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The ϵ-regime of dilaton chiral perturbation theory is introduced. We compute the dilaton mass, the chiral
condensate and the topological susceptibility in the ϵ-regime, as a function of the fermion mass. The
microscopic spectral density of the Dirac operator is obtained from dilaton chiral perturbation theory. Our
main result is that the chiral condensate and the spectral density are related to their counterparts from
ordinary chiral perturbation theory via a simple scaling relation. This relation originates from the mass
dependence of the dilaton potential, and is valid in both the ϵ-regime and the p-regime. In the ϵ-regime,
moreover, all results agree with the universal predictions to leading order in ϵ.
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I. INTRODUCTION

Lately, a large number of studies have appeared of QCD-
like theories using lattice techniques originally developed for
studying QCD; for reviews see Refs. [1–4]. In particular,
theories where the number of fermions or their representation
suggest that the theory could be in a (confining but) near-
conformal phase have drawn a lot of attention. One of the
interestingoutcomes is theobservationof a light scalarparticle
in addition to the usual mesonic modes (the “pions”); see
Refs. [5–9] for recent examples. The possible nature of this
additional mode is still an open question; an exciting possi-
bility is that it is a pseudo-Nambu-Goldstonemode associated
with approximate dilatation symmetry (see the above
reviews). A fruitful way to address this question is to include
the additional mode within the framework of low energy
effective field theory (EFT), andmatch the predictions thereof
with the results obtained from the underlying lattice theory.
Possible low-energyeffective theorieswhich take intoaccount
both chiral and conformal symmetry go back toRefs. [10,11].
Recently, in Refs. [12–15], a systematic low energy theory
was formulated as an extension of chiral perturbation theory
assuming that the additional light scalar mode is a pseudo-
Nambu-Goldstone mode associated with the almost restored
dilatation invariance.1 The first tests of this effective theory

against lattice results are encouraging [9,15,19–22], and we
will follow this approach in the present work.
The ϵ-regime of chiral perturbation theory (χPT) [23,24]

has lead to a surprising wealth of insights into QCD, and
the interplay between numerical lattice QCD and analytic
results from the ϵ-regime of χPT has helped develop both
lattice QCD and chiral perturbation theory. For example the
analytic analysis of order a2 effects [25–34] has explained
why the width of the distribution of the smallest eigenval-
ues of the (massive) Hermitian Wilson-Dirac operator
scales with the square root of the volume close to the
continuum, as first observed on the lattice [35]. Likewise
the analytic analysis for nonzero quark chemical potential
[36–39] in the ϵ-regime has given substantial new insights
into the sign problem in lattice QCD.
In this paper we define and perform a first study of the

ϵ-regime of chiral perturbation theory extended to include
the dilatonic meson (dχPT). One technical advantage of the
ϵ-regime of dχPT as compared to the p-regime studies in
Refs. [12,13,15] is (as in ordinary χPT [23,24,40,41]) the
possibility of evaluating the partition function explicitly. In
order to extend this property to dχPT we define the new
power counting such that effectively the pions are in the
ϵ-regime, while the dilaton is kept in the p-regime. As
discussed below, other counting schemes are possible, but,
because the dilaton is described by a noncompact field, they
lead to integrals over the dilaton potential that include
asymptotic field values which are outside the domain of our
effective field theory. Our chosen counting allows us to
address the influence of the dilatonic meson on the fermion
mass dependence of the topological susceptibility, the
chiral condensate and the average Dirac spectrum.
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At leading order in the ϵ-counting the results all agree
with the universal predictions of ordinary chiral perturba-
tion theory. The new dependence induced by the dilaton
enters at next to leading order, when the pion mass is in the
ϵ-regime. We find that the chiral condensate and the
spectral density are related to their counterparts from
ordinary chiral perturbation theory via a simple scaling
relation. This relation can be traced back to the mass
dependence of the dilaton potential, and, as it turns out, is
valid for both the ϵ-regime and the p-regime.
The paper is organized as follows. After a brief review of

dilaton chiral perturbation theory in Sec. II we discuss the
possible counting schemes in Sec. III and reanalyze the
structure of the dilaton potential in Sec. IV. Section V
contains the results obtained in the ϵ-regime of dχPT for
respectively the dilaton mass, the topological susceptibility
and the chiral condensate. In Sec. VI we derive the average
eigenvalue density for the massless Dirac operator. Finally,
Sec. VII sums up the conclusions. Some technical details
regarding the calculation of the topological susceptibility
are relegated to Appendix A, while a few explicit results for
the partition function and the generating functional are
derived in Appendix B.

II. DILATON CHIRAL PERTURBATION THEORY

In addition to the pseudoscalar Nambu-Goldstone
bosons associated with chiral symmetry breaking, which
we will refer to as “pion” fields from standard χPT, dilaton
chiral perturbation theory includes a real scalar field τ
representing the light dilatonic meson (“dilaton,” for short)
associated with weak breaking of dilatation invariance.
This effective field theory was derived in Ref. [12] on the
basis of the assumption that the dilaton can be interpreted as
a pseudo-Nambu-Goldstone boson associated with a weak
breaking of dilatation symmetry, postulated to occur out-
side, but in the vicinity of the conformal window in theories
with Nf fermion flavors in the fundamental representation
of the gauge group. The connection between the underlying
gauge theory and the effective theory is made through the
introduction of sources χ and σ for the pions and dilaton,
respectively. In this construction, the sources are endowed
with transformations under the relevant symmetry group,
elevating them to spurions. Here we will review the
transformation properties of the pion and dilaton fields
as well as the spurion fields χðxÞ and σðxÞ. The possible
terms in the dχPT are determined by the invariance
properties under these transformations.
We start off with the chiral transformations. For the pion

field UðxÞ ∈ SUðNfÞ we have the standard SUðNfÞ ×
SUðNfÞ transformation [42]

U → gLUg†R; gL ∈ SUðNfÞL; gR ∈ SUðNfÞR; ð1Þ

while the τ field is unaffected.

