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Abstract

This paper is relaxing the strict exogeneity assumption in a dynamic ran-
dom probit model to allow for the possibility of feedback effects. We take
an MLE approach and specify a marginal distribution for the not strictly
exogenous variable in question. Using a log-likelihood function similar to
Wooldridge (2000) we propose two estimation strategies depending on what
the object of interest is. We show that the parameters can be estimated using
either quadrature or simulated maximum likelihood if all we are interested in
is the parameters of the model. Subsequently average partial effects can be
estimated. However, if we are more interested in knowing the average partial
effects and less interested in the parameter estimates themselves, then it is
useful to considering the problem as a method of moment problem rather
than a MLE. This will allow an easy estimation of the average partial ef-
fect and in particular the variance of the APE such that statistical inference
is possible. The insight is applied to a large Danish register data set on
employment transitions to address the question of true state dependence in
unemployment transitions. Moreover, we rise the important question, that a
major part of the results in the state dependence literature could be invalid
due to ignoring violations of the strict exogeneity assumption.
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1 Introduction

In this paper we are interested in relaxing the strict exogeneity assumption, which

is one of the most widely used assumptions in microeconometrics. We do that by

allowing for feedback effects; that is, the possibility, that future values of an explana-

tory variable can be explained by previous values of the dependent variable. From

the existing literature on feedback effects in linear models, it seems that violations

of the strict exogeneity assumption can lead to inconsistent parameter estimates,

see Chamberlain (1984). Motivated by these results, this paper is interested in ana-

lyzing the presence of feedback effects in nonlinear models, where almost no results

are available.

There are, however, at least three important differences between linear and non-

linear models that causes the analysis to be considerbly more difficult: i) As opposed

to linear models, it is not possible to difference out the unobserved heterogeneity in

nonlinear models. In general, this feature implies, that one has to integrate out the

unobserved heterogeneity, which tends increase the analytical and computational

burden considerbly. ii) Whereas it is usually possible in linear models to interpret

a coefficient as the partial effect of a change in the corresponding underlying ex-

planatory variable, this is no longer true in nonlinear models. Each parameter is

therefore not necessarily of the same interest as in the linear models. In fact, when

unobserved heterogeneity is present, the partial effects are not well defined. To

overcome this problem, some researchers have suggested the use of average partial

effects (APE) instead, which are well defined and possible to give an interpretation.
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The APE’s are generally functions of data and the parameters, which makes esti-

mation of the variance unclear. Moreover, since the partial effects and the APE are

usually of much more interest than each of the parameters themselves, this rises an

important question that needs to be addressed when analyzing a nonlinear model:

What is the object of true interest when estimating the model. iii) Nonlinear mod-

els is a very inhomogenous group of models where each model must be analyzed

seperately. Because almost nothing is known on feedback effects in nonlinear mod-

els we restrict ourselves to look at the dynamic random probit model. This model

is frequently used in the applied literature of psychology, sociology and economics.

To address the question of feedback effects in a dynamic random probit model

we begin by proposing an econometric model in which feedback effects can be an-

alyzed. We then propose two different estimations strategies that correspond to

the parameters of interest and discuss some of the (dis)advantages in the two ap-

proaches. Finally, we applied the insight to a Danish register sample on employment

transitions. In addition to being an illustrative example on how to estimate a dy-

namic random probit model that allows for feedback effects, we choose this example

to make a contribution to the ongoing literature of state dependence. As we shall

discuss in section 4, the literature on state dependence has traditionally focused to

two sources of misspecification to estimate the parameters of interest consistently:

A correctly specified purely stochastic term and a correctly modelled unobserved

heterogeneity, see Heckman (1981a). This paper rises the question of whether the

state dependence literature should also focus on violations of the strict exogeneity
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assumption as an additional and possible source of misspecification that can lead

to inconsistent estimates of the parameters of interest.

The paper is organized as follows: In the following section we state the relevant

definitions and propose an econometric model. In section 3 the two estimation

strategies are proposed and in section 4 we apply the estimator to the data set.

Finally, in section 5 we brieftly discuss some limitations before we conclude in

section 6.

2 Estimating an extended probit

Whereas it is useful to formulate the Granger non-causality and the strict exogeneity

assumption in terms of the linear predictor in the linear model, see Granger (1969),

it is usually formulated on the basis of conditional probabilities in nonlinear models.

The important difference between linear and nonlinear models is the nonlinearity

of the regression function. Because of that, it is not possible to difference out the

unobserved heterogeneity. Suppose we have to two stochastic processes x and y

collected in (xt, yt), t = ...,−1, 0, 1, .... Chamberlain (1982) suggested to defined the

Granger noncausality assumption in nonlinear model to

Definition I: Granger Non-causality

xit+1 is independent of yit, yit−1, .... conditional on xit, xit−1, ..... for all t.

Similarly, Chamberlain (1982) suggested that Sims’ definition of strict exogene-

ity in linear model could be redefined to

Definition II: Sims strictly exogeneity
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yit is independent of xit+1, xit+2, ..... conditional on yit, yit−1, .... and xit, xit−1, .....

Sims (1972) showed that the two assumptions are equivalent in the linear case. A

similar result is found for nonlinear models by Chamberlain (1982). Under a very

specific regularity condition, the equivalence condition, these two definitions are

equivalent for nonlinear models. Essentially, the equivalence condition is similar

to the assumption usually made in time series econometrics, that current effect

from the past vanishes sufficiently fast. In this paper we will assume this regularity

condition is satisfied such that the two definitions of Granger noncausality and

strict exogeneity are equivalent. We will therefore not distinguish between the two

definitions in the rest of this paper. If we relax the assumptions it is possible to allow

for feedback effects, where an explanatory variable is partly explained by previous

values of the dependent variable. To get an impression of how strong the strict

exogeneity assumption is, consider the following example. In explaining whether or

not an invidual is employed or not in a given time period t, it is usually assumed that

the binary variable ”marital status” is among the explanatory variable and strictly

exogenous; that is, exogenously given by factors outside the model. However, by

introducing feedback effects, we allow for the possibility, that previous employment

status in adition to the exogenous factors can explain the current marital status.

This will capture what is usually found in data, that a (resently) employed men are

more likeliy to find a spouse than an unemployed man.
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3 The Econometric Model

To allow for feedback effects in a dynamic random probit model we could either

model the dependent and the not strictly exogenous variable simultanously or spec-

ify the conditional marginal distribution of the not strictly exogenous variable. In

this paper we choose to model the marginal distribution and propose an economet-

ric model that is similar to the model proposed in Wooldridge (2000). Suppose

we observe a binary response variable, yit,which is explained by a set of strictly

exogenous variables, zit, and a set of not strictly exogenous variables, wit. For sim-

plicity, assume wit is a scalar and binary. The unmeasured variables are assumed

to consists of two components: The temporally correlated errors modelled as an

individual specific term, ci, and a purely random term, εyit, where εyit is assumed

to be normally distributed εyit ∼ N(0, σ2εy). Stacking all the explanatory variables

for individual i at time t in a vector Vyit = (yit, wit, zit,Xit−1) and letting δ denote

a vector of the corresponding parameters, we can write the distribution of yit given

Vyit and ci as

P (yit = 1|wit, zit, xit−1, ci; δ) = Φy[Vyitδ + ci] (1)

Xit−1 ≡ (xit−1, xit−2, ..., xi0) and xit ≡ (yit, wit). We assume that the first obser-

vation xi0 = (yi0, wi0) is observed. To incorporate the feedback effects, one has to

describe the process of the not strictly exogenous variable, wit, and how it is re-

lated to the process of primary interest, yit. In this paper we assume that the wit is

related to yit only through the previous value of the dependent variable, yit−1. Let

Vwit = (yit−1, zit, xit−1) denote a vector consisting of all the explanatory variables
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describing wit and β the corresponding vector of the parameters. The unmeasured

variables are again assumed to consist of two components: The individual specific

component, ci, and a purely random component, εwit, where εwit ∼ N(0, σ2εw) such

that the distribution of wit given Vwit and ci can be written:

P (wit = 1|zit, xit−1, ci; δ) = Φy[Vwitδ + γci] (2)

Notice the implicit assumption in (1), that once we have controlled for current

values of wit and zit, the previous values of yit and wit as well as unobserved het-

erogeneity, c, nothing else affects the conditional distribution of y. Equation (2)

has a similar interpretation. This assumption is not restrictive in the sense that

we can relax the assumption by including more lags of the explanatory variables if

necessary. The only real constraint here is the amount of data available. Denote

Xit = (yiT , wiT ),......,(yi1, wi1) and by using the product law of conditional densities

we have the following density of (xiT , xiT−1,....,xi1) given (zit, xit−1, xi0, ci)

p(Xit|zit, xit−1, ci, θ) =
TY
t=1

p(yit, wit|zit, xit−1, yi0, wi0, ci; θ) (3)

=
TY
t=1

Φy[(Vyitδ + ci)(2yit − 1)]
TY
t=1

Φw[(Vwitβ + γci)(2wit − 1)]

where Xit ≡ (xit, xit−1, ..., xi0) and θ = (δ0, β0). Before the likelihood function can

be written, a solution to the initial condition problem must be included. The

problem arises because the period we observe the individuals does not coincide

with the stochastic process describing the dependent variable. This paper follows

Wooldridge (2002a) by taking a parametric approach for solving the problem even

though a semiparametric or even a nonparametric approach could have been chosen
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alternatively.

We make an important assumption on the density h(c|zi, x0;α), where xi0 =

(yi0, wi0). It is assumed, that the unobserved heterogeneity, ci, conditional on a set

of explanatory variables and the initial values yi0 and wi0 is normally distributed;

that is

ci|yi0, wi0, zi ∼ N(α0 + α1yi0 + α2wi0 + ziα3, σ
2
a) (4)

such that we can write

ci = α0 + α1yi0 + α2wi0 + ziα3 + ai (5)

where ai is independent of (xi0, w0, zi) and is normally distributed as ai ∼ N(0, σ2a).

zi is usually the averages of zit. This assumption is by far the most important

assumption in that we assume the conditional density, h(ci| wi0, xi0, zit) is correctly

specified and normal. Besides that, the assumption is very convienient since the

likelihood function would otherwise be almost impossible to solve. A discussion of

the general problem can be found in Wooldridge (2002a). Redefine Vyit to be a

vector consisting of all the explanatory variables in the distribution of y (including

xi0, w0, zi) with the corresponding parameter vector, δ, and similarly for Vwit and

β. By integrating out the unobserved heterogeneity, ai, we get an expression for

individual i’s log likelihood function:

i(Xit, Zit; θ) ≡
∞Z

−∞

TY
t=1

Φy {(Vytδ0 + σaea) (2yt − 1)} (6)

TY
t=1

Φw {(Vwtβ0 + γσaea) (2wt − 1)}
1

σa
φ

µ
a

σa

¶
dea
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where ea = a
σa
. Taking logs and summing over the individuals yields the log likelihood

function to maximize:

max
θ∈Θ

Log L =
NX
n=1

log i(Xit, Zit; θ) (7)

The bθ that solves this problem is a conditional maximum likelihoood estimator,

which is a M-estimator problem for fixed T and N → ∞. From the general max-

imum likelihood and M-estimation results we know, that this estimator will be

√
N−consistent under mild regularity conditions (see for instanceWooldridge 2002b,

chapter 12) provided that bθ is identified.
It is important to see, that the way this paper solves the initial condition prob-

lem, as well as controlling for the possibility that the unobserved heterogeneity, is

closely related to Chamberlain (1980 and 1984) even though the problem there was

somewhat different. The problem in Chamberlain (1980) was to estimate a random

effect model in which the incidential parameter, α, randomly drawn from a distri-

bution H and indexed by a finite number of parameters λ, was correlated to the

explanatory variables, xit. In that case estimating the traditional random probit

model from

logL =
NX
i=1

log

Z TY
t=1

F (β0xit + α)yit[1− F (β0xit + α)]1−yitdH(α|λ) (8)

would not yield consistent parameter estimates. Chamberlain suggested to write

the incidential parameter, if correlated to the x’s, as

αi = a0xi + ηi where a = (a01, ...a
0
T ) and x0i = (x

0
i1, ...., x

0
iT ) (9)

with ηi independent of x and with some probability distribution. If the distribution
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of ηi is normal with zero mean and a non-zero variance, then the model can be

estimated consistently as

logL =
NX
i=1

log

Z TY
t=1

F (β0xit+ a0xi+ ηi)
yit[1−F (β0xit+a0xi+ ηi)]

1−yitdH(η) (10)

It is also important to notice, that the regression function E[αi|xi] is assumed to

be linear, which is restrictive in a nonlinear setting.

3.1 Identification

Before suggesting a possible way of estimating the extended dynamic probit model

we must show under which conditions the model is identified. As discussed earlier

the disturbances can be decomposed into a permanent and a purely stochastic

component in each of the equations

uyit = ai + εyit and uwit = ai + εwit

All normally distributed with mean zero and independent. This implies a covariance

matrix of the form

V ar(uyit) = σ2a + σ2εy and V ar(uwit) = σ2a + σ2εw

Corr(uyit, uyis) =
σ2a

σ2a + σ2εy
and Corr(uwit, uwis) =

σ2a
σ2a + σ2εw

As in the simple probit model, the coefficient can only be identified up to scale; that

is of the form eβ = β
σ
where σ is the square root of the total variance of the error term.

An identification of the β coefficient therefore requires some additional assumptions

on the variance of the error term. Moreover, ideally we would like, that (uyit and

uyis) and (uwit and uwis) for t 6= s could be freely correlated within each group i but
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not across each group. However, as explained in Greene (2000, p. 837-838) this is

not possible in practice, since this would involve an integration of a high order joint

normal density. Only in the very recent literature on simulated based computation

of multinormal integrals, this could be approximated (see Geweke et all. (1994)

and (1997)). To overcome these two problems without using the recent simulation

methods and to identify the model, one possibility is to restrict the variance of the

purely stochastic terms to be 1 in both equations; that is σ2εy = σ2εw = 1. This is

very similar to what is usually done in a traditional probit, where one imposes the

restriction that σ2εy = 1. Heckman (1981b) discusses an alternative possibility for

the traditional dynamic probit where it is assumed that the sum of the variances are

one, σ2εy+σ2a = 1. For the extended dynamic probit model this approach would also

work if it is assumed that σ2εy + σ2a = 1 and σ2εw + σ2a = 1. However, this approach

is slightly more restrictive than just assuming σ2εy = 1 and σ2εw = 1.

Finally, to identify the model we also need to be to impose some exclusion re-

strictions; We include "children" and "lagged marital status" in the equation for wit

since neither of them belong to the equation describing y or would be significant in

it. An additional comment on "children" is required since identification rest on the

fact that the explanatory variable "children" is strictly exogenous. There is already

an important literature discussing whether fertility is endogenous to the decision of

labor market participation but these studies has been for the female participation

decision which is known to differ substantially from the male participation decision

w.r.t. children. We therefore assume children are strictly exogenous throughout
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this paper and therefore that our exclusion restriction is valid.

4 Estimation strategies

In the following section this paper proposes two strategies for estimating a dynamic

random probit model in which we have allowed for the possibility of feedback effects.

It is, however, important to understand, that the two strategies proposed are general

and in principles applies to a traditional dynamic random probit as well as other

discrete choice models. Essentially, the main difference between the two strategies is

whether we are only interested in obtaining a consistent estimate of the parameters

of the model, that is the vector θ = (δ0, β0, σa), or if we are more interested in

functions of both data and parameters of the model. For instance, the average

partial effects of a change in an underlying explanatory variable.

At first, one may wonder why we would ever be more interested in knowing some

specific functions of data and the parameter estimates rather than just the para-

meters but it is important to remenber, that parameter estimates in discrete choice

models rarely contain much information to the question been analyzed. Usually,

one is more interested in knowing the partial effect or, in the presence of unobserved

heterogeneity, the average partial effects, which are all functions of data as well as

parameter estimates. The key insight in this section is to realize, that if one tries

to estimate the parameters of the model by finding the parameter values that max-

imizes the value of some criteria function (often the likelihood function) then it is

possible to get consistent estimates of all the parameters in the model and calculate

the average partial effect but it is not possible to calculate the variance of the aver-
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age partial without simulating it subsequently; possibily by bootstrap method. The

variance of the APE is usually of particular interest since we are often interested

in making statistical inference about the magnitude of the APE. If, on the other

hand, we think of the problem in terms of a method of moment problem, we may

only be able to estimate the parameters up to scale, θa = (δ0/σa, β0/σa) = (δ0a, β
0
a)

say, but since the APE’s are a function of θa then this may even be an advantage,

as we shall see. This last property makes the last estimation strategy attractive in

a number of cases. In the following two section we therefore propose two estimation

strategies for our problem but, as stated earlier, the strategies apply to a number

of other models.

4.1 Estimation strategy I

Suppose we are only interested in estimating all the parameter estimates (θ, σa) in

our dynamic random probit model then one has to integrating out the unobserved

heterogeneity in (6) and (7), which is a non-trivial issue. The literature has usually

proposed the Hermite-Gauss Quadrature method to evaluate the integral. The

method is a relatively simple and accurate way of integrating out the unobserved

heterogeneity, given the assumptions of normality and moderate sizes of samples.

The quadrature method can also be applied for the log-likelihood function in our

case. Again, let ea = a
σa
, then

i(Xit, Zit; θ) ≈
GX
j=1

kjH(eaj) (11)
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where

H(eaj) = TY
t=1

Φy {(Vytδ + σaea) (2yt − 1)} TY
t=1

Φw {(Vwtβ + γσaea) (2wt − 1)}
1

σa

1√
2π

Essentially, quadrature is approximating the integral with a sum, where we plug in

a number, G, of different values for ea and its corresponding weights kj. For a clear
reference for this method, see the seminar paper by Butler and Moffitt (1982) and

for the corresponding values of (eaj, kj) in a Hermite Gauss Quadrature environment,
see Abramowitz and Stegun (1964). At first this may seem very promising but in

practice the method is known to be very inaccurate for larger data sets and in

addition to that, it has problems with convergence in general.

To overcome these problems and if all we are interested in is obtaining consistent

parameter estimates, this paper suggests to use simulated maximum likelihood,

see Gouriéroux and Monfort (1994), alternatively. Assuming unicity, in general a

simulated maximum likelihood (SML) estimator is given by

bθH = argmax [lnLH(θ;x)] (12)

where the subscribