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Boulevard du Triomphe, CP225, 1050 Brussels, Belgium

(Received 13 July 2020; accepted 2 September 2020; published 5 October 2020)

Primordial black holes (PBH), produced through a variety of processes in the early universe, could fill
galactic halos accounting for a fraction or the totality of the dark matter. In particular, PBH with substellar
masses could be captured by stars, start to swallow their material, and eventually turn them into BH, hence
originating a peculiar new type of stellar catastrophic event. Here we revisit this process in the most
favorable case of PBH capture by neutron stars. We detail a number of novel features in the capture phase,
during the settling within the star and mass growth of the PBH, and illustrate some phenomenological
consequences. In particular, we point out that in the subsonic regime the PBH drag takes the form of a
Bondi accretion. As a result, the onset of the final transmutation of the NS into a stellar sized BH is
expected with the PBH seed in slight off-center position. We also compute the gravitational wave energy-
loss and signals associated to different phases of the PBH-stellar interaction. In particular, the emission
associated to the accretion phase is periodic with a few kHz frequency; in the rare case of a nearby Galactic
event and for light PBH, it could constitute a warning of the forthcoming transmutation.

DOI: 10.1103/PhysRevD.102.083004

I. INTRODUCTION

Despite decades of tremendous experimental and theo-
retical efforts, the nature of dark matter (DM) is still elusive.
Among the different possibilities, the idea that small
collapsed structures, or primordial black holes (PBH) could
account for all or part of the lacking mass is half-century old
[1–3]. While constraints on this hypothesis are strengthening
for PBHwith large masses, for relatively low PBHmasses an
interesting mass window ½10−16; 10−10�M⊙ is still presently
unconstrained by lensing observation [4–6].
It is widely thought that interactions of PBH with

compact stars are a promising avenue to shed light in
that mass range, possibly via high-energy signatures. For
example, it was proposed that a PBH crossing a white
dwarf would trigger thermonuclear reaction of heavy
elements and cause a runaway explosion leading to Type
Ia supernova [7]. In the case of a NS, the dense neutron
medium is favourable for capture. Once trapped, the PBH
grows and eventually swallows its host, transmuting it into
a black hole (BH). The observation of old NS in DM-rich
environments have already been used to set constraints on
the PBH content of DM [8]. Furthermore, the transmutation
process could lead to signatures in various messengers and

wavelengths, such as radio burst [9,10], kilonovae [11],
positrons [12], gamma-ray burst [12,13], and gravitational
waves [10,14–16]. These different scenarios crucially
depend on the dynamics of the seed BH growth, which
ultimately impacts the amount of matter and energy
expelled in this cataclysmic event. It was argued in [17]
that at early stage, the trapped PBHwould smoothly accrete
the NS material, evacuating the angular momentum
through viscous dissipation. The final stages of the collapse
on which the observational signatures critically depends on
are however strongly uncertain. While realistic simulations
coupling magneto-hydrodynamic and general relativity are
probably the unique way to investigate the final signatures
(see e.g., [18]), the details of the interactions of the
PBH with the NS dense medium is of prime importance
to assess the capture rate and set the initial conditions of the
simulations. In this paper we revisit and refine the different
interaction mechanisms, with a main focus on the capture
and the postcapture dynamics and their observational
consequences, as well as the role of gravitational wave
(GW) emissions.
The paper is organized as follows: In Sec. II we review

the different energy-loss processes and discuss their veloc-
ity dependence. This includes, in Sec. II E, the process due
to gravitational wave (GW) losses, considered for the first
time in this context. In Sec. III, we discuss the relative
relevance of the different mechanisms for the capture, also
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assessing the role played by GW emission. In Sec. IV we
discuss the postcapture dynamics, which is remarkably
simple and amenable to a description in terms of an adiabatic
invariant [Eq. (36)] which leads us to establish a prescription
for future numerical simulations, see Eq. (37). In Sec. V we
discuss a number of phenomenological consequences,
with particular emphasis on the GW signatures of both
the encounter and the postcapture dynamics, for individual
events as well as the stochastic background. Finally, in
Sec. VI we discuss our results and conclude.
In what follows we assume PBH masses 10−17 M⊙ ≪

m ≪ M⊙, so that: (i) we can neglect Hawking radiation
(and associated mass evaporation) in the whole evolution of
the PBH, which thus behave, in the absence of accretion,
as stable objects. (ii) The mass and size of the PBH is
negligible with respect to the NS mass and size. This is
anyway a very interesting mass range, where current upper
limits [19] on the fraction of DM in the form of PBH, fPBH,
are typically not better than 1%, and often closer to the 10%
level. In the range ½10−16; 10−10�M⊙, bounds are absent or
dependent on questionable assumptions, and PBHmay also
constitute the totality of the DM.

II. INTERACTION MECHANISMS

By passing through (even close to) a NS, a PBH
experiences several drag forces. While most of them have
already been discussed in the literature, hereafter we review
them, with a main focus on their velocity dependence.
However, the content of Sec. II B and especially the treat-
ment of GW energy-losses (Sec. II E) are novel consider-
ations in the context of the problem at hand. Note that, if the
drag force F is known, the energy-loss can be promptly
computed as the work of the force along the trajectory C:

jΔEj ¼
Z
C
F · dl: ð1Þ

A. Dynamical friction in a collisionless medium

As a PBH of mass m passes through a collisionless
medium, the gravitational pull from the wake of the PBH
slows it down. This force is called dynamical friction, and
can be accounted for by the following formula [20,21]:

Fdyn ¼ −4πG2m2ρ lnΛdynðvÞ
v
v3

; ð2Þ

whereG is Netwon’s gravitational constant, ρ the density of
the medium and lnΛdyn the so-called Coulomb logarithm,
which depends on the ratio of extreme impact parameters.
Notice that in our case, following [8], the Coulomb
logarithm does depend on the velocity to account for the
degenerate nature of the neutron fluid: neutrons contribut-
ing to the drag force are actually those for which the
momentum transferred in the gravitational scattering is

sufficient to extract them from the Fermi sea. The Coulomb
logarithm writes [8]

lnΛdynðvÞ ¼ v4γ2
2

R2
g

Z
dmax

dcrit

dxxð1 − cosφðxÞÞ; ð3Þ

where Rg ¼ 2Gm is the Schwarzschild radius of the PBH,
φ is the deviation angle of the neutron scattered by the
PBH, v its speed in the PBH reference frame and γ is the
Lorentz factor. Below the critical PBH-neutron impact
parameter dcrit, the neutrons are accreted onto the PBH,
while dmax is set by the requirement that the scattered
neutron must find an energy level not already occupied by
another neutron, or simply be ejected from the Fermi sea.
Since the typical chemical potential of neutrons in a NS is
μF ≈ 0.3 GeV, the effect of the degenerate matter reduces
lnΛdyn by a factor ≈10 at a speed v ¼ 0.8. In summary, the
typical energy-losses scales as:

jΔEjdyn ∼
R2
gM⋆
R2⋆

lnΛ
v2⋆

; ð4Þ

with R⋆ and M⋆ the stellar radius and mass, respectively,
v2⋆ ¼ GM⋆=R⋆ the typical PBH velocity, and the numerical
prefactor in Eq. (4) is determined by the actual integration
along the trajectory.