The fermion mass explicitly breaks this symmetry and to
encode this into the effective theory it is promoted to the
associated spurion χ, which transforms as

χ → gLχg
†
R: ð2Þ

After the construction of the EFT, the spurion field χ is set
equal to the fermion mass m.
Under dilatations, the spurion σ transforms as [12]

σðxÞ → σðλxÞ þ log λ; ð3Þ

where λ is the scale factor. Just like the pion field U
transforms like the source χ, the effective dilaton field τ
transforms like σ, and, in addition to Eq. (3) dilatation
transformations act on all fields as

UðxÞ → UðλxÞ;
χðxÞ → λ4−yχðλxÞ;
τðxÞ → τðλxÞ þ log λ; ð4Þ

where y ¼ 3 − γ� with γ� the mass anomalous dimension at
the nearby infrared fixed point [12]. We note that it is the
renormalized mass spurion χðxÞ which transforms this way
[14]. It will be sufficient for our purposes to consider only a
constant dilatation spurion field, σðxÞ ¼ σ0, which trans-
forms as σ0 → σ0 þ log λ.
We will consider the theory in a volume V ¼ L4 with

periodic boundary conditions, which also breaks dilatation
symmetry explicitly. However, again the symmetry can be
restored formally if we let also L, the side length of the box,
be a spurion transforming as

L →
L
λ
: ð5Þ

Using these fields the simplest nontrivial Lagrangian L
for which the action S ¼ R

d4xLðxÞ is invariant under the
stated transformations of fields and spurions is [12]

L ¼ Lπ þ Lτ þ Lm þ Ld; ð6Þ

with (working in Euclidean space)

Lπ ¼
f2π
4
Vπðτ − σ0Þe2τTr½∂μU†∂μU�; ð7Þ

Lτ ¼
f2τ
2
Vτðτ − σ0Þe2τ∂μτ∂μτ; ð8Þ

Lm ¼ −
f2πBπ

2
Vmðτ − σ0ÞeyτTr½χ†U þ U†χ�; ð9Þ

Ld ¼ f2τBτVdðτ − σ0Þe4τ; ð10Þ
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where Vi, i ¼ π, τ, m, d are invariant potentials. The low
energy constants (LECs), fπ , fτ, Bπ and Bτ, are invariant
under both chiral and dilatation transformations. The finite-
volume action is invariant, too, provided that the linear size
of the box spurion transforms as in Eq. (5).
The functional forms of Vπ , Vτ, Vm and Vd are uncon-

strained by symmetry and call for a counting scheme to be
introduced. We will turn to this in the next section.

III. ϵ-COUNTING AND LEADING
ORDER LAGRANGIAN

In this section we will introduce the ϵ-counting scheme
and identify the lowest order Lagrangian. As we will hold
fixed the number of flavors, Nf, i.e., the “distance” to the
conformal window, the amount by which dilatation sym-
metry is broken (in the massless theory) is also fixed.
In current simulations [5–9], the dilaton mass is in the
p-regime. We will thus assume that the dilaton is in the
p-regime, but consider the situation in which the fermion
mass m is chosen small enough that the pion mass is in the
ϵ-regime. As we will explain in Sec. VI, this counting is
also natural when we consider the valence and ghost quarks
of the generating functional for the Dirac eigenvalues.

A. Definition of the ϵ-counting

In Ref. [12] the p-regime was considered. The small
parameters in this counting are

m ∼ nf − n�f ∼ p2 ∼ 1=L2 ∼ δ ≪ 1 ðp-regimeÞ; ð11Þ

1=Nf ∼ 1=Nc ≡ 1=N ≪ 1; ð12Þ

with

nf ¼ lim
Nf;Nc→∞

Nf

Nc
; n�f ¼ lim

Nc→∞

N�
fðNcÞ
Nc

; ð13Þ

where N�
fðNcÞ is the largest number of fundamental-

representation flavors for which the SUðNcÞ gauge theory
still confines. The difference nf − n�f < 0, which measures
the distance from the conformal window, controls the
explicit (hard) breaking of scale invariance coming from
the running of the gauge coupling. This is similar to the
way m controls the explicit breaking of chiral symmetry in
standard χPT [42]. (Of course,m breaks scale invariance as
well.) Throughout this paper we invoke the Veneziano limit
(13) in order to treat nf − n�f as a continuous parameter.
This requires 1=N ≤ jnf − n�fj ∼ δ, but otherwise we will
not demand any particular relation between 1=N and δ.
In this paper we instead consider dχPT in a different

counting, in which the pion mass is in the ϵ-regime. There
are different possible choices; we choose to define the
ϵ-counting

m ∼ p4 ∼ 1=L4 ∼ ϵ4 ≪ 1 ðϵ-regimeÞ;
nf − n�f ∼ δ ≪ 1: ð14Þ

This corresponds loosely to treating the pion field in
ϵ-counting while the dilaton field is kept in p-counting.
For small m, we have m2

π ∼m, and so this choice implies
mπL ≪ 1. Likewise, M2

τ ∼ jnf − n�fj, and choosing

δ ∼ ϵ2 ∼ p2; ð15Þ

keeps the dilaton in the p-regime.
A comparison of the p- and ϵ-countings is shown in

