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Abstract 

In the redundant signals task, participants respond, in the same way, to stimuli of several 

sources, which are presented either alone or in combination (redundant signals). The 

responses to the redundant signals are typically much faster than to the single signals. 

Several models explain this effect, including race and coactivation models of information 

processing. Race models assume separate channels for the two components of a redundant 

signal, with the response time determined by the faster of the two channels. Because the 

slower processing times in one channel are cancelled out by faster processing in the other 

channel, responses to redundant signals are, on average, faster than to single signals. In 

contrast, coactivation models relate the redundancy gain to some kind of integrated 

processing of the redundant information. The two models can be distinguished using the 

race model inequality (Miller, 1982, Cognitive Psychology, 14, 247–279) on the response 

time distribution functions. Miller’s prediction was derived for experiments with 100% 

accuracy, and despite corrections for guesses and omitted responses, it is limited to easy 

tasks with negligible error rates. In this article we generalize Miller’s inequality to non-

trivial experimental tasks in which incorrect responses may occur systematically. The 

method is illustrated using data from difficult discrimination tasks with Go/Nogo and 

choice responses. 

Highlights 

1. We derive the race model inequality for difficult tasks with nonzero error rates. 

2. The method is illustrated using example data from a difficult choice task. 

3. We also show how to apply the method to false alarms from a Go/Nogo task. 

Keywords 

divided attention; reaction time methods; multisensory processing 
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Redundant signals task 

In the redundant signals task (e.g., Raab, 1962; Townsend & Nozawa, 1995), participants 

make the same speeded response to stimuli from two sources (e.g., auditory and visual, A, 

V). The stimuli can occur either alone or in combination (redundant signals, AV). It is 

typically observed that the responses to the redundant signals are substantially faster than 

to the single signals; this has been termed redundant signals effect, redundant target effect 

or just redundancy gain (e.g., Hershenson, 1962). Redundant signals effects have been 

found within sensory modalities (Corballis, 2002; Miller & Adam, 2006) and across (e.g., 

Todd, 1912; Miller, 1982, 1986), and for both simple response, Go/Nogo- and choice 

reaction tasks (Feintuch & Cohen, 2002; Fournier & Eriksen, 1990; Grice & Canham, 1990). 

Several models can explain such redundancy gains, including race and coactivation 

models. Race models (or separate activation models, Miller, 1982; Raab, 1962) assume 

separate channels that process the two components of a redundant stimulus. The overall 

processing time is determined by the faster of the two channels (i.e., the winner of the 

race). Because the processing times in each channel vary from trial to trial, slow processing 

in one channel can be compensated by fast processing in the other channel. On average, 

this mechanism leads to faster responses in redundant signals compared to the single 

signals. In contrast, coactivation models assume integrated processing of the stimulus 

components, for example, by superposition of channel-specific activation (Diederich, 1995; 

Miller, 1982; Schwarz, 1989, 1994). 

Under the assumption of context-invariant channel processing times (see Eq. 5 below), 

the redundancy gain by the race model has a well-known upper limit given by Miller’s 

(1982) race model inequality, 

 �(�AV ≤ �) ≤ �(�A ≤ �) + �(�V ≤ �),  for all �, (1) 

with �(� ≤ �) denoting the (cumulative) distribution of the observable response times � in 

the three conditions A, V, and AV. Miller’s inequality has become a routine test for the 

behavioral data obtained in redundant signals tasks. If it is violated at some �, a race of 

separate signals cannot explain the redundancy gain, indicating some kind of integrated 

(“coactive”) processing of the redundant stimulus. 
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Because it is not obvious how to handle incorrect responses in the analysis, response 

time experiments typically use easy tasks that guarantee ceiling accuracy, while more 

demanding tasks as, for example, in memory research, are in the realm of “percent-correct-

experimentation” (see Pachella, 1974, p. 42, for the origin of this humorous 

characterization). Multisensory research is no exception to this rule, although modified 

versions of the race model inequality have been proposed that account for incorrect 

responses in specific ways (“kill-the-twin” correction, Eriksen, 1988; “assessment statistic”, 

Townsend & Altieri, 2012). The scope of these modifications is limited, though. Townsend 

and Altieri’s assessment statistic is limited to parallel systems of independent racers; this 

assumption is not needed in the present derivation. The kill-the-twin correction corrects 

for fast guesses that are observable in catch trials in which no stimulus is presented. In 

more difficult tasks, however, incorrect responses do not only arise from inattention or 

guessing behavior, but follow from failures of the problem-solving process itself (noise 

“within” the system, Gondan, 2019). Eriksen’s kill-the-twin correction does not account for 

this type of systematic mistakes (i.e., not based on guessing). 