B. Dynamical friction in a collisional medium

Equations (2), (3) strictly apply to a collisionless
medium. This clearly may not be the case for the strongly
interacting neutron fluid. However, the results must still
be correct if the gravitational interaction timescale is much
shorter than the causal time for the neutron-neutron
interaction, set by the sound speed of the medium, cs.
We expect thus that Eqs. (2) and (3) are valid for a PBH
moving at supersonic speed in the neutron fluid. This is
confirmed by the study of friction in a collisional medium
developed in [22]. Its results can be summarized as follows:
(i) AtM≡ v=cs ≳ 2, the collisionless result is reproduced.
(ii) At 1≲M≲ 2, the friction force is resonantly
enhanced. (iii) For speeds smaller than the sound speed,
for a transient of the order of R⋆=cs, the PBH feels a force
given by Eq. (2) with lnΛdyn replaced by

lnΛcoll ¼
1

2
ln

�
1þM
1 −M

�
−M ≃

M3

3
for M ≪ 1: ð5Þ

Eventually, however, the friction force tends to zero when
the system settles closer and closer to the steady state limit.

C. Accretion

From Newton’s laws, the accretion of matter with a rate
_m and zero momentum causes a drag force in the opposite
direction of the motion:
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Facc ¼ − _mv: ð6Þ

In the supersonic regime, as argued in [23], this force can
be written as Eq. (2), with lnΛdyn replaced by

lnΛaccðvÞ ¼ v4γ2
d2crit
R2
g
; ð7Þ

with the same notation as used in Eq. (3).
In the subsonic regime, an analytical theory only exists

rigorously for a body accreting at rest, assumed to apply for
very small speeds v ≪ c. In this case, the accretion rate _m
tends to the spherical Bondi accretion rate [24]

_m ¼ dm
dt

¼ 4πλρG2m2

c3s
; ð8Þ

with λ depending on the medium properties, equal to 0.707
for a polytropic equation of state with index Γ ¼ 4=3 [25].
Although some expressions valid for finite v, such as

_m ¼ dm
dt

¼ 4πλρG2m2

ðv2 þ c2sÞ3=2
; ð9Þ

have been proposed already in [24] and roughly confirmed
by simulations [26], the correction to Eq. (8) is expected to
be small in the deeply subsonic regime of major interest in
our paper, and we will neglect it in the following. It is worth
noting that the accretion force can be written as Eq. (2),
with lnΛdyn replaced by

lnΛsubðvÞ ¼ λM3: ð10Þ

D. Surface waves

A PBH crossing the neutron star excites waves on its
surface. These surface waves—essentially, tidal deforma-
tions of the NS—are different from the sound waves; in
particular, they have a different dispersion relation. For this
reason we discuss them separately.
The total energy dissipated by the BH into production of

surface waves has been estimated in Ref. [27] by making
use of a simple analytical model, an incompressible fluid
in a uniform gravitational field. The result, Eq. (13) of
Ref. [27], up to a numerical coefficient leads to the
following estimate for the energy-loss in a NS

jΔEjsurf ∼
Gm2

R⋆
: ð11Þ

Keeping in mind that GM⋆=R⋆ ≳ 0.2 for a NS, this is
parametrically similar to the energy-loss due to the
dynamical friction, Eq. (4), however without the enhance-
ment associated to the Coulomb logarithm.

It is easy to understand this result intuitively in terms
of the dynamical friction calculation. In the case of an
infinite medium, the energy-loss from dynamical friction
gets contributions from all distances, hence the logarithmic
divergence of the sum. When applied to the star, the star
radius R⋆ imposes a cutoff, which essentially means
retaining only leading-log contributions. Changing the
shape of the star would change the subleading constant
term. Similar features are shared by surface waves.
Such arguments suggest that the contribution to the

energy-loss due to the tidal deformations induced by PBH
passing near NS (without actually crossing its surface) is
also subleading. One may view this process as dynamical
friction in an infinite medium, in which contributions
of all volumes are switched off except the one actually
occupied by the star. The Coulomb log now becomes
log ½rmin=ðrmin − R⋆Þ�, rmin being the periastron of the PBH
orbit. Clearly this logarithm becomes subleading to the
original log ðR⋆=RgÞ way before rmin − R⋆ becomes com-
parable to R⋆. The fact that only the part of the volume
actually occupied by the star is filled with matter reduces
further this contribution, resulting in the suppression by
some power of the ratio R⋆=rmin. The actual calculation
yields a series of the type

jΔEjtidal ∼
Gm2

R⋆

X∞
l¼2

�
R⋆
rmin

�
2lþ2

Tl; ð12Þ

where each term is suppressed by ½R⋆=rmin�2lþ2 [28], with
l the multipole number of the tidal deformation, and Tl are
dimensionless coefficients ≲Oð1Þ that depend on the star
properties and R⋆=rmin. Clearly, this expression is greatly
suppressed for R⋆=rmin ≪ 1, while for R⋆=rmin → 1 it must
turn into the energy-loss due to surface wave emission.

E. Gravitational waves

The encounter of the relativistically moving PBH with
the compact star produces gravitational waves (GW), which
is the only energy-loss mechanism we take into account in
some detail which does not strictly require contact to be
operational. For hyperbolic encounters, analytical calcu-
lations for generic configurations have been performed in
[29,30]. In the context of pairs of PBH of stellar masses,
this process has been considered in [31,32]. Here, we
illustrate the results of these calculations, applying them to
the case of interest, but also generalize the calculation to
the case of a PBH crossing the NS, with the latter reported
in Sec. VA.
The power in GW is

dE
dt

¼ G
5c5

h ⃛Qij
⃛Qiji; ð13Þ

where we introduced the quadrupole
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Qij ≡
Z

ρðrÞ
�
rirj −

1

3
r2δij

�
d3r: ð14Þ

We actually reexpress the energy-loss in terms of the
distance d to the source and the gravitational strain hij,
defined as:

hij ¼
2

c4
G
d
Q̈ij: ð15Þ

We compute the typical gravitational strain in Cartesian
coordinates, expressing it as

h0 ¼ ðh2xx þ h2yy þ 2h2xyÞ1=2 ¼
Rgv2i
c4d

gðϕ; eÞ; ð16Þ

with gðϕ; eÞ a complicated function that depends on the
eccentricity e and the phase angle ϕ ¼ ϕðtÞ. Its expression
can be found in Appendix, where we give the detailed
description of the orbit of the PBH depending on the initial
PBH speed vi and impact parameter b.
The contribution to the energy radiated in GW can be

split in two pieces, respectively accounting for the motion
inside and outside the NS,

jΔEjgw ¼ ΔEin
gw þ ΔEout

gw : ð17Þ

For the purpose of the capture, in the case when the PBH
crosses the NS surface ΔEgw (and hence ΔEin

gw) is never
important compared to the other contributions previously
described. On the other hand, for larger impact parameters
ΔEout

gw may be relevant. One can borrow directly Eq. (3.13)
from [30]. Rewriting it in terms of the eccentricity e and
the periastron distance pðeÞ, and denoting M ≡mþM⋆,
we have