Table I. LECs are always order 1. As for the Veneziano
limit, we have that fπ ∼

ffiffiffiffi
N

p
, fτ ∼ N, while Bπ and Bτ are

Oð1Þ, ensuring that the pion and dilaton masses areOð1Þ in
the large-N counting as well.
When using ϵ-counting in standard χPT the partition

function separates into a group integral over the zero-
modes and a path integral over the nonzero modes [23].
As we will show below this still holds with the added
dilatonic terms, at least when the dilaton is kept in the
p-regime. Table II shows the various choices one can make
for the counting of both pion and dilaton degrees of
freedom, along with the choice we make in this paper,
in which δ ∼ ϵ2.
In principle, one might also consider a theory with the

dilaton in the ϵ-regime, by choosing δ ∼ ϵ4. However, in
this case, it is not clear how to proceed. An additional
assumption about the behavior of Vd for τ → −∞ would be
needed, and higher order terms would have to come into
play, because, with the form of Vd discussed below in
Sec. IV, the integral over τ diverges in that region. This
is beyond the scope of the present paper, in which we keep
the dilaton in the p-regime, and thus we only need to
consider small fluctuations of the τ field, including for its
zero mode. This assumption is only self-consistent in the
p-regime.

TABLE I. The p-counting of Ref. [12] and the ϵ-counting
introduced here.

Term p-counting ϵ-counting

∂μ,
1
L

OðpÞ OðϵÞ
m Oðp2Þ Oðϵ4Þ
nf − n�f Oðp2Þ Oðϵ2Þ

TABLE II. The 4 possible combinations of p- and ϵ- counting
for the π and τ fields. The two combinations on the right-hand
side are sensitive to the form of Vd and have yet to be explored.

πnτ p ϵ

p [12,13] Full Vd-dependence
ϵ This paper Full Vd-dependence
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IV. THE MINIMUM OF THE DILATON
POTENTIAL IN THE CHIRAL LIMIT

In the ϵ-regime of standard χPT it is advantageous to
express the pion field through its zero mode part U0 and its
nonzero mode part ξðxÞ [23]. The U0 part of the standard-
χPT path integral factorizes and may then be performed
independently to obtain the functional dependence of the
partition function on the quark mass, to leading order in ϵ.
In order to see how this works in the presence of the dilaton
in dχPT, we first need to consider the potentials Vi
appearing in the Lagrangian (6), in particular, Vm and
Vd. In the following we discuss the minimum of the dilaton
potential in the chiral limit; we will return to the effective
dilaton potential for nonzero quark mass in Sec. V. We will
use the counting scheme defined in Eq. (14).
It was shown in Ref. [12] and Appendix A of Ref. [15]

that the potentials can be reorganized such that, keeping the
constant spurion σ0,

Viðτ − σ0Þ ¼
X∞
n¼0

ci;nðτ − σ0Þn;

ci;n ∼ ðnf − n�fÞn ∼ δn; ð16Þ

introducing an infinite number of LECs ci;n.
2 For Vd, this

form depends on some mild assumptions [15]. The key
point here is that the nth term in the expansion is of order
δn. This provides a power counting such that at any given
order only a finite number of the ci;n come into play,
thereby making the EFT predictive. With σ0 transforming
as in Eq. (3), the action is invariant under dilatations,
treating the ci;n as additional invariant LECs. Setting
σ0 ¼ 0 recovers the action of Ref. [12].3 With the power
counting of Eq. (14), to lowest order we need to keep only
the terms with n ¼ 0 in the potentials Vπ;τ;m, and, more-
over, we can choose ci;0 ¼ 1 for these three potentials, as
the overall normalization can be absorbed into the LECs fπ ,
fτ and Bπ . Terms with n larger than zero contribute at
higher orders in the expansion in the small parameter δ.
The potential Vd needs to be considered more closely.

The leading-order dilaton potential for zero quark mass is
given by

Vclðτ − σ0Þ ¼ f2τBτe4σ0e4ðτ−σ0ÞVdðτ − σ0Þ

¼ f2τBτe4σ0e4ðτ−σ0Þ
X∞
n¼0

cd;nðτ − σ0Þn; ð17Þ

where, as in Eq. (16),

cd;n ∼ ðnf − n�fÞn ∼ δn: ð18Þ

The exponential e4ðτ−σ0Þ dominatesVclðτ − σ0Þ for τ − σ0 →
�∞ because of Eq. (18), and thus, to ensure that v≡ hτi is
finite, we assume that limτ−σ0→∞ Vdðτ − σ0Þ > 0. In addi-
tion, it is assumed that the minimum of the dilaton potential
is unique; at this minimum, VclðvÞ < 0 [15]. It follows that
by choosing

σ0 ¼ −v; ð19Þ

wecanarrange that hτi ¼ 0. Theupshot is that, form ¼ 0,we
cansetv ¼ 0. Thechoiceofσ0 defines theoriginof the τ axis.
Other choices will lead to exponential factors which in turn
can be absorbed into the LEC’s [12].
With the choice (19) for σ0 (and a rescaling of Bτ), to

order δ ∼ nf − n�f the classical potential for the dilaton in
the chiral limit takes the form

Vcl ¼ f2τBτe4τc1

�
τ −

1

4

�
; ð20Þ

where we set c1 ≡ cd;1, and the field τ does not have a zero
mode, because v ¼ hτi ¼ 0. Introducing the dynamical
pion fields ξðxÞ through

