, Biosystems 127, 60 (2015).

[53] M. J. Wiser, N. Ribeck, and R. E. Lenski, Long-term dynamics
of adaptation in asexual populations, Science 342, 1364 (2013).

[54] Z. D. Blount, J. E. Barrick, C. J. Davidson, and R. E. Lenski,
Genomic analysis of a key innovation in an experimental es-
cherichia coli population, Nature (London) 489, 513 (2012).

[55] D. E. Rozen and R. E. Lenski, Long-term experimental evolu-
tion in escherichia coli. VIII. Dynamics of a balanced polymor-
phism, Am. Nat. 155, 24 (2000).

[56] Z. D. Blount, C. Z. Borland, and R. E. Lenski, Historical contin-
gency and the evolution of a key innovation in an experimental
population of escherichia coli, Proc. Natl. Acad. Sci. USA 105,
7899 (2008).

[57] K. N. Kragh, M. Alhede, M. Rybtke, C. Stavnsberg, P. Ø.
Jensen, T. Tolker-Nielsen, M. Whiteley, and T. Bjarnsholt, The
inoculation method could impact the outcome of microbiologi-
cal experiments, Appl. Environ. Microbiol. 84, e02264 (2018).

013372-15

https://doi.org/10.1073/pnas.1719504115
https://doi.org/10.1073/pnas.1719504115
https://doi.org/10.1073/pnas.1719504115
https://doi.org/10.1073/pnas.1719504115
https://doi.org/10.1099/00221287-132-5-1297
https://doi.org/10.1099/00221287-132-5-1297
https://doi.org/10.1099/00221287-132-5-1297
https://doi.org/10.1099/00221287-132-5-1297
https://doi.org/10.1371/journal.pbio.2001109
https://doi.org/10.1371/journal.pbio.2001109
https://doi.org/10.1371/journal.pbio.2001109
https://doi.org/10.1371/journal.pbio.2001109
https://doi.org/10.1038/335351a0
https://doi.org/10.1038/335351a0
https://doi.org/10.1038/335351a0
https://doi.org/10.1038/335351a0
https://doi.org/10.1038/nature24287
https://doi.org/10.1038/nature24287
https://doi.org/10.1038/nature24287
https://doi.org/10.1038/nature24287
https://doi.org/10.1111/j.2517-6161.1977.tb01627.x
https://doi.org/10.1111/j.2517-6161.1977.tb01627.x
https://doi.org/10.1111/j.2517-6161.1977.tb01627.x
https://doi.org/10.1111/j.2517-6161.1977.tb01627.x
https://doi.org/10.1007/s11284-009-0584-7
https://doi.org/10.1007/s11284-009-0584-7
https://doi.org/10.1007/s11284-009-0584-7
https://doi.org/10.1007/s11284-009-0584-7
https://doi.org/10.1103/PhysRevLett.107.188101
https://doi.org/10.1103/PhysRevLett.107.188101
https://doi.org/10.1103/PhysRevLett.107.188101
https://doi.org/10.1103/PhysRevLett.107.188101
https://doi.org/10.1038/nature04864
https://doi.org/10.1038/nature04864
https://doi.org/10.1038/nature04864
https://doi.org/10.1038/nature04864
https://doi.org/10.1086/285929
https://doi.org/10.1086/285929
https://doi.org/10.1086/285929
https://doi.org/10.1086/285929
https://doi.org/10.1128/JVI.02326-09
https://doi.org/10.1128/JVI.02326-09
https://doi.org/10.1128/JVI.02326-09
https://doi.org/10.1128/JVI.02326-09
https://doi.org/10.1371/journal.pone.0077042
https://doi.org/10.1371/journal.pone.0077042
https://doi.org/10.1371/journal.pone.0077042
https://doi.org/10.1371/journal.pone.0077042
https://doi.org/10.1126/science.1099390
https://doi.org/10.1126/science.1099390
https://doi.org/10.1126/science.1099390
https://doi.org/10.1126/science.1099390
https://doi.org/10.1146/annurev.micro.62.081307.163002
https://doi.org/10.1146/annurev.micro.62.081307.163002
https://doi.org/10.1146/annurev.micro.62.081307.163002
https://doi.org/10.1146/annurev.micro.62.081307.163002
https://doi.org/10.1126/science.1229858
https://doi.org/10.1126/science.1229858
https://doi.org/10.1126/science.1229858
https://doi.org/10.1126/science.1229858
https://doi.org/10.1038/nmeth.1485
https://doi.org/10.1038/nmeth.1485
https://doi.org/10.1038/nmeth.1485
https://doi.org/10.1038/nmeth.1485
https://doi.org/10.1103/PhysRevX.7.021049
https://doi.org/10.1103/PhysRevX.7.021049
https://doi.org/10.1103/PhysRevX.7.021049
https://doi.org/10.1103/PhysRevX.7.021049
https://doi.org/10.1016/j.cels.2019.06.003
https://doi.org/10.1016/j.cels.2019.06.003
https://doi.org/10.1016/j.cels.2019.06.003
https://doi.org/10.1016/j.cels.2019.06.003
https://doi.org/10.1016/j.biosystems.2014.11.006
https://doi.org/10.1016/j.biosystems.2014.11.006
https://doi.org/10.1016/j.biosystems.2014.11.006
https://doi.org/10.1016/j.biosystems.2014.11.006
https://doi.org/10.1126/science.1243357
https://doi.org/10.1126/science.1243357
https://doi.org/10.1126/science.1243357
https://doi.org/10.1126/science.1243357
https://doi.org/10.1038/nature11514
https://doi.org/10.1038/nature11514
https://doi.org/10.1038/nature11514
https://doi.org/10.1038/nature11514
https://doi.org/10.1086/303299
https://doi.org/10.1086/303299
https://doi.org/10.1086/303299
https://doi.org/10.1086/303299
https://doi.org/10.1073/pnas.0803151105
https://doi.org/10.1073/pnas.0803151105
https://doi.org/10.1073/pnas.0803151105
https://doi.org/10.1073/pnas.0803151105