ΔEgw ¼ 8

15

m2M2�
M3

v7i
pðeÞ

ðe − 1Þ7=2 : ð18Þ

Here the eccentricity e of the orbit is related to the relevant
independent parameters b; vi; m;M⋆ via

e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

a2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2v4i

G2M2

s
; ð19Þ

where we also introduced the semimajor axis a ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2M2=v4i

p
. For completeness, the function pðeÞ is

given by

pðeÞ ¼ ðeþ 1Þ−7=2
�
arccos

�
−
1

e

��
24þ 73e2 þ 37

4
e4
�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2 − 1

p

12
ð602þ 673e2Þ

�
:

It is straightforward to derive the scalingΔEgw ∝ v−7i in the
regime of physical interest here (e ≈ 1), which suggests a
growing relative importance of this energy-loss channel for
low velocity dispersion systems.

III. CAPTURE

A PBH gets captured by a NS, i.e., becomes gravita-
tionally bound to it, if it loses enough kinetic energy so that
its total energy becomes negative. The capture condition of
a PBH of mass m thus writes:

jΔEj > Ei ¼
1

2
mv2i ; ð20Þ

with vi the PBH velocity at infinity and ΔE the energy-
losses coming from the different interaction mechanisms
reviewed. Based on the previous discussion, it is important
to assess if the PBH is moving supersonically or subsoni-
cally when it interacts. We anticipate that, for a broad
range of NS models, the first interaction (hence the possible
capture) of the PBH with the NS material happens at
supersonic or transonic velocities, i.e., M≳ 1. To reach
this conclusion, we took several benchmark models from
the literature [33] (BSK-20 and BSK-21) spanning equa-
tions of state of varying stiffness, with a low and a high
mass model which are in agreement with the LIGO/VIRGO
data from a binary neutron star merger [34]. For the sake of
clarity we define the typical velocity v⋆, associated angular
velocity ω⋆, frequency f⋆, period T⋆,

v⋆ ¼
ffiffiffiffiffiffiffiffiffiffiffi
GM⋆
R⋆

s
; ω⋆ ¼ v⋆

R⋆
; f⋆ ¼ 1

T⋆
¼ ω⋆

2π
; ð21Þ

that we will use throughout our calculations. These scales
are summarized in Table I for the profiles considered; we
also report the sound speed (cs) and the chemical potential
of neutrons (μn) in the NS core. Unless written otherwise,
the numerical estimates given in the paper are based on the
values of the BSK-20-1 NS model, and assume that the NS
is an homogeneous sphere of matter.
To discuss if capture happens in the subsonic or

supersonic regime, one should compare the speed of the
PBH traveling through the NS with the sound speed of the

TABLE I. Relevant parameters for the benchmark NS models
considered.

Model BSK-20-1 BSK-20-2 BSK 21-1 BSK 21-2

Radius R⋆ [km] 11.6 10.7 12.5 12.0
Mass M⋆ [M⊙] 1.52 2.12 1.54 2.11
v⋆ [c] 0.44 0.54 0.43 0.50
f⋆ ¼ 1=T⋆ [kHz] 1.8 2.4 1.6 2.0
cs (core) [c] 0.68 0.97 0.64 0.81
μn (core) [GeV] 0.27 0.81 0.24 0.51
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NS medium along its trajectory. The trajectory of the PBH
in the NS is presented in Appendix. In the limit vi ≪ v⋆,
the arrival speed of a PBH as a function of r is given by
the following expression in terms of the gravitational
potential Φ,

vðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2ðΦð∞Þ−ΦðrÞÞ

p
≃ v⋆

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2=R2⋆

q
; ð22Þ

where the first expression at the RHS takes into account GR
effects, and the second approximate equality holds in the
Newtonian limit, being accurate to within 5%. In Fig. 1 we
show the sound speed of the chosen NS benchmark models
as a function of r (thick lines), as well as the velocity
Eq. (22) (thin lines of corresponding style and color). For
all models except BSK-20-2, the PBH speed is always
larger than the sound speed at any given r. For BSK-20-2,
the velocity can drop slightly below (few percent) the speed
of sound if the PBH enters within the inner third of the star.
Using the expressions valid in the supersonic regime for
the mechanisms summarized in Sec. II, we compute the
different energy-losses as a function of the impact param-
eter. To this goal, we define bc as the critical impact
parameter, such that a PBH having b ¼ bc will eventually
graze the NS of radius R⋆, reaching in its orbit a minimal
distance from the center rmin ¼ R⋆. In terms of the initial
velocity vi, one has:

bc ¼ R⋆

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2

v2⋆
v2i

s
: ð23Þ

As an example, in the model BSK-20-1 we obtain
b̃c ≡ bc=R⋆ ≈ 624. Our results are reported in Fig. 2 for

the initial velocity value vi ¼ 10−3. It is clear that the
dominant process for capture is dynamical friction what-
ever the impact parameter b < bc. For all but the GW term,
the vertical axis scales roughly as 1=Ei ∝ ð10−3=viÞ2. For
initial velocities vi < 2 × 10−4, GW capture for b > bc
becomes important. Note that, had we used expressions for
the transonic regime, the impact of the dynamical friction
would have been enhanced thanks to the resonant effect
mentioned in Sec. II B, while the accretion mechanism
would have been comparatively suppressed. We conclude,
consistently with the common lore, that dynamical friction
is the dominant mechanism for energy-loss by the PBH
passing through the NS. However, it is not always a
dominant capture mechanism, as we will argue in Sec. V.
A naive look at Fig. 2 would suggest no capture for the

typical velocity dispersion in the Milky Way halo.
However, this would be incorrect, given the broad distri-
bution of velocities. To be more quantitative, we assume
that the PBHs follow a Maxwellian distribution in veloc-
ities with the dispersion v̄,

d3n ¼ nPBH

�
3

2πv̄2

�
3=2

exp

�
−3v2

2v̄2

�
d3v; ð24Þ

where nPBH ¼ ρPBH=m, ρBH is the density of PBHs at the
star location, andm their mass. It can be expressed in terms
of the local DM density ρDM as follows,

ρPBH ¼ fPBHρDM; ð25Þ

with fPBH that can observationally attain values as large as
1 for 10−16 M⊙ ≲m≲ 10−10 M⊙, while being limited to
fPBH ≲O (0.01–0.1) for 10−10 M⊙ ≲m≲ 0.1 M⊙. In the
following we always assume that v̄ ≪ v⋆.

FIG. 1. Sound speed (thick line) and PBH speed (thin line) as a
function of the radius for the NS reference profiles considered.

FIG. 2. Contribution of the different processes of energy-losses
to capture: dynamical friction (Dyn), accretion (Acc), surface
waves (Sw) and gravitational waves (Gw, magnified by a factor
50), as a function of the impact parameter ratio b=bc, for the
benchmark vi ¼ 10−3.
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The rate of NS-PBH encounter leading to capture is

G⋆ ¼
Z

d3n
dv3

SðvÞvd3v; ð26Þ

where SðvÞ ¼ πb2G is the effective cross-section of the star
which leads to capture.1 This is defined by the condition in
Eq. (20): In practice, bGðvÞ is the largest b solving the
implicit equation ΔEðb; v;m;M⋆Þ ¼ mv2=2, where ΔE
includes all energy-losses. Considering all the processes
discussed above, and using the typical PBH velocity
dispersion v̄ ¼ 10−3, we find numerically:

G⋆ ≃ 2.1 × 10−17
�

ρPBH
GeV cm−3

��
10−3

v̄

�
3

C½X� yr−1; ð27Þ

with,

X ¼ Xðm; v̄Þ≡
�

m
1025 g

��
10−3

v̄

�
2

; ð28Þ

and the function C½X� is displayed with a dashed-black line
in Fig. 3. Because of the form of SðvÞ, the dependence on v̄
and m is not trivial. The contribution of GW to C½X� is
shown with a blue line in Fig. 3, whereas the dashed-gray
curve displays the behavior of C without accounting for
gravitational capture. For X < 10, C½X� is constant; for
10 < X < 103 it declines as X−1; when X > 103, the
decline follows the milder behavior ∝ X−5=7, because
capture by GW emission kicks in and dominates at large
impact parameters. Note that, although at large X the
capture is suppressed, the GW capture becomes compara-
tively more important. If fixing the mass at 1025 g, at
v̄ ¼ 10−3, 10−4 and 10−5 the GW capture is responsible for
1.1%, 6.0% and 99% of the captures, respectively.
In obtaining the above results, we have considered only

interactions between the PBH and an isolated NS. While a
detailed account of multibody effects goes beyond our
goals, let us mention the current understanding of these
processes. If the NS is in a tight binary, it has been shown in
[36] that the capture can be enhanced by a factor up to 3-4,
due to the energy-loss of the PBH (or any “test particle,” for
what matters) resulting from its gravitational scattering off
the NS moving companion. More frequently, the PBH
falling onto the NS will also experience tidal effects by the
stellar clusters or even by the Galactic disk in which the NS
is embedded. For the Milky Way disk, this effect (which in
general may either enhance or deplete the capture proba-
bility) has been estimated to become important in the
capture process for m≲ few × 10−13 M⊙ [6].

For comparison, we also define the rate of encounters
which involve interaction with matter, but does not always
lead to capture:

Γ⋆ ¼
Z

d3n
dv3

πb2cðvÞvd3v ¼

≃ 3.8 × 10−16
�

ρBH
1 GeVcm−3

��
1025g
m

��
10−3

v̄

�
yr−1;

ð29Þ

where bc is defined in Eq. (23). Further comments on these
capture rates and potentially observable consequences are
reported in Sec. V.

IV. POSTCAPTURE

If the PBH first interaction leads to its capture, it starts
orbiting on a bounded trajectory, typically with large
eccentricity. We can distinguish two cases, according if
it was captured with an interaction outside or inside the NS.
In the former case, the GW emission makes the PBH to
settle on a metastable elliptical orbit around the NS, for a
timescale

tGWsettle ≃ 16

�
m

1022g

�
−3=2

�
b
bc

�
21=2
�

v⋆
0.44

�
−19

Myr: ð30Þ

This time is estimated from the coalescence time of high
eccentricity binaries from Ref. [37], taking the same
periastron for the elliptical trajectory as the hyperbolic
one along which the PBH is captured, and choosing a
binding energy of order ΔEgw. This timescale is quite
sensitive to the values of v⋆; for the reference values
chosen, it becomes shorter than the age of the Universe tU
for m > 1.4 × 1020g ≃ 7 × 10−14 M⊙.

FIG. 3. Evolution of the function C (black-dashed line) of
Eq. (27) as a function of X defined in Eq. (28). The sole
contribution of GW capture is displayed in blue and the differ-
ence with the total is shown with a dashed gray line.

1Note that a more precise GR treatment accounting for the
Schwarzschild metric of the NS would lead to an enhanced
capture rate by a factor 1=ð1 − Rs⋆=R⋆Þ ≈ 1.6 [35], where Rs⋆ is
the Schwarzschild radius of the NS.
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In the latter case, when the capture happens via an
interaction inside the NS, or once the PBH drops inside
the NS via GW losses, the energy-loss timescale is much
shorter. The PBH mostly loses energy each time it passes
through the NS, eventually settling on a fully contained
orbit around the star center in a timescale [8]

tsettle ≲ 4 × 104
�

m
1022g

�
−3=2

yr: ð31Þ

This is shorter than tU for m > 2 × 1018g ≃ 10−15 M⊙.
While during the first passage the PBH crosses the NS
with a supersonic velocity, at later stages when the orbit
size becomes smaller than r≲ R⋆cs=v⋆ the PBH motion
becomes subsonic. From this moment onward one may
neglect all the contributions to the drag force except the one
due to accretion of ambient matter, so that

Fdrag ¼ − _mv ¼ −4πG2m2ρ
v
c3s

ð32Þ

where v is the relative velocity of the PBH and the ambient
matter. The equation of motion of the PBH in this case
takes the following form:

̈rþDðtÞ½_r −Ω × r� þ ω2⋆r ¼ 0; ð33Þ

where the PBH position r is defined with respect to the star
center, DðtÞ ¼ _m=m [cf. Eq. (32)], ω⋆ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πGρ=3
p

∼
1.1 × 104 s−1 is the angular velocity around the NS center,
and we have included the possibility that the NS rotates
with angular velocity Ω.
This equation factorizes into three independent damped

harmonic oscillator equations: one for the motion r3ðtÞ
parallel to Ω, and two equations for a co-rotating and
counter-rotating modes r�ðtÞ ¼ r1ðtÞ � ir2ðtÞ in the plane
orthogonal to Ω. The damping term in these equations is
small,

D
ω⋆

∼ 2.8 × 10−12
�

m
1022 g

�
≪ 1; ð34Þ

and slowly varying with time. The approximate solution is
then written in the form

r� ∝ exp

�
−
1

2

�
1 ∓ Ω

ω⋆

�
lnmþ iω⋆t

�
: ð35Þ

The same solution with Ω ¼ 0 is valid for r3ðtÞ.
For most of the observed NS the ratio Ω=ω⋆ is much

smaller than 1, reaching about 1=4 for the fastest milli-
second pulsar. Thus, the correction due to NS rotation in
Eq. (35) can be neglected in most of the cases. Then all
three solutions have the same behavior which implies

mr2 ¼ const: ð36Þ

Note that this (approximate) conservation law does not
depend on the accretion regime, as long as D ≪ ω⋆.
Making use of this relation, one may readily estimate a

typical displacement of the oscillating PBH form the
star center at a time when its mass has grown to a
fraction f ≪ 1 of the star mass, m ¼ fM⋆. Assuming
initial mass mi and initial orbital radius ri ∼ R⋆, the final
orbital radius is