Therefore, research in cognitive architecture and multisensory processing is currently 

limited to tasks that require only little cognitive effort; in our opinion, this is a serious 

handicap. In the present paper, we show how the race model inequality is generalized to 

choice experiments with more than one response alternative, including correct and 

incorrect responses. It turns out that separate predictions can be derived for each response 

alternative. We illustrate the procedure with data from a Go/Nogo and a choice task with 

redundant signals in which the task difficulty was adapted to obtain error rates of about 

15%. 

Race model inequality for choice tasks with non-ceiling accuracy 

We consider a redundant signals task with � response alternatives. Without loss of 

generality, � = 2 in the derivation below. This yields six stimuli in total, we denote them by 

A, V, AV, and a, v, av, respectively. For A, V, AV, the correct response is Button 1; for a, v, av, 

the correct response is Button 2. We first concentrate on conditions A, V, AV, that is, 

Response 1 is correct and Response 2 is incorrect. We assume that the task is sufficiently 

demanding such that enough incorrect responses are recorded. 
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Upon presentation of a stimulus, modality-specific processing is described by the 

random entities ⟨�A, �A⟩ and ⟨�V, �V⟩ for the auditory channel and the visual channel, 

respectively. Within each channel, � denotes the processing time and � ∈ {1, … , �} denotes 

the response “tendency”—that is, the response given if the respective channel does win the 

race. In line with the non-parametric nature of the race model, modality-specific processing 

is not further specified. For example, in an intensity discrimination task ⟨�A, �A⟩ as well as 

⟨��, ��⟩ might arise from channel-specific diffusion processes (“racing diffusion model”, 

e.g., Ratcliff, Smith, Brown, & McKoon, 2016), or from independent racers for weak and 

strong classifications within each channel (e.g., Townsend & Altieri, 2012, Fig. 1). 

For the single signals A and V, only one channel is active, and processing time and 

response tendency directly translate to the observable response time and response 

alternative � (see Remark 1 below for nondecisional processes such as motor execution). 

 ⟨�A, �A⟩ = ⟨�A, �A⟩, 
 

 ⟨�V, �V⟩ = ⟨�V, �V⟩,  

In the redundant signal, response time and response alternative are determined by the 

faster of the two racers, 

 ⟨�AV, �AV⟩ = �⟨�A, �A⟩, if �A ≤ �V⟨�V, �V⟩, if �A > �V
 

(2) 

For simplicity of the derivation, we assume that in the unlikely case that the processing 

times �A and �V are exactly equal, the response is dominated by the auditory channel. 

We now consider the event � = {�AV ≤ � ∩ �AV = !} that response ! to AV is given 

within time �. Let " = {�A ≤ �V}. For any joint events �, ", we have � = (� ∩ ") ∪ $� ∩ "%, 

with " denoting the complementary event of ". 

 {�AV ≤ � ∩ �AV = !} = {�AV ≤ � ∩ �AV = ! ∩ �A ≤ �V} ∪ {�AV ≤ � ∩ �AV = ! ∩ �A > �V} = {�A ≤ � ∩ �A = ! ∩ �A ≤ �V} ∪ {�V ≤ � ∩ �V = ! ∩ �A > �V}.  
(3) 

The third line of (3) follows from (2). For a given AV stimulus, response ! is given within � 

if �A ≤ �, �A = !, and the auditory channel wins the race—or alternatively, if �V ≤ �, �V = !, 

and the visual channel wins the race. 
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For the probability of a “fast” response ! to AV, we note that the events on the right-

hand side of (3) are mutually exclusive, hence, �(� ∪ ") = �(�) + �("). We also note that 

�(� ∩ " ∩ ') ≤ �(� ∩ "), which yields the upper bound, 

 �(�AV ≤ � ∩ �AV = ! ∣ AV) = �(�A ≤ � ∩ �A = ! ∩ �A ≤ �V ∣ AV) + �(�V ≤ � ∩ �V = ! ∩ �A > �V ∣ AV) ≤ �(�A ≤ � ∩ �A = ! ∣ AV) + �(�V ≤ � ∩ �V = ! ∣ AV),  
(4) 

with “∣ AV” indicating that the probabilities refer to latent processes in the AV context. 

To relate these probabilities to the observable responses ⟨�, �⟩ from the single signal 

conditions, we have to assume that channel-specific processing is invariant across 

unimodal and bimodal contexts (Luce, 1986), 

 �(�A ≤ � ∩ �A = ! ∣ AV) = �(�A ≤ � ∩ �A = ! ∣ A) = �(�A ≤ � ∩ �A = !) 
 

 �(�V ≤ � ∩ �V = ! ∣ AV) = �(�V ≤ � ∩ �V = ! ∣ V) = �(�V ≤ � ∩ �V = !) (5) 

Under this assumption, channel-specific behavior in the redundant condition can be 

estimated from the responses and response times from the unimodal conditions A and V. 