UðxÞ ¼ U0 expði
ffiffiffi
2

p
ξðxÞÞ; ð21Þ

we expand the effective Lagrangian of Eq. (6) in terms of
ξðxÞ and τðxÞ and assess the magnitude of each term
through the Gaussian damping in the path integral. This is a
stepping stone towards determining the order of all terms in
the effective theory. In the following, the fermion mass is
chosen to obey ϵ-counting and we will use vðm ¼ 0Þ ¼ 0
as found above. Setting χ ¼ mI, the resulting Lagrangian
terms up to quadratic in the fields are

Lπ ¼
f2π
2
Tr½∂μξ∂μξ�; ð22Þ

Lτ ¼
f2τ
2
∂μτ∂μτ; ð23Þ

Lm ¼ −f2πBπmReTr½U0ð1 − ξ2Þ�; ð24Þ

Ld ¼ f2τBτc1

�
−
1

4
þ 2τ2

�
: ð25Þ

Terms linear in ξ and τ do not appear in these expressions
because the zero modes have been separated out explicitly,
and thus

R
d4xξðxÞ ¼ R

d4xτðxÞ ¼ 0.
From Eq. (25), the mass of the dilaton in the chiral limit

is found to be

2Each of these LECs can be expanded in powers of ðnf − n�fÞ,
with the expansion of ci;n starting at ðnf − n�fÞn [12]. However, at
fixed nf , no information about the coefficients in this expansion
is available.

3The dilatation transformation of σ0 reproduces the spurion
transformation rules of the coefficients ci;n discussed in Appen-
dix C of Ref. [12].
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M2
τ ¼ 4c1Bτ: ð26Þ

The fluctuations in the dilaton field are limited by both the
dilaton kinetic term Lτ and the dilaton potential Ld in the
partition function to

τ ∼ ϵ: ð27Þ

Likewise the kinetic term Lπ limits the fluctuations in the
pion fields to

ξ ∼ ϵ: ð28Þ

We note that the ξ-dependent part of Lm is of order ϵ6,
while all other terms shown in Eqs. (22)–(25) are of order
ϵ4, not counting the constant term in Ld.

V. THE ϵ-REGIME OF dχPT

A main result at leading order in the ϵ-regime is the
possibility to evaluate the partition function explicitly.
This remains possible in the ϵ-counting for dχPT we are
considering where the pions are in the ϵ-regime, while the
dilaton is kept in the p-regime.
For any physical quantity accessible to our EFT, there

are two types of contributions in terms of powers of ϵ:
those that depend on the fermion mass m, and those that do
not. In this paper, we will be focused on those that are
dependent on the fermion mass m. The motivation for this
is the application to lattice simulations with fixed nf and
volume, but with varying fermion mass. In order to obtain
the full quark mass dependence it is essential to include the
quark mass dependence of the minimum of the dilaton
potential [12]. As we show below the quark mass depend-
ence of the dilaton potential follows from the partition
function which reduces to a group integral in the ϵ-regime.

A. Factorization of the leading order partition function

From the discussion in the previous sections we observe
that the leading-order terms in the effective Lagrangian,
Eqs. (22)–(25), do not couple U0 to the dynamical fields
ξðxÞ and τðxÞ. Since the measure for U ¼ U0 expði

ffiffiffi
2

p
ξÞ

factorizes [23], the leading-order partition function
becomes4

ZðdχPTÞ
Nf

ðmÞ ¼ e−VVclZðχPTÞ
Nf

ðmÞ; ð29Þ

ZðχPTÞ
Nf

ðmÞ ¼
Z
SUðNfÞ

DU0e
1
2
Vf2πBπeyvTr½mU0þm�U†

0
� ≡ e−VVeff :

ð30Þ

Unless otherwise stated we will take m ¼ m� real, but we
wrote Eq. (30) such that it is valid for complex m as well.
We have restored the dependence on the dilaton vacuum
v ¼ vðmÞ, which is now determined by minimizing the
potential

V ¼ Vcl þ Veff ; ð31Þ

where Veff was defined above, and Vcl is given by Eq. (20).
We will now use this partition function to address how a

small quark mass affects the dilaton mass Mτ, and how the
topological susceptibility and the chiral condensate are
affected by the presence of the dilatonic meson.

B. Effective potential and τ-mass
correction due to a small m

Consider the expression in the exponent of the integrand
in Eq. (30),

xðvÞ≡mVf2πBπeyv: ð32Þ

In the ϵ-regime x is Oð1Þ. Therefore, Veff defined by
Eq. (30) takes on the form −hðxÞ=V, where h is an Oð1Þ
function of x.5 The potential (31) then takes the form

VðvÞ ¼ f2τBτc1e4v
�
v −

1

4

�
−
1

V
hðxðvÞÞ; ð33Þ

and v solves the equation

0 ¼ ve4v −
y
4

xðvÞ
f2τBτc1V

h0ðxðvÞÞ: ð34Þ

Since f2τBτc1V is of order 1=ϵ2, it follows that the solution
of this equation is of order ϵ2. This implies that we can
expand in terms of v, and, to order ϵ2, we find

vðmÞ ¼ y
4

xð0Þ
f2τBτc1V

h0ðxð0ÞÞ ¼ y
4

f2πBπm
f2τBτc1

h0ðf2πBπmVÞ:

ð35Þ

Later in this section we will compute the corrections to the
topological susceptibility and the chiral condensate due to
v. Since v is of order ϵ2 these corrections enter at the NLO
level in the ϵ-regime. First, however, we turn to the effect on
the dilaton mass.
The dilaton mass may be expressed in terms of the

function h and its derivatives:

4As usual, the partition function for a fixed topological sector
is defined by integrating over UðNfÞ instead of SUðNfÞ while
inserting detνðU0Þ into the integral in Eq. (30).

5For general Nf no explicit expression for hðxÞ is known, to
the best of our knowledge.
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M2
τ ¼

V″ðvÞ
f2τe2v

����
v¼vðmÞ

¼ 4Bτc1e2vð1þ ð4 − yÞvÞ − y2m2f4πB2
πVe2ðy−1Þv

f2τ
h″ðxðvÞÞ

¼ 4Bτc1 þ
yf2πBπm

f2τ
ðð6 − yÞh0ðf2πBπmVÞ − yf2πBπmVh″ðf2πBπmVÞÞ; ð36Þ

where in the first line we used Eq. (34) and in the second
line we expanded in v ∼ ϵ2 and used Eq. (35). The
m-dependent part of M2

τ is of order ϵ4, i.e., of order ϵ2

relative to its value in the chiral limit.
If x ≪ 1 we can express the resulting integral in terms of

a power series in x [23], and we find, forNf > 2 and to first
nontrivial order, that

hðxÞ ¼ 1

4
x2; ð37Þ

yielding the effective dilaton potential for nonzero m,

VðvÞ ¼ f2τBτc1e4v
�
v −

1

4

�
−
1

4
Vf4πB2

πm2e2yv; ð38Þ

from which

vðmÞ ¼ yf4πB2
πm2V

8f2τBτc1
; ð39Þ

which is of order ϵ2x2. The dilaton mass for nonzero m is
given by

M2
τ ¼ 4Bτc1 þ ð6 − 2yÞ yf

4
πB2

πm2V
2f2τ

¼ 4Bτc1ð1þ ð6 − 2yÞvðmÞÞ: ð40Þ

As already mentioned, there are also Oðϵ2Þ corrections to
these results that do not depend on the fermion massm. For
example, one may calculate the NLO correction to the
potential V of Eq. (33) in the chiral limit, and this will lead
to m-independent NLO corrections to v. However, such an
NLO correction can be absorbed into a field redefinition, by
shifting σ0 in Eq. (19) such that v ¼ 0 to NLO. In general,
m-independent corrections are proportional to nf − n�f,
hence the interesting NLO corrections are those that do
depend on m, because they can be probed by varying m in
numerical simulations of a given theory, i.e., for a fixed nf.
We will thus restrict our discussion also in the following to
m-dependent NLO corrections only.

C. Topological susceptibility

As can be seen from Eqs. (29) and (30), apart from the
factor of e−VVcl , the dilatonic vacuum modifies the leading-
order ϵ-regime partition function by a scaling of the mass
by eyv. Let us promote the mass parameter to a complex

variable, meiθ, so that the dependence of the leading order
partition function (30) on m, θ and v is now through the
combination meiθeyv. The topological susceptibility6

χ ≡ hν2i
V

¼ −
1

VN2
f

∂2

∂θ2 logZjθ¼0 ð41Þ

may then be obtained from the expressions for hν2iðmÞ
derived in Ref. [24] by replacing m with meyv. Arriving at
this result is in fact not entirely as trivial as it would seem at
first, and we refer to Appendix A for more details.
For Nf ¼ 2 it is possible to evaluate the partition

function and the topological susceptibility in closed form
[24]. For higher Nf (e.g., Nf ¼ 8, relevant for the near-
conformal QCD-like theories) we will content ourselves
with the asymptotic form valid for x ≫ Nf, ν. The details
may be found in Appendix A. The result [24,43]

Zðν;dχPTÞ

Zðν¼0;dχPTÞ ¼ e
− ν2

2hν2i; ð42Þ

from which, using Eq. (A6), we obtain the asymptotic
result

χ ¼ mf2πBπeyvðmÞ=Nf: ð43Þ

D. Chiral condensate

Similarly we may consider the effect of including the
dilaton on the chiral condensate

hψ̄ψiðdχPTÞðmÞ ¼ 1

V
∂
∂m logZðdχPTÞ; ð44Þ

in the ϵ-regime. Note that ZðdχPTÞ depends on m also
through vðmÞ. The terms resulting from the m-dependence
of v, however, take the form

∂v
∂m

∂
∂v logZ

ðdχPTÞ ¼ −V
∂v
∂m

∂V
∂v ; ð45Þ

where V is given by Eq. (31). This vanishes, because
∂V=∂v ¼ 0 at the minimum of the potential. Therefore, as

6We trust that the use of the conventional symbol χ to denote
the topological susceptibility will not lead to confusion even
though the mass spurion is also conventionally denoted by χ.

TARO V. BROWN et al. PHYS. REV. D 100, 114515 (2019)

114515-6



for the topological susceptibility, the impact of the dilaton
enters through the scaling of the mass m → meyv in
Eq. (30), and the chiral condensate is found to be

hψ̄ψiðdχPTÞðmÞ ¼ eyvhψ̄ψiðχPTÞðmeyvÞ: ð46Þ

Here hψ̄ψiðχPTÞðmÞ is the result from standard χPT in the
ϵ-regime, see Refs. [23,24]. Once again, v ¼ vðmÞ is the
minimum of the potential (31).
The scaling relation (46) is in fact valid in complete

generality for any mass m (in the domain of validity of
dχPT), as long as the dilaton is in the p-regime. When also
the pions are in the p-regime we arrive at the leading order
result

hψ̄ψiðdχPTÞðmÞ ¼ eyvNff2πBπ: ð47Þ

For pions in the ϵ-regime we may expand eyv ≈ 1þ
yv ¼ 1þOðϵ2Þ, and to leading order we recover the
universal result of Refs. [23,24]. The Oðϵ2Þ term coming
from the expansion of eyv adds up to the other NLO
corrections of ordinary χPT [44–47].
Note that because there are NcNf fermionic degrees of

freedom, the condensate scales like N2 in the Veneziano
limit. Remembering that f2π scales like N, the correct
scaling is manifest in Eq. (47) for p-regime pions. For a
χPT derivation when the pions are in the ϵ-regime; see
Appendix B.

VI. THE DIRAC SPECTRUM FROM dχPT

In this section we derive the microscopic limit of the
spectral density of the massless Dirac operator, for fixed
topological charge ν in dχPT, by connecting it to the results
of Ref. [48] for standard χPT. Before considering dχPT
we briefly review the general setup for computing the
eigenvalue density of the massless, anti-Hermitian Dirac
operator.
The spectral density of the Dirac eigenvalues Λk is

given by

ρðΛ; mÞ ¼
X
k

hδðΛ − ΛkÞi; ð48Þ

where m in the argument of ρ refers to the mass of the
physical (i.e., sea) quarks entering the average. To compute
the spectral density we first note that it can be written as the
discontinuity across the imaginary axis in the m0 plane; see
e.g., Ref. [48],

Discjm0¼−iΛΣPQðm0; mÞ
¼ lim

κ→0
ΣPQð−iΛþ κ; mÞ − ΣPQð−iΛ − κ; mÞ

¼ 2πρðΛ; mÞ; ð49Þ

where the partially quenched condensate is defined as

ΣPQðm0; mÞ ¼
�X

k

1

iΛk þm0

�
; ð50Þ

with m0 a new parameter independent of m. The partially
quenched condensate can be computed from the graded

generating functional ZðνÞ
Nfþ1j1ðm;m0jm00Þ,

ΣðνÞ
PQðm0; mÞ ¼ 1

V
lim

m00→m0

∂
∂m0 logZ

ðνÞ
Nfþ1j1ðm;m0jm00Þ; ð51Þ

where m0 and m00 are the masses of respectively the valence
fermionic and bosonic (or “ghost”) quarks (for an intro-
duction to the graded method in chiral perturbation
theory; see Ref. [49]). The advantage of expressing the
eigenvalue density in terms of the graded generating
functional is that the latter can be evaluated directly in
the effective theory.
The microscopic limit of the spectral density is

defined as

ρsðu; μÞ ¼ lim
V→∞

1

VΣ
ρ

�
u
VΣ

;
μ

VΣ

�
; ð52Þ

where u ¼ ΛVΣ and μ ¼ mVΣ, with Σ ¼ f2πBπ . This limit
corresponds to the thermodynamic limit in the ϵ-regime,

hence if ZðνÞ
Nfþ1j1ðm;m0jm00Þ is evaluated in the ϵ-regime it is

automatically ρs that is computed. In more detail, since the
smallest eigenvalues of the Dirac operator are of order 1=V
when chiral symmetry is broken [50], and the valence-ghost
sector is introduced to probe the smallest eigenvalues, we
will always choose the valence and ghost quark masses m0
and m00 in the generating functional to be of order 1=V.
Therefore, also the associated pions are by construction in
the ϵ-regime. It is important to notice that this requirement
puts no restriction on the physical (“sea”) quark mass m,
and the sea pions can be either in the ϵ-regime or in the
p-regime.
We will now show that the partially quenched partition

function obeys a scaling relation generalizing Eq. (46),
namely,7

ΣðdχPTÞ
PQ ðm0; mÞ ¼ eyvΣðχPTÞ

PQ ðeyvm0; eyvmÞ; ð53Þ

and a similar scaling relation follows for the spectral
density

ρðdχPTÞðΛ; mÞ ¼ eyvρðχPTÞðeyvΛ; eyvmÞ: ð54Þ

In both Eq. (53) and Eq. (54), v is the minimum of the
potential (31) in the unquenched case. A first hint comes

7To avoid cumbersome notation we omit the superscript ν.
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from the standard relation between the spectral density and
the condensate,

hψ̄ψiðmÞ ¼
Z

dΛ
ρðΛ; mÞ
iΛþm

: ð55Þ

This relation holds both in χPT and in dχPT. Since we
already know that the dχPT condensate obeys the scaling
(46), it is hard to see how this will always be compatible
with Eq. (55), unless the spectral density scales according
to Eq. (54).
In order to prove Eq. (54) we first notice that the classical

solution, v ¼ vðm;m0; m00Þ, is now determined by mini-
mizing the potential (31) for each m;m0; m00, where again

Veff is defined by Eq. (30), except with ZðχPTÞ
Nfþ1j1ðm;m0jm00Þ

replacing ZðχPTÞ
Nf

ðmÞ. When we apply ∂=∂m0 in Eq. (51) we
again encounter a term proportional to ∂V=∂v, which, once
again, vanishes at the minimum of the potential, and
Eq. (53) follows.
Next, notice that when we now set m00 ¼ m0 the valence

and ghost sectors cancel each other in the partition func-
tion, and the classical solution, v, reduces to that of the
unquenched case, as determined by Eq. (34). Because v no
longer depends on m0, when we analytically continue in m0
and finally calculate the discontinuity (49), eyv plays the
role of an innocuous, real multiplicative factor, and Eq. (54)
readily follows.
Our reasoning leading to Eq. (53) was completely gen-

eral. As an explicit check of the transition from Eq. (53) to
Eq. (54), we consider the limit x ¼ mVf2πBπeyv ≫ 1. In
this limit, the ϵ-regime overlaps with the p-regime [23],
and all pion masses containing at least one sea quark will
be large compared to pion masses containing only
valence and ghost quarks, allowing us to treat those
fluctuations as if they are in the p-regime. This limit is
interesting, since present-day simulations of confining
near-conformal theories are so far limited to sea pions in
the p-regime [5–9].
Assuming x ≫ 1 (as well as Nf ≫ 1), we show in

Appendix B that the partially quenched generating func-
tional of ordinary χPT factorizes,

ZðνÞ
Nfþ1j1ðx; x0jx00Þ ¼ ZðνÞ

Nf
ðxÞZðνÞ

1j1ðx0jx00Þ: ð56Þ

Here x0 ¼ m0Vf2πBπeyv and x00 ¼ m00Vf2πBπeyv. As a result,
the dilaton potential becomes

VðvÞ ¼ f2τBτc1e4v
�
v −

1

4

�
−
1

V
hðνÞNf

ðxÞ − 1

V
hðνÞ
1j1ðx0jx00Þ;

ð57Þ

where hðνÞNf
ðxðvÞÞ replaces hðxðvÞÞ in Eq. (33), and [48,51]

hðνÞ
1j1ðx0jx00Þ≡ logZðνÞ

1j1ðm0jm00Þ
¼ log ½x0Iνþ1ðx0ÞKνðx00Þ þ x00Iνðx0ÞKνþ1ðx00Þ�:

ð58Þ

The minimum of the dilaton potential, v ¼ vðm;m0; m00Þ, is
now determined by the saddle-point equation

0 ¼ ve4v −
y
4

x
f2τBτc1V

∂
∂x h

ðνÞ
Nf
ðxÞ

−
y
4

1

f2τBτc1V

�
x0

∂
∂x0 þ x00

∂
∂x00

�
hðνÞ
1j1ðx0jx00Þ: ð59Þ

Using Eq. (58), it follows that the last term in Eq. (59)
vanishes for m0 ¼ m00. As expected, v is now determined
entirely by the sea-quark sector, corroborating the transition
from Eq. (53) to Eq. (54).

VII. CONCLUSIONS

In this paper we have considered chiral perturbation
theory extended to include a light dilatonic meson.
This systematic low energy effective theory for QCD-like
theories was introduced by two of us [12] and previously
studied in the p-regime. Here we defined and studied the
ϵ-regime of this effective theory. In this new counting the
pions are in the standard ϵ-regime while the dilaton is in
the p-regime, such that the dilaton potential is probed only
close to its minimum. We have calculated the quark mass
dependence of the effective potential, the dilaton mass, the
topological susceptibility, the chiral condensate and the
average spectral density of the Dirac operator. At leading
order the universal results from ordinary chiral perturbation
theory are recovered. The effect of the dilaton enters at the
next to leading order in the ϵ-counting. In particular, we
find that the dχPT condensate and spectral density are
related to their χPT counterparts via a simple scaling of the
quark mass by the quark-mass dependent classical solution
of the dilaton potential. This scaling relation is valid for
any sea-pion mass, including both the ϵ-regime and the
p-regime.
The fact that, when the sea pions are in the ϵ-regime, the

eigenvalue density of the Dirac operator at leading order is
given by the universal result and that the effect of the
dilaton only enters at next to leading order, could appear to
be in contrast with the power law behavior expected for a
scale invariant theory; see e.g., Ref. [52]. However, note
that we assume that chiral symmetry is broken sponta-
neously and hence, by the Banks-Casher relation, the
eigenvalue density at the origin is nonzero. Furthermore,
we assume that the dilaton is in the p-regime, and hence it
is natural that the generating functional for the eigenvalue
density is dominated by the much lighter sea (and
valence) pions.
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It would be most interesting to contrast the findings of
dχPT against lattice studies of QCD-like theories. The
advantage when considering the Dirac spectrum is that the
smallest eigenvalues are naturally in the ϵ-regime, provided
that the eigenvalue density is nonzero, as required through
the Banks-Casher relation for spontaneous breaking of
chiral symmetry. Our scaling result for the spectral density
is valid for sea pions in the p-regime as well, which is
where all existing lattice studies have been carried out [15].
Contrasting the results from lattice studies with the results
from dχPT may help clarify the nature of the additional
light mode observed on the lattice.
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APPENDIX A: TOPOLOGICAL
SUSCEPTIBILITY: SOME DETAILS

Assuming x ≫ Nf, ν, and using Eqs. (29) and (30), we
have

ZðdχPTÞ
Nf

ðθÞ ¼ e−VVclþxNf cos θ; ðA1Þ

where Vcl is given by Eq. (20), and x is defined in Eq. (32).
The right-hand side is to be evaluated at the new minimum
of the dilaton potential, which now depends on θ. Since
we are only interested in small θ we may approximate
cos θ ¼ 1 − θ2=2þ � � �. Writing the classical solution as

v ¼ v0 þ δv; ðA2Þ

where v0 ¼ v0ðmÞ is the solution for θ ¼ 0, the correction
is δv ∝ θ2. Finally we substitute the new classical solution
back into Eq. (A1), and expand to second order in θ and to
first order in δv. The linear dependence on δv vanishes,
since it is proportional to saddle-point equation satisfied by
v0ðmÞ, as we already saw in Sec. V D and Sec. VI. The
result is

ZðdχPTÞ
Nf

ðθÞ ¼ ZðdχPTÞ
Nf

ð0Þe−xNfθ
2=2; ðA3Þ

and Eq. (43) follows.
In order to evaluate ZðνÞ ≡ Zðν;dχPTÞ we start from

Zðν;χPTÞ ¼
Z

2π

0

dθeiνNfθ

Z
SUðNfÞ

DU0e
x
2
Tr½eiθU0þe−iθU†

0
�:

ðA4Þ

We again assume x ≫ Nf; ν and perform similar steps,
keeping only the Oðθ2Þ part in the exponential, except that
we now also perform the θ integral, finding

Zðν;dχPTÞ ¼ e−VVclþxNf−ν2Nf=ð2xÞ: ðA5Þ

The classical solution v0ðmÞ for ν ¼ 0 is the same as for
θ ¼ 0, and, defining δv again as in Eq. (A2), we now have a
correction δv ∝ ν2. As before, when we substitute the
solution back into Eq. (A5), there is no linear dependence
on δv, hence

Zðν;dχPTÞ ¼ Zðν¼0;dχPTÞe−ν2Nf=ð2xÞ; ðA6Þ

and Eq. (42) follows [with χ in Eq. (43)].

APPENDIX B: SOME RESULTS FOR LARGE Nf
AND/OR LARGE x

We will make use of the following representation for the
partition function of the partially quenched theory in
ordinary χPT [53,54]

ZðνÞ
kjnðfzigÞ

¼ detAQ
n
i¼1

Q
n
j¼iþ1ðz2j − z2i Þ

Qnþk
i¼nþ1

Qnþk
j¼iþ1ðz2j − z2i Þ

;

Aij ¼ zj−1i J νþj−1ðziÞ; i; j ¼ 1;…; nþ k: ðB1Þ

Here k is the number of fermions (sea and valence), and n is
the number of ghosts. We define J νðziÞ ¼ ð−1ÞνKνðziÞ for
i ¼ 1;…; n, and J νðziÞ ¼ IνðziÞ for i ¼ nþ 1;…; nþ k.
In order to use this representation the zi must be mutually
different for i ¼ 1;…; n, as well as for i ¼ nþ 1;…;
nþ k. Degenerate limits can be taken in the end.
We first show that hðνÞNf

¼ − logZðνÞ
Nf j0 scales like N2 in

the Veneziano limit. In this case we need Eq. (B1) for
n ¼ 0, k ¼ Nf. The degenerate limit is z1 ¼ � � � ¼
zNf

¼ x, where x is given by Eq. (32). It follows that
the zi variables all scale like N [note the presence of f2π
in Eq. (32)]. Thus, for νþ j ¼ Oð1Þ we may use the
asymptotic expansion of Iνþj−1ðziÞ for large argument,
while for νþ j ¼ OðNÞwe may use the uniform expansion
for real variable [55]. Either way, we find that logAij scales
like N for any i, j, hence log detA ¼ tr logA scales like

N2, establishing a similar scaling for hðνÞNf
. Finally, Eq. (44)

implies the same scaling for the condensate.
We next prove that, for x ∼ N ≫ 1 the partially quenched

partition function ZðνÞ
Nfþ1j1ðx; x0jx00Þ factorizes, cf. Eq. (56).

Once again, to apply Eq. (B1) we assume that the sea
masses are nondegenerate, taking if desired the degenerate
limit in the end. We have z1 ¼ x00, z2 ¼ x0, and zi ¼ xi−2 for
i ¼ 3;…; Nf þ 2. There are thus k ¼ Nf þ 1 sea and
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valence quarks, and there is n ¼ 1 ghost quark. We proceed
by writing A in a block form,

A ¼
�
A B

C D

�
; ðB2Þ

where A is 2 × 2, B is 2 × Nf, C is Nf × 2, and D is
Nf × Nf. Using that x00, x0 ¼ Oð1Þ and x1;…; xNf

¼ OðNÞ
the entries of A areOð1Þ. The entries of B are alsoOð1Þ for
j ¼ Oð1Þ, whereas for j ¼ OðNÞ we may use the asymp-
totic expansion for large order. For the entries of C we may
always use the asymptotic expansion for large argument.
The same is true for the entries of D provided that
j ¼ Oð1Þ, while for j ¼ OðNÞ we use the uniform expan-
sion for real variable. Now employing Schur’s determinant
identity, detA ¼ detA detðD − CA−1BÞ, we conclude that
D dominates over CA−1B, and the determinant factor-
izes, detA ¼ detA detD.
The last step is to consider the denominator in Eq. (B1).

In the case of ZðνÞ
Nfþ1j1, the first factor in the denominator

trivially collapses to one. The second factor can be written
more explicitly as

YNf

i¼1

ðx2i − x02Þ
YNf

i¼1

YNf

j¼iþ1

ðx2j − x2i Þ ¼
YNf

i¼1

x2i
YNf

i¼1

YNf

j¼iþ1

ðx2j − x2i Þ;

ðB3Þ

where on the right-hand side we used xi ≫ x0. In addition,
noting that D is originally the diagonal block of A with
index range i; j ¼ 3;…; Nf þ 2, we have

detD ¼ detD0YNf

i¼1

x2i ; ðB4Þ

where the new matrix D0 is defined by

D0
ij ¼ xj−1i Iνþjþ1ðxiÞ; i; j ¼ 1;…; Nf: ðB5Þ

Putting it together we arrive at Eq. (56) with

ZðνÞ
1j1ðx0jx00Þ ¼ detA; ðB6Þ

ZðνÞ
Nf
ðx1;…; xnÞ ¼

detD0
QNf

i¼1

QNf

j¼iþ1ðx2j − x2i Þ
; ðB7Þ

where the final identification follows from the independ-
ence of the leading order asymptotic behavior of the Bessel
function on the index.
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