Rf ¼ R⋆
ffiffiffiffiffiffiffiffiffiffi
mi

fM⋆

r
: ð37Þ

To conclude this section, let us estimate the time it would
take a PBH of mass m settled within the NS to accrete the
whole star. For the rough estimate we approximate the star
as a medium of constant density ρ⋆ ¼ 3M⋆=ð4πR3⋆Þ. This
is a reasonable approximation in the center of a NS,
whose typical profile goes as ρ⋆ ∝ ð1 − ðr=R⋆Þ2Þ1=2 [33].
Assuming the Bondi accretion rate, Eq. (8), we obtain

mðtÞ ¼ m
1 − t=tB

; ð38Þ

where

tB ¼ c3sR3⋆
3G2M⋆m

≃ 1

�
1022g
m

�
yr ð39Þ

is the typical time needed for the PBH to consume the
whole NS. Actually, as discussed in Ref. [17], the Bondi
regime may fail before than the whole star is consumed
and mðtÞ ≃M⋆, the reason being the angular momentum
conservation. In this case the Bondi regime is probably
replaced by Eddington-like accretion during the last stages,
slightly prolonging the life of the star.

V. SIGNATURES

The dynamics outlined in the previous sections has a
number of phenomenological consequences, which we
discuss in this section.

A. GW bursts from typical PBH-NS encounters

In a hyperbolic encounter between two massive objects,
a characteristic “tear drop” burst signal is emitted, accord-
ing the LIGO nomenclature [38]. A similar signature for
PBH has been considered in encounters between pairs of
PBH in [31,32]. Apart for the masses of the two bodies,
the motion depends on the impact parameter b and the
initial speed vi or, equivalently, the eccentricity e given by
Eq. (19). The GW signal can then be computed as
explained in Sec. II E, provided that the orbital function
gðe;ϕðtÞÞ is known. In the limit of monochromatic
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emission and for m ≪ M⋆ one can describe the strain due
to a hyperbolic encounter as producing a typical GW burst
of amplitude hcðb; vi; dÞ and characteristic frequency
fcðb; viÞ as in Refs. [31,32]2:

hcðb; vi; dÞ ¼
2Gm
3dc2

β2i
2

e − 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
18ðeþ 1Þ þ 5e2

q
ð40Þ

fcðb; viÞ ¼
1

2π

vi
b
eþ 1

e − 1
; ð41Þ

where d denotes the distance of the observer from the
encounter. For b¼bc, vi¼10−3, d¼1 kpc and m¼1025 g,
typical values are hc ≈ 4 × 10−25 and f ≈ 3 kHz.
Note that these functions diverge for small impact

parameter, i.e., b → 0. Hence in the following, we general-
ize the calculation to the case where the PBH passes within
the NS. We consider a perturbative approach in which the
GWemission is computed along the unperturbed trajectory.
Outside the NS, both before entering and after exiting the
star, the motion is hyperbolic with parameters determined
as from Eq. (19). Inside the NS, in the approximation of
constant density, the gravitational potential is a harmonic
potential. Hence, within the star, the PBH follows an
elliptical orbit centered on the NS center, with semiminor
axis α− and semimajor axis αþ given by

α�
R⋆

¼
ffiffiffiffi
V

p  
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
vib̃
v⋆V

�
2

s !
ð42Þ

where V ¼ 3=2þ v2i =ð2v2⋆Þ ≃ 3=2. These expressions are
obtained by equating the effective potential (including the
angular momentum) to zero. The eccentricity ε is defined as

ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
α−
αþ

�
2

s
: ð43Þ

A representation of the trajectory can be found in Fig. 4
for different impact parameters. For b ¼ bc=2 the two
hyperbolas followed by the PBH outside the star (whose
border is the red circle) are drawn in blue and green,
while the arc of ellipse followed inside the star is shown in
dashed orange. Further details on the parametrization of the
trajectory with respect to time are given in Appendix. The
typical GW strain as a function of time for the same
trajectories is described by Eq. (17) and Appendix A 2 and
plotted in Fig. 5. One can see that the typical gravitational
strain and frequency saturate to hc ¼ 4

ffiffiffi
5

p
v4⋆R⋆m=ðM⋆dÞ

and fc ¼ f⋆ corresponding to taking the limit ε → 0
in Eq. (A20).

Assuming N⋆ ¼ 109 NS in the Galaxy, Eq. (29) yields a
total event rate of

Γ⋆N ⋆ ≃ 0.38

�
ρBH

GeV cm−3

��
1025 g
m

��
10−3

v̄

�
Myr−1;

ð44Þ

which, for m≲ 1025 g, is not dissimilar from the estimated
GRB rate in the Galaxy. Not surprisingly, this rate of

FIG. 4. Examples of PBH trajectories (black lines) for impact
parameters ≤ bc. The star is displayed in red, the construction of
this trajectory (black) from two hyperboles (green and blue) and
one ellipse (dashed orange) is shown with dashed lines. The
radial scale is in units of R⋆.

FIG. 5. Evolution of the gravitational strain for the trajectories
shown Fig. 4. hc is in units of 10−25, assuming vi ¼ 10−3, d ¼
1 kpc and m ¼ 1025 g.

2Note that a factor 1=3 is missing in their definition of h, given
the expression they take for the quadrupole.

Y. GÉNOLINI, P. D. SERPICO, and P. TINYAKOV PHYS. REV. D 102, 083004 (2020)

083004-8



encounters is large for very lowm: at constant mass density,
lighter PBH are more numerous and thus lend to more
frequent encounters. On the other hand, the amplitude is
proportional to m, hence louder encounters require heavier
PBH and are correspondingly more rare.

B. GW background from PBH-NS encounters

In the previous section, we focused on the single GW
emission from a possibly “loud” but rare encounter event.
However, if PBH constitute a sizable fraction of the DM,
for substellar mass PBH there are many PBH traveling
near NS at distances below the typical interstellar distances,
bmax. It may be therefore interesting to compute the overall
GW signal due to these frequent but soft events. We will
start by considering the signal for a single NS, then
generalizing the calculation to a population of N⋆ NS,
spread out in the Galactic disk of radius RG. In order to talk
of a stochastic background, the frequency of hyperbolic
encounters must be larger than the typical frequency of a
single encounter merger. This sets a lower distance, bmin

(of the order 1 AU for v ¼ 10−3), for the encounter to
contribute to the background.
To set the relevant scales, let us estimate an order of

magnitude of the number of encounters contributing to the
extremely low GW frequency of f ¼ 10−10 Hz, corre-
sponding to a typical impact parameter of b ¼ 0.1 pc.
Thus, considering a PBH density ρPBH ¼ 1 GeV=cm3,
there are N⋆ × πb2viρPBH=ðmfÞ ≈ 104 events at the same
time in the Galaxy, forN⋆¼109, vi¼10−3, andm¼1025 g.
This number scales roughly as 1=f3, and becomesOð1Þ for
frequencies higher than ∼10−7 Hz, so that computing the
GW background above this limit becomes irrelevant.
In the monochromatic approximation,3 the energy

released in a single encounter is given by Eencðb; vi; dÞ ¼
Pgw=fc ¼ κh2cðb; vi; dÞ=fcðb; viÞ with κ a proportionality
constant. In differential terms in frequency space,

dEenc

df
¼ κ

h2cðd; b; vÞ
fcðb; vÞ

δðf − fcðb; viÞÞ: ð45Þ

The total signal in the limit of incoherent sum can be
written as:�

dEdiff

df

�
¼ κ

Z
VMW

dVMWn⋆

×
Z

d3v
Z

bmax

bmin

db2πbv
d3nBH
dv3

h2cðd; b; vÞ
fcðb; vÞ

× δðf − fcðb; vÞÞ

where n⋆ is the density of stars as a function of the
coordinates, and VMW the Milky Way volume considered.
Once the integration over b is performed, the delta function
fixes the function bðf; vÞ. Computing the integral over v
then leads to the following value for the effective strain:

ffiffiffiffiffiffiffiffiffi
hh2ci

q
≃ 3 × 10−20

�
10−10 Hz

f

�
2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N⋆
109

m
1025 g

ρPBH
GeV cm−3 ln

�
RG

20 kpc
·
pc
rp

�s

ð46Þ

where rp is the distance to the closest pulsar. This number is
far below the SKA sensitivity [39] expected to reach 10−16

for the effective strain measured at around 10−8 Hz. Note
that this estimate can be extended to the population of
ordinary stars in the Galaxy, since the encounters consid-
ered here occur at distances larger than bmin ≈ 1 AU.
However, even taking N⋆ two orders of magnitude larger
is not sufficient to reach the sensitivity of forthcoming low-
frequency GW detectors.

C. GW signature of a trapped PBH

In the relatively rare cases where the encounter leads to a
capture, the PBH motion is also associated to a GW
emission. If captured via GWemission in a highly eccentric
orbit outside the NS, the GW emission consists of a few
bursts at each periastron passage (the period being a
fraction of Eq. (30) of strain and frequency similar to what
computed in Sec. VA.
Once orbiting inside the NS, the GW signal is charac-

terized by Eq. (36). Interestingly, the expected emission
is monochromatic with frequency f⋆ ∼ kHz and with a
constant amplitude estimated as

h0 ¼
4
ffiffiffi
2

p
G

dc4
mr2ω2⋆ ≈ 2.5 × 10−25

�
m

1025 g

��
1 kpc
d

�
:

ð47Þ

This GW strain is sustained during the all accretion
process, lasting:

tB ¼ c3sR3⋆
3G2M⋆m

≈ 9

�
1025 g
m

�
hours: ð48Þ

If accounting for rotation (see Sec. IV), the GW strain is
enhanced or reduced (depending on the sign of Ω) in the
last stages of accretion, according to:

3More correctly, the emission should be determined via an
integral over the trajectory. Given the rather pessimistic con-
clusions on the detectability of this signal, we deem the mono-
chromatic approximation sufficient.
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hR0 ðtÞ ¼ h0

�
mðtÞ
m

�
Ω=ω⋆ ¼ h0

�
1

1 − t=tB

�
Ω=ω⋆

: ð49Þ

Assuming N⋆ ¼ 109 neutron stars in the Galaxy,
Eq. (27) yields an event rate of

G⋆N⋆≃2.1×10−8
�

ρPBH
GeVcm−3

��
10−3

v̄

�
3

C½X� yr−1: ð50Þ

For typical Milky Way values of (ρPBH; m; v̄), within the
age of the Galaxy (≈1010 yr) one would expect up to a few
hundreds cases of NS transmuted in BH. Note, however,
that provided that X is in the range where C½X� is constant,
the capture rate is maximized in environments with large
ρPBH and low velocity dispersion, singling out DM domi-
nated dwarf spheroidals as comparatively more promising
targets. Typical such objects (see for instance [40]) have a
velocity dispersion one order of magnitude or more below
the Milky Way value and DM densities one order of
magnitude higher than in the solar neighborhood, hence
we expect that G⋆ can be enhanced by 104 or more
compared to the Milky Way value. Since each of these
objects contains ∼10−4 of the stars of the Milky Way,
the overall numbers of NS transmuted in BH may be thus
comparable.

D. Final stages

If a PBH is trapped inside the NS, eventually it will
swallow the entire NS, causing a so-called transmutation of
the NS into a BH. This phenomenon is expected to be
associated with both electromagnetic (EM) and gravita-
tional wave signals. The reason why some EM burst is
expected boils down to the no-hair theorem and the fact
that NS are magnetized objects: The newly formed BH
must expel its magnetic field energy, liberating at least an
energy [13]

EB ¼ B2

8π

4π

3
R3⋆ ≃ 2 × 1041

�
B

1012 G

�
2
�

R⋆
10 km

�
3

erg

ð51Þ

into EM form. For some more details, see [9,10,13]. It is
unclear if further signatures are associated to the ejecta, if
present in non-negligible amounts. Also, a fast change of
the quadrupole will lead to some GW signature. These
signals have been estimated to be rather unpromising for
detection [18] (see also [41,42]). However, current simu-
lations have set the PBH exactly at the center, forcing
a symmetry which definitely suppresses both the GW
emission and other signatures (e.g., ejecta), and realistic
magnetic fields are not accounted for. Our study [and
notably Eq. (37)] suggests some degree of asymmetry in
the final phase of the PBH mass growth, which is more
and more pronounced for a heavier and heavier PBH.

For instance, a PBH of initial mass ≃10−3 M⊙ will have
reached a mass of 10% of the NS (which one may consider
at the onset of the final transmutation) at a distance of about
10% of the NS center (about 3-4 times larger than its
Schwarzschild radius). Although we cannot compute reli-
ably the signatures associated to the final stages, a relation
like Eq. (37) can be used to provide a more realistic initial
condition in future simulations.

VI. CONCLUSION

In this article, we have revisited the interaction processes
between primordial black holes (PBH) and neutron stars
(NS) and discussed their consequences for the dynamical
evolution of the system.
In particular, we have argued that dynamical friction, the

major player in the PBH capture (which happens typically
with the PBH hitting the NS at supersonic velocities), is
negligible in the postcapture dynamics, when the PBH is
orbiting within the star at subsonic speed.
Also, we have shown that (Bondi-like) accretion domi-

nates the postcapture phase, and is responsible for an
approximate conservation law, valid until the final stages,
when the transmutation of the NS into a BH takes place.
This also implies that the onset of the final catastrophic
event is expected with the BH seed in a slightly off-center
position: While the actual consequences of this fact must
be investigated via numerical simulations, one can expect
enhanced electromagnetic and gravitational wave signa-
tures compared to current estimates.
For the first time, we also assessed the importance of GW

losses in this context, notably for captures at large impact
parameters in low velocity dispersion systems.
Finally, we discussed GW signals associated to different

phases of the PBH-stellar interaction. In particular, we
extended the hyperbolic encounter “tear drop” signal
calculation to the case where the PBH enters the NS in
its trajectory, and estimated the (small) GW background
from frequent soft encounters. Unfortunately, for the single
encounter case the signal rate and strength are anticorre-
lated: We expect sufficiently loud events (associated to
massive PBH) to be rare, while frequent events (for light
PBH) are below current or foreseen GW sensitivity. Barring
some luck, the still uncertain emission associated to the
transmutation event appears the most promising opportu-
nity for a discovery of these exotics.
It is interesting however to point out that as the result of

cumulative transmutation events over the cosmic history,
a population of low-mass BH (with mass ∼1 ÷M⊙) will
build up. It has been speculated that up to a few percent of
the NS-NS coalescence events may in fact involve such a
transmuted low-mass BH [10]. This promising alternative
diagnostics will however require high GW event statistics
and a good measurement of the merger/ringdown part of
the waveform, for which one will have to wait for third-
generation GW detectors [43].

Y. GÉNOLINI, P. D. SERPICO, and P. TINYAKOV PHYS. REV. D 102, 083004 (2020)

083004-10



ACKNOWLEDGMENTS

Y. G., warmly thanks Nicolas Chamel for providing him
the equations of state for old neutron stars and for
discussions. The work of Y. G. is supported by Villum
Fonden under Project No. 18994. P. D. S. acknowledges
support from IDEX Université Grenoble Alpes, under
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APPENDIX: DETAILS ON PBH TRAJECTORY

1. Parametrization of the PBH motion

In this Appendix we give the parametrization of the
PBH trajectory for impact parameter b < bc [see Eq. (23)]
for which the PBH crosses the NS. The case b > bc can
readily be deduced for example from Refs. [31,32]. In the
following we consider the classical trajectory of a PBH
of mass m ≪ M⋆ crossing a NS of constant density
ρ⋆ ¼ 3M⋆=ð4πR3⋆Þ. Using the polar coordinates (r;ϕ),
with r ¼ 0 corresponding to the NS center, the trajectory
is parametrized by a hyperbola (I), an ellipse (II) and a
hyperbola (III):

rðϕÞ ¼

8>>><
>>>:

rIðϕÞ ¼ aðe2−1Þ
1þe cosðϕ−ψ0Þ ; ϕ ≤ ϕ0

rIIðϕÞ ¼ α−ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−ε2 cos2ðϕ−ψ1Þ

p ; ϕ0 < ϕ < ϕ1

rIIIðϕÞ ¼ aðe2−1Þ
1þe cosðϕ−ψ2Þ ; ϕ1 ≤ ϕ:

ðA1Þ

For the hyperbolic motion (rI and rIII), the eccentricity is
given by:

e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

a2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b̃2

�
vi
v⋆

�
4

s
: ðA2Þ

with semimajor axis ah such that:

�
a
R⋆

�
2

¼
�
v⋆
vi

�
4

: ðA3Þ

For the ellipsoid motion (rII), as recall in the main text, the
eccentricity is given by:

ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
α−
αþ

�
2

s
; ðA4Þ

with the semimajor and semiminor axis α� such that,

α̃� ≡ α�
R⋆

¼
ffiffiffiffi
V

p  
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
vib̃
v⋆V

�
2

s !
; ðA5Þ

where V ¼ 3=2þ v2i =ð2v2⋆Þ ≃ 3=2.
Concerning the angles of the problem, while ψ0 is

commonly defined as:

ψ0 ¼ arccos½−1=e�; ðA6Þ

the other angles are obtained requiring the continuity of the
trajectory:

½rIðϕ0Þ ¼ R� ⇒ ϕ0 ¼ ψ0 − arccos

	
1

e
ðb̃

ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2 − 1

p
−1Þ


ðA7Þ

E½rIIðϕ0Þ ¼ R� ⇒ ψ1 ¼ ϕ0 − arccos

	
1

ε

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α̃2−

q 

; ðA8Þ

and by symmetries,

ϕ1 ¼ π − ϕ0 þ 2ψ1 ðA9Þ

ψ2 ¼ 2ψ1 − ψ0 þ π: ðA10Þ

The time evolution τ ¼ tðϕÞ=T⋆ can also be split in the
same ϕ intervals such that,

τðϕÞ ¼

8>><
>>:

τIðϕÞ; ϕ ≤ ϕ0

τIIðϕÞ; ϕ0 < ϕ < ϕ1

τIIIðϕÞ; ϕ1 ≤ ϕ;

ðA11Þ

with the recursive definitions,

τIðϕÞ ¼ T outðϕ − ψ0Þ − T outðϕ0 − ψ0Þ ðA12Þ

τIIðϕÞ¼T inðϕ−ψ1Þ−T inðϕ0−ψ1ÞþτIðϕ0Þ ðA13Þ

τIIIðϕÞ¼T outðϕ−ψ2Þ−T outðϕ1−ψ2ÞþτIIðϕ1Þ; ðA14Þ

where we have introduced the functions:

T outðuÞ ¼
b̃
2π

v⋆
vi

�
e sin u

1þ e cos u
ðA15Þ

−
2ffiffiffiffiffiffiffiffiffiffiffiffiffi

e2 − 1
p tanh−1

	 ffiffiffiffiffiffiffiffiffiffiffi
e − 1

eþ 1

r
tan

u
2


�
; ðA16Þ
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and,

T inðuÞ¼
α2−

2πbR⋆
v⋆
vi

1ffiffiffiffiffiffiffiffiffiffiffi
1−ε2

p tan−1
	

1ffiffiffiffiffiffiffiffiffiffiffi
1−ε2

p tanu



: ðA17Þ

2. Gravitational wave emission

The function used to compute the GW strain h0 Eq. (16)
is a piecewise function depending on the regime of the
motion:

gðϕÞ ¼

8>><
>>:

goutðϕ − ψ0Þ; ϕ ≤ ϕ0

ginðϕ − ψ1Þ; ϕ0 < ϕ < ϕ1

goutðϕ − ψ2Þ; ϕ1 ≤ ϕ;

ðA18Þ

with,

goutðϕÞ ¼
ffiffiffi
2

p

3

1

e2 − 1
½36þ 59e2 þ 10e4

þ ð108þ 47e2Þe cosϕþ 59e2 cos 2ϕ

þ 9e3 cos 3ϕ�1=2 ðA19Þ

and,

ginðϕÞ ¼
2

3

�
b
α−

�
2

½38ð1 − ε2Þ þ 5ε4

þ 80ð1 − ε2Þ2ð2 − ε2ð1þ cos 2ϕÞ−2
þ 40ð2 − 3ε2 þ ε4Þð2 − ε2ð1þ cos 2ϕÞÞ−1�1=2:

ðA20Þ

The power radiated in gravitational waves can be
computed from [44], as:

Pgw ¼ dEgw

dt
¼ −

G
5c5

h ⃛Qij
⃛Qiji: ðA21Þ

We define the differential energy radiated by unit angle
pϕ
gw as:

pϕ
gw ¼ dEgw

dϕ
¼ 1

_ϕ
Pgw: ðA22Þ

We compute this quantity for the PBH traveling in or out of
the star:

pϕ
gwðϕ; b̃Þ ¼ 2

45
Ei

v2⋆v3i
c5

m
M⋆

8>><
>>:

foutðϕ− ψ0Þ; ϕ ≤ ϕ0

finðϕ− ψ1Þ; ϕ0 < ϕ < ϕ1

foutðϕ− ψ2Þ; ϕ1 ≤ ϕ;

ðA23Þ

with,

foutðϕ; b̃Þ ¼
2

b̃

ð1þ e cosϕÞ2
ðe2 − 1Þ3 ð144þ 288e cosϕ

þ 77e2 þ 67e2 cos 2ϕÞ; ðA24Þ

and,

finðϕ; b̃Þ ¼ 4
b̃5

α̃6−

ð1 − ε2Þ2
ð1 − ε2 cos2 ϕÞ3 ð72ð1 − ε2Þ þ 37ε4

þ 36ε2ðε2 − 2Þ cos 2ϕ − ε4 cos 4ϕÞ: ðA25Þ

From these expressions on can compute the gravitational
energy radiated outside the NS,

jΔEjoutgwðb̃Þ ¼
Z

ϕ0

0

pϕ
gwðϕ; b̃Þdϕþ

Z
ϕdev

ϕ1

pϕ
gwðϕ; b̃Þdϕ;

ðA26Þ

with ϕdev ¼ 2ψ1 the total deflection angle, and inside
the NS,

jΔEjingwðb̃Þ ¼
Z

ϕ1

ϕ0

pϕ
gwðϕ; b̃Þdϕ: ðA27Þ
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[38] J. Powell, A. Torres-Forné, R. Lynch, D. Trifirò, E. Cuoco,

M. Cavaglià, I. S. Heng, and J. A. Font, Classical Quantum
Gravity 34, 034002 (2017).

[39] G. Janssen, G. Hobbs, M. McLaughlin, C. Bassa, A. Deller,
M. Kramer, K. Lee, C. Mingarelli, P. Rosado, S. Sanidas, A.
Sesana, L. Shao, I. Stairs, B. Stappers, and J. P. W. Verbiest,
in Advancing Astrophysics with the Square Kilometre Array
(AASKA14) (Proceeding of Science, 2015), p. 37.

[40] J. Read, M.Walker, and P. Steger, Mon. Not. R. Astron. Soc.
484, 1401 (2019).

[41] C. Kouvaris and P. Tinyakov, Phys. Rev. D 83, 083512
(2011).

[42] R. Garani, Y. Genolini, and T. Hambye, J. Cosmol.
Astropart. Phys. 05 (2019) 035.

[43] H. Yang, W. E. East, and L. Lehner, Astrophys. J. 856, 110
(2018); 870, 139(E) (2019).

[44] A. Einstein, Sitzungsberichte der Königlich Preußischen
Akademie der Wissenschaften (Deutsche Akademie der
Wissenschaften zu, Berlin, 1918), p. 154.

REVISITING PRIMORDIAL BLACK HOLE CAPTURE INTO … PHYS. REV. D 102, 083004 (2020)

083004-13

https://doi.org/10.1103/PhysRevD.87.123524
https://doi.org/10.1103/PhysRevD.87.123524
https://doi.org/10.1093/mnrasl/slv049
https://doi.org/10.1093/mnrasl/slv049
https://doi.org/10.3847/1538-4357/aae64a
https://doi.org/10.3847/1538-4357/aae64a
https://doi.org/10.1103/PhysRevD.97.055016
https://doi.org/10.1103/PhysRevD.97.055016
https://doi.org/10.1016/j.physletb.2018.12.043
https://doi.org/10.3847/2041-8213/ab43e0
https://doi.org/10.1016/j.physletb.2018.05.026
https://doi.org/10.1103/PhysRevD.93.023508
https://doi.org/10.1088/0264-9381/24/12/S13
https://doi.org/10.1088/0264-9381/24/12/S13
https://doi.org/10.1103/PhysRevD.90.043512
https://doi.org/10.1103/PhysRevD.90.043512
https://doi.org/10.1103/PhysRevD.100.124026
https://arXiv.org/abs/2002.12778
https://arXiv.org/abs/2002.12778
https://doi.org/10.1103/RevModPhys.21.383
https://doi.org/10.1086/306858
https://doi.org/10.1103/PhysRevD.87.023507
https://doi.org/10.1103/PhysRevD.87.023507
https://doi.org/10.1093/mnras/112.2.195
https://doi.org/10.1103/PhysRevD.90.043512
https://doi.org/10.1103/PhysRevD.90.043512
https://doi.org/10.1093/mnras/217.2.367
https://doi.org/10.1093/mnras/217.2.367
https://doi.org/10.1103/PhysRevD.90.103522
https://doi.org/10.1086/155143
https://doi.org/10.1086/155143
https://doi.org/10.1142/S0217732308026236
https://doi.org/10.1103/PhysRevD.86.044017
https://doi.org/10.1103/PhysRevD.86.044017
https://doi.org/10.1016/j.dark.2017.10.002
https://doi.org/10.1016/j.dark.2017.10.002
https://doi.org/10.1016/j.dark.2018.06.001
https://doi.org/10.1016/j.dark.2018.06.001
https://doi.org/10.1051/0004-6361/201321697
https://doi.org/10.1103/PhysRevLett.121.161101
https://doi.org/10.1103/PhysRevD.77.023006
https://doi.org/10.1103/PhysRevLett.109.061301
https://doi.org/10.1103/PhysRevLett.109.061301
https://doi.org/10.1103/PhysRev.136.B1224
https://doi.org/10.1088/1361-6382/34/3/034002
https://doi.org/10.1088/1361-6382/34/3/034002
https://doi.org/10.1093/mnras/sty3404
https://doi.org/10.1093/mnras/sty3404
https://doi.org/10.1103/PhysRevD.83.083512
https://doi.org/10.1103/PhysRevD.83.083512
https://doi.org/10.1088/1475-7516/2019/05/035
https://doi.org/10.1088/1475-7516/2019/05/035
https://doi.org/10.3847/1538-4357/aab2b0
https://doi.org/10.3847/1538-4357/aab2b0
https://doi.org/10.3847/1538-4357/aaf723