We obtain a family of Miller (1982) inequalities, one for each response alternative, 

 �(�AV ≤ � ∩ �AV = !) ≤ �(�A ≤ � ∩ �A = !) + �(�V ≤ � ∩ �V = !),  for all !, �. (6) 

Inequality 6 can be used to test the race model in tasks with multiple stimuli and response 

alternatives. The derivation for conditions a, v, av is obtained by a shift of the indices. 

  

Remark 1. The above result remains unchanged if a context-invariant residual time ) 

(e.g., motor execution time) is added to the processing time, so that � = � + ) (e.g., Luce, 

1986, p. 129). 

  

Remark 2. Since �(� ≤ �) = ∑ �+,-. (� ≤ � ∩ � = !), Inequality 5 can be added up for each ! 

to obtain Miller’s (1982) original race model inequality (Ineq. 1 above). In other words, 

Miller’s original inequality can be readily applied to the response time data from a choice 

experiment if the information about the specific types of responses (i.e., �A, �V, �AV) is 

discarded. Of course, Inequality 6 is a refined test of the race model prediction, because it 

must hold for each response alternative. 
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Remark 3. In a two-choice task with one correct and one incorrect response alternative, 

Inequality 6 specializes to two pairs of inequalities: 

 �(�AV ≤ � ∩ Correct) ≤ �(�A ≤ � ∩ Correct) + �(�V ≤ � ∩ Correct) (7A) 

 �(�AV ≤ � ∩ Incorrect) ≤ �(�A ≤ � ∩ Incorrect) + �(�V ≤ � ∩ Incorrect) (7B) 

 �(�av ≤ � ∩ Correct) ≤ �(�a ≤ � ∩ Correct) + �(�v ≤ � ∩ Correct) (7C) 

 �(�av ≤ � ∩ Incorrect) ≤ �(�a ≤ � ∩ Incorrect) + �(�v ≤ � ∩ Incorrect) (7D) 

  

Remark 4. For a Go/Nogo target detection task with one response alternative (A,  V,  AV 

denoting the targets, and a,  v,  av denoting the non-targets), Inequality 6 specializes to the 

pair of inequalities: 

 �(�AV ≤ � ∩ Correct) ≤ �(�A ≤ � ∩ Correct) + �(�V ≤ � ∩ Correct) (8A) 

 �(�av ≤ � ∩ False alarm) ≤ �(�a ≤ � ∩ False alarm) + �(�v ≤ � ∩ False alarm) (8B) 

In other words, if the race model holds, it must also hold for the false-positive responses to 

non-targets (Ineq. 8B). Of course, this latter test is only powerful if the task is difficult and 

the overall number of trials is large enough, so that enough false alarms are recorded. 

  

Remark 5. The probabilities in (6–8) refer to the entire set of responses in a given 

experimental condition, including incorrect or omitted responses. For illustration, we 

consider �(� ≤ 250 ∩ Correct) with five responses 200,  220, 240∗,  260∗,  280 ms (with 

the * denoting errors). Only two out of the five responses are faster than 250 ms and 

correct; therefore, the estimate is 2/5 = 40%. This estimate differs from the conditional 

performance measures that are widely used in mainstream experimental psychology and 

race model inequality testing (see Gondan & Minakata, 2016, for a review). Such 

conditional performance measures are obtained if outliers, omissions and incorrect 

responses are removed prior to analysis, for example, of the average correct response time. 

In the example above, two of the three correct responses are below 250 ms (fast, if 
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correct); therefore, the conditional response speed �(� ≤ 250 ∣ Correct) would be 

estimated as 2/3 = 67%. 

It should be underlined that from the race model assumption (2) above, something like 

�(�AV ≤ � ∣ Correct) ≤ �(�A ≤ � ∣ Correct) + �(�V ≤ � ∣ Correct) can only be derived if one 

assumes equal accuracy 9 = �(Correct) in A, V, AV. Such a scenario is given if errors arise 

purely from random guessing. In that case, �(� ≤ � ∩ Correct) = 9 ⋅ �(� ≤ � ∣ Correct), 

and the inequalities are identical up to multiplication with a positive constant. [Footnote: 

Even under this restrictive assumption, removal of incorrect responses is not 

recommended because lucky guesses bias the test of the race model inequality (Eriksen, 

1988); the kill-the-twin correction should be applied instead.] In difficult tasks considered 

here, incorrect responses do not just reflect random guesses, and the proportion of 

incorrect responses might systematically differ between unimodal and bimodal stimuli. 

Therefore, in the general case, conditional performance measures should be avoided, and 

data cleaning should be minimized before testing Inequalities 1, 6, 7A–D, or 8A/B. 

  

Table 1. Fictitious data from a redundant signals task with two response alternatives. 

 
�AV ≤ � �AV > � �A ≤ � �A > � �V ≤ � �V > � 

Correct 20%# 50% 10%# 70% 10%# 70% 

Incorrect 5% 25% 5% 15% 5% 15% 

  

Table 1 shows a numerical example of a fictitious two-choice experiment with correct 

and incorrect responses. The three proportions of Inequality 7A are marked with #: 

Pr(�AV ≤ � ∩ Correct) = 20%, Pr(�A ≤ � ∩ Correct) = 10%, and Pr(�V ≤ � ∩ Correct) =
10%, respectively; they are consistent with the prediction of the race model. This outcome 

differs from the conclusion that would be reached on the basis of the wrong application of 

Miller’s inequality to the conditional proportions (i.e., after the errors have been removed); 

Pr(�AV ≤ � ∣ Correct) = 20%/(20% + 50%) = 28.5% is actually greater than the sum of 

Pr(�A ≤ � ∣ Correct) = 12.5% and Pr(�V ≤ � ∣ Correct) = 12.5%. 
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Remark 6. If one of the stimulus components is presented with onset asynchrony ; > 0, for 

example, the auditory stimulus, the inequality reads as follows (Miller, 1986), 

 �(�V(<)A ≤ � ∩ �V(<)A = !) ≤ �(�A + ; ≤ � ∩ �A = !) + �(�V ≤ � ∩ �V = !),  for all !, �. (9) 

If the modality-specific processing times differ, variation of onset asynchrony is useful to 

establish “physiological synchrony” (Hershenson, 1962). Moreover, it allows for tests of 

specific coactivation models (e.g., Diederich & Colonius, 2015; Miller, 1986, Ineq. 3; Miller & 

Ulrich, 2003; Schwarz, 1989, 1994; Ulrich & Miller, 1997). 

  

Remark 7. The above derivation can be generalized to the analysis of an experiment with 

catch trials (C) and a kill-the-twin correction of fast guesses (see Appendix). 

 �(�AV
∗ ≤ � ∩ �AV = !) + �(�C

∗ ≤ � ∩ �C = !) ≤ �(�A
∗ ≤ � ∩ �A = !) + �(�V

∗ ≤ � ∩ �V = !),  for all !, �, (10) 

with �∗ denoting the observable response time distributions that result from 

contamination by guessing. 

Experiment 

The use of the method is illustrated using data from a redundant signals experiment with 

Go/Nogo and choice responses, similar to Minakata and Gondan (2019). Minakata and 

Gondan asked participtants to discriminate audiovisual stimuli of two intensities, either 

weak (a, v, av) or strong (A, V, AV). In one session (go-weak), participants were asked to 

respond only to the weak stimuli, and to withhold their response to the strong stimuli. In 

another session (go-strong), participants were asked to respond to the strong stimuli, but 

withhold their response to the weak stimuli. Redundancy gains were observed for both 

conditions, but were substantially larger in the go-strong session. In fact, in go-strong, the 

responses to AV violated the race model inequality, whereas in go-weak, the responses to 

av were consistent with a race model. Minakata and Gondan thus observed an interesting 

violation of the “inverse effectiveness law” that has become popular in multisensory 

research (Meredith & Stein, 1983). According to their interpretation, this points to a 
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perceptual locus of coactivation—rather than at the level of response tendencies (for 

details, see Figure 3 in Minakata & Gondan, 2019). 

We used Minakata and Gondan’s (2019) design, running the two Go/Nogo tasks with 

go-weak and go-strong as described above, and, in addition, a two-alternative forced choice 

task. Participants had to discriminate a random sequence of weak and strong stimuli. 

Stimulus onset of weak and strong stimuli were adapted to the participants’ performance 

in the unimodal conditions; similarity of the stimuli was adjusted to achieve an overall 

error rate of about 15%. 

Method 

The same five individuals (all male; age range 21–29 years, normal hearing and vision) 

participated in the three experimental tasks. Written informed consent was collected 

following the guidelines of the Declaration of Helsinki and the ethics committee of the 

Department of Psychology (IfP IRB/19032019). 

Visual stimuli were Gabor patches with a fixed spatial frequency of 6 cycles/degree 

(= = 12) in eight orientations (22.5°, 45°, …, 180°) on a grey background with a luminance 

of 13 cd/m². The variation of orientation was task-irrelevant, but served to avoid repetition 

and boredom. The contrast of the weak (v) and strong (V) Gabor patches was adapted to 

the individual performance such that participants made about 15% errors in the pooled 

single visual stimulus conditions. Auditory stimuli were pure-tone sine waves of eight 

frequencies (352, 371, 396, 422, 440, 475, and 495 Hz, irrelevant for the task). The average 

amplitude was 60 dBA. Weak (a) and strong (A) intensity tones were adaptively shifted 

away from this average amplitude such that participants made about 15% errors in the 

pooled single tone conditions. 

Audiovisual stimuli were either combinations of two weak stimuli (av) or two strong 

stimuli (AV); conflicting stimulus combinations were not used (e.g., aV or Av, cf. Fournier & 

Eriksen, 1990). The onset asynchrony between the auditory and the visual component was 

adapted to the individual performance in the unimodal conditions, so that the stimulus 

onset asynchrony (SOA) equalized the mean response times for the pooled auditory stimuli 

and the pooled visual stimuli (Hershenson, 1962). All stimuli were presented continuously 

until keypress (max. response window 1000 ms). Catch trials with no stimulus (C, duration 



11 

1000 ms) were used to discourage from anticipatory responses and for kill-the-twin 

correction of fast guesses (Eriksen, 1988). For further technical details, please see Minakata 

and Gondan (2019). 

After the task instructions, participants completed a brief practice session (70 trials) 

and a first experimental block that was used to calibrate the intensity and the onset 

asynchrony, but not analyzed otherwise. Intensity and onset asynchrony were recalibrated 

after each block throughout the experiment. Each trial started with a fixation cross in the 

center of the screen (1000 ms). Then, after an additional exponentially distributed 

foreperiod (mean = 2000 ms, truncated at percentiles 1 and 99), one of the seven stimulus 

types (C, a, v, av, A, V, AV) was presented in a pseudo-randomized sequence. In the choice 

task, participants had to indicate by a keypress if the stimulus was weak (Button 1) or 

strong (Button 2). In the Go/Nogo task, participants had to respond to either weak or 

strong stimuli, and to withhold their response to the other intensity. 180 stimuli were 

presented for each condition, distributed across 9 blocks of 10 minutes each. Pauses 

between each block were made to avoid fatigue and demotivation. Breaks of at least one 

week were made between the different experimental tasks (go-weak, go-strong, choice). 

Data analysis 

Response time and response alternative were the main dependent variables. For 

descriptive data analysis, accuracy, mean and median response time were determined for 

each experimental condition. An ANOVA of the mean response times is, in itself, not 

diagnostic about the mechanism underlying the redundancy gains. For the test of the race 

model inequality, the empirical cumulative distribution functions (eCDFs) were 

determined for the different conditions and responses, adjusted for the onset asynchrony 

(see above Remark 6), and spontaneous responses observed in catch trials were subtracted 

from each eCDF (“kill-the-twin”-correction, Eriksen, 1988, see Remark 7). 

The race model inequality was then tested as follows: For the Go/Nogo task (go = 

strong, nogo = weak), Inequality 8A uses the eCDFs of the response times for Go-stimuli A, 

V, AV, with non-responses (= misses) coded as infinitely slow responses (Appx. A in Miller, 

2004). In contrast, the test of Inequality 8B is based on the eCDFs of the responses times for 

Nogo-stimuli (= false alarms), with the correct rejections (= non-responses to Nogo-
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stimuli) coded as infinitely slow. For go-weak, we used Inequality 8B for the correct 

responses and misses to Go-stimuli, and Inequality 8A for the false alarms and correct 

rejections to Nogo-stimuli. The data of the choice task were analyzed using 

Inequality 7A/7B for the strong stimuli, and Inequality 7C/7D for the weak stimuli. 

If the race model holds, the difference for participant > = 1, … , ? 

 @A = Pr(�AV ≤ � ∩ Correct) + Pr(�C ≤ � ∩ Correct) − Pr(�A ≤ � ∩ Correct) − Pr(�V ≤ � ∩ Correct)  

 
should be below or equal to zero. One-sample �-statistics were calculated for @ at the 

reaction time percentiles 5, 10, 15, …, 45 across participants and aggregated into a �max 

statistic using the maximum � across the tested percentiles. The distribution of the �max 

statistic under the race model assumption was then determined by permutation (Gondan, 

2010). The proportion of permutations that resulted in �max values greater than the 

observed �max was used to calculate the C-value for the violation of the race model 

inequality. This method protects the significance level for the test of the race model 

inequality in a given condition. 

Separate permutation tests were performed for go-weak, go-strong and the choice task, 

(i.e., eight significance tests in total). In line with the illustrative and exploratory nature of 

this study, the significance level was not further corrected. 

Results 

Median reaction time and accuracy for the Go/Nogo task with strong targets are shown in 

Table 2. The median is calculated as the 50%-quantile of the empirical estimate of the 

unconditional response time distribution, �(� ≤ � ∩ Correct). As mentioned above, the 

redundant stimuli were presented with SOA to equalize the response times to unimodal 

stimuli; this SOA needs to be taken into account when testing for violations of the race 

model inequality (Remark 6 above); the extra column in Table 2 shows the SOA correction. 

The error column refers to the percentage of false alarms; since this percentage did not 

exceed 20% by design, no median response times can be given for false alarms. 

Figure 1 (left panel) shows the empirical response time distributions for the responses 

to the strong stimuli (targets). A violation of Inequality 8A can be seen at the lower end of 

the time scale; the violation does not reach the conventional level of statistical significance, 
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but the �-value is close to 5% (C = 0.059). In contrast, in the false alarms to non-targets, no 

violation of Inequality 8B is visible (right panel, �-value is C = 0.62). In the Go/Nogo task 

with weak targets, no violation of the race model inequality was observed (Figure 2, 

Table 3). 

  

 

Figure 1. Response time distributions for auditory, visual, and redundant stimuli in the Go-

Nogo task with strong targets and weak distractors. Left panel: Responses to targets 

(strong A, V, AV). Right panel: False alarms to distractors (weak a, v, av). 

  

Table 2. Go/Nogo-task (respond to strong): Median RT, SOA-corrected median RT, and 

accuracy per condition 

 
Median SOA corrected Omitted % Error % 

A 596 626 15 17 

V 578 598 14 12 

AV 518 518 5 16 



14 

 

Figure 2. Response time distributions for auditory, visual, and redundant stimuli in the Go-

Nogo task with weak targets and strong distractors. Left panel: Responses to targets 

(weak a, v, av). Right panel: False alarms to distractors (strong A, V, AV). 

  

Table 3. Go/Nogo task (respond to weak): Median RT, SOA-corrected median RT, and 

accuracy 

 
Median SOA corrected Omitted % Error % 

a 681 695 21 11 

v 577 621 8 17 

av 600 600 12 8 

  

Despite the non-significant �-value in the strong target condition, we consider the 

overall pattern of results of the two Go/Nogo tasks as a replication of Minakata and 

Gondan’s (2019) findings. 

Results for the choice task are summarized in Table 4. As expected, responses to strong 

stimuli were a bit faster than to weak stimuli. In unimodal stimuli, the intensity effect was 

rather small, which is a consequence of the main experimental manipulation: To guarantee 
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high error rates, we made the stimuli highly confusable, so that participants made incorrect 

classifications in about 15% of the unisensory stimuli. Moreover, for intensity 

discrimination, both weak and strong stimuli must be fully processed and compared to an 

internal criterion (Link & Heath, 1975); the duration of this process might not differ 

substantially between weak and strong targets. 

 

Figure 3. Response time distributions for auditory, visual, and redundant stimuli. The 

proportion of fast responses to redundant stimuli never exceeds the sum of the fast 

responses to unimodal stimuli (dashed), indicating that the data are consistent with 

parallel processing. 
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Table 4. Choice responses: Median RT, SOA-corrected median, and accuracy per condition 

 
Median SOA corrected Omitted % Error % 

a 635 654 1 18 

v 594 617 1 10 

av 603 603 0 12 

A 589 614 1 17 

V 602 626 1 16 

AV 549 549 0 11 

  

The SOA-corrected response time distributions do not provide evidence for 

coactivation (Figure 3), and neither of the race model inequalities was violated, neither in 

the strong stimuli (Ineq. 7A: C = 0.50, Ineq. 7B: C = 1.00, derived from the �max-statistic) 

nor in the weak stimuli (Ineq. 7C: C = 0.97, Ineq. 7D: C = 0.50). The amount of errors in av 

was not substantially higher than in the weak unimodal stimuli a, v. 

Discussion 

In this study we generalized Miller’s inequality to difficult choice experiments with several 

response alternatives, including the special cases of two-alternatives forced-choice and 

Go/Nogo tasks. For each experimental condition, we obtained a family of inequalities for 

the different response alternatives, including incorrect responses. We applied it to data 

from a Go/Nogo and an intensity discrimination task with auditory, visual, and audio-visual 

stimuli. Stimuli were presented adaptively in two aspects: In the redundant condition, the 

SOA between the two components was adjusted to equalize the average response times for 

the unimodal conditions. This has been suggested earlier (Hershenson, 1962), and it has 

been shown to increase the redundancy gain (e.g., Miller, 1986). Moreover, we manipulated 

the difference between weak and strong stimuli such that participants made approximately 

15% errors in a two-alternatives forced-choice task with redundant signals. 
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The results of the study confirm and extend earlier findings by Minakata and Gondan 

(2019) in a Go/Nogo task with audiovisual signals. The data set is rather small and mainly 

serves for illustration of the method, but we observed again a violation (non-significant at 

the conventional E = 5%, though) of the race model prediction in go-strong, but not in go-

weak. The pattern of results breaks again the “inverse effectiveness law” from multisensory 

integration research (Meredith & Stein, 1983; see also Holmes, 2009). Minakata and 

Gondan supposed that participants can, to some extent, influence their own processing 

style (horse race/coactivation) in the Go/Nogo sessions. Assuming that coactivation occurs 

at a perceptual stage, coactivation of weak audiovisual stimuli would not be helpful in 

intensity discrimination task, because the combined percept would be stronger and, 

therefore, closer to the discrimination threshold (see Figure 3 in Minakata & Gondan). The 

same argument applies to the choice task of the present study. In the choice task 

considered here, switching the processing style is not possible because weak and strong 

redundant stimuli appear in randomized order. Coactivation would again disturb detection 

of weak redundant stimuli. However, when participants had to selectively detect strong 

stimuli (go-strong task), coactivation can actually be helpful, and participants made use of 

it. 

The overall experimental setup used here and in Minakata and Gondan (2019) seems a 

promising tool to narrow down the locus of coactivation; however, the redundant signals 

effects might have been attenuated by our use of “single” unimodal stimuli—that is, pure 

auditory or visual targets/non-targets, without an additional “neutral” stimulus of the 

other modality (e.g., Feintuch & Cohen, 2002; Grice & Canham, 1990). A further replication 

of the findings with such neutral distractors would obviously strengthen the claims we 

made here. And, of course, all conclusions made here are limited in the sense that they are 

post-hoc explanations of a statistical null-effect in a rather small sample of participants. 

Response time is a performance measure that reflects the time to find the correct 

solution to a given problem. Performance is “good” if the response is fast and correct, and it 

is “bad” if the response is slow and/or it is incorrect. In current “mainstream” research 

including multisensory research, correct, but slow responses are included in the analysis, 

whereas incorrect responses are typically excluded. It is, however, a misunderstanding to 

assume that the subset of correct responses reflects what most theoretical predictions are 
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referring to (= the time it takes to find the correct solution). After data cleaning, the 

empirical response time distribution is a conditional estimate: It is an estimate of the time 

it took to find the solution, provided that the correct solution has actually been found. Such 

conditional estimates are of limited empirical interest—unless the theory explicitly relates 

to them (e.g., subdistributions of response times for different alternatives, e.g., Ratcliff, 

1978). As a consequence of its conditional nature, the distribution of correct responses is a 

good performance measure only if performance is good. In the other cases, its use is 

questionable, and it is biased in a sense that it yields estimates that are too optimistic with 

respect to the outcome of interest. In current research on response times, there is, thus, a 

mismatch between the theory (good = fast and correct) and the measured outcome 

variable (good = fast, given correct). Moreover, because the methodology for the analysis of 

error-contaminated response time data is lacking, researchers are forced to use simple 

tasks that guarantee ceiling accuracy (Pachella, 1974)—or to rely on complex parametric 

decision models that bear their own restrictive assumptions (e.g., Ratcliff, 1978). 

Miller (1982) derived the race model inequality as a test for processing architecture, 

while others suggest it is a measure for the capacity of the system (e.g., Townsend & Eidels, 

2011). Without stating it explicitly, Miller’s inequality was developed for an error-free 

experiment (e.g., trials with omitted responses were repeated in Miller, 1986), and it 

became obvious in the derivation and in Table 1 that it cannot be used with conditional 

response time distributions that result from standard data cleaning methods (Eriksen, 

1988; Miller, 2006; Rach, Diederich, Steenken & Colonius, 2010). In other words, the 

mismatch between theory and data also affects current practice in multisensory research. 

In this study, we consider the general case of a “difficult” task with substantial error 

rates. In such a scenario, there is no one-to-one correspondence of errors and inattention. 

Incorrect responses occur even if the participant concentrates fully on the task. Conversely, 

responses may be correct (“lucky guesses”) even during attentional lapses. Given only 

response time and accuracy, it is not clear where to draw the line between inattention and 

informed, but incorrect responses. Therefore, and for the theoretical issues mentioned 

above, traditional data cleaning procedures are problematic. In the redundant signals task, 

data cleaning may cause even more severe bias because the race model inequality is 

asymmetric, with only one term left to the ≤, but two terms on the right-hand side. Instead, 
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researchers should try to establish similar attentional level by study design (e.g., random 

trial sequence instead of blocked presentation, and within-subject instead of between-

subject designs). If spontaneous responses and lucky guesses occur, they should be 

controlled using the kill-the-twin correction [Eriksen (1988); Miller & Adam (2006); see 

also Remark 7 and Appendix]. 

More than 150 years after Donders’ (1868) first response time experiment, the present 

study shows that it is possible to run response time tasks at any difficulty—if the 

appropriate analysis technique is chosen. 

Author note 

Supported by the Independent Research Fund Denmark (Danmarks Frie Forskningsfond, 

DFF 8018-00014B “Foundations of response time measurement”). 

Supplemental material 

The data from the two experiments and R code for the analysis are provided as online 

supplemental material. 
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Appendix: Kill-the-twin correction 

In a choice response task, errors can arise from at least two sources. In the derivation 

above, we concentrated on the errors from within the system, that is, response tendencies 

towards the incorrect response alternative in the two channels. Such errors can arise, for 

example, in discrimination task such as the one we used, when the two intensities are too 

close to each other. We denote such responses as informed responses (or stimulus-

controlled responses, Yellott, 1971). On the other side, there is noise from outside the 

system, for example, guessing behavior in overly motivated participants. Under the 

assumption that such guessing behavior is not stimulus controlled and invariant over the 

different experimental conditions (Luce, 1986), it is also observable in catch trials in which 

either no stimulus or a neutral stimulus is presented. 

Mixture model 

In a mixture model (e.g., Yellott, 1971), the participant guesses with probability F, so that 

the observed response time distribution is a mixture of informed responses and a common, 

context-invariant, guessing time distribution G, 

 

�(�C
∗ ≤ � ∩ � = !) = F ⋅ �(G ≤ � ∩ �H = !) �(�AV
∗ ≤ � ∩ � = !) = F ⋅ �(G ≤ � ∩ �H = !) + (1 − F) ⋅ �(�AV ≤ � ∩ � = !) �(�A
∗ ≤ � ∩ � = !) = F ⋅ �(G ≤ � ∩ �H = !) + (1 − F) ⋅ �(�A ≤ � ∩ � = !) �(�V
∗ ≤ � ∩ � = !) = F ⋅ �(G ≤ � ∩ �H = !) + (1 − F) ⋅ �(�V ≤ � ∩ � = !)

 

(A.1) 

It is easily seen from (A.1) that the latent components of Inequality 6 are obtained if 

Inequality 10 is tested instead, 

 �(�C
∗ ≤ � ∩ �C

∗ = !) + �(�AV
∗ ≤ � ∩ �C

∗ = !) ≤ �(�A
∗ ≤ � ∩ �A

∗ = !) + �(�V
∗ ≤ � ∩ �V

∗ = !) 

 
which results from subtracting the observable responses to catch trials �(�C

∗ ≤ � ∩ � = !) 

from each contaminated response time distribution (Eriksen, 1988). 



21 

Deadline model 

In a deadline model (e.g., Gondan & Heckel, 2008; Yellott, 1971), the fast guess is 

considered a third racer, in addition to the racers from the two sensory channels, 

 

⟨�C
∗, �C

∗⟩ = ⟨G, �G⟩ 
⟨�AV

∗ , �AV
∗ ⟩ = I⟨�A, �A⟩, if �A ≤ �V, �A ≤ G,⟨�V, �V⟩, if �V < �A, �V ≤ G,⟨G, �G⟩, if G < �A, G < �V 

⟨�A
∗, �A

∗ ⟩ = �⟨�A, �A⟩, if �A ≤ G,⟨G, �G⟩, if G < �A 
⟨�V

∗, �V
∗⟩ = �⟨�V, �V⟩, if �V ≤ G,⟨G, �G⟩, if G < �V

 

 
We then consider the probability for response ! within time � in the four conditions, 

 

�(�C
∗ ≤ � ∩ �C

∗ = !) = �(G ≤ � ∩ �G = !)        [C1] �(�AV
∗ ≤ � ∩ �AV

∗ = !) = �(�A ≤ � ∩ �A = ! ∩ �A ≤ G ∩ �A ≤ �V) [AV1]  + �(�V ≤ � ∩ �V = ! ∩ �V ≤ G ∩ �V < �A) [AV2]  + �(G ≤ � ∩ �G = ! ∩ G < �A ∩ G < �V) [AV3] �(�A
∗ ≤ � ∩ �A

∗ = !) = �(�A ≤ � ∩ �A = ! ∩ �A ≤ G) [A1]  + �(G ≤ � ∩ �G = ! ∩ G < �A) [A2] �(�V
∗ ≤ � ∩ �V

∗ = !) = �(�V ≤ � ∩ �V = ! ∩ �V ≤ G) [V1]  + �(G ≤ � ∩ �G = ! ∩ G < �V) [V2]

 

(A.2) 

To see that Inequality 10 holds, we need to consider six cases: 

1. G < �A ≤ �V: Under this condition, C1 becomes AV3, �(G ≤ � ∩ �G = ! ∣ Case 1) =�(G ≤ � ∩ �G = ! ∩ G < �A ∩ G < �V ∣ Case 1), such that all the LHS terms are below 
those on the RHS of Inequality 10: AV1 ≤ A1,  AV2 ≤ V1,  AV3 ≤ A2,  C1 = AV3 ≤ V2 

2. G < �V < �A: Same as Case 1 

3. �A ≤ G < �V: Then, AV1 = A1,  AV2 = AV3 = 0, and and C1 = V2, the latter because �(G ≤ � ∣ Case 3) = �(G ≤ � ∩ G < �V ∣ Case 3) 
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4. �V ≤ G < �A: See Case 3, with A and V switched 

5. �A ≤ �V ≤ G: AV1 = A1,  AV2 = AV3 = 0, and C1 = V2, the latter because �(G ≤ � ∣ Case 5) = �(�V ≤ G ≤ � ∣ Case 5) 

6. �V ≤ �A ≤ G: See Case 5, with a switch of the labels A and V. 
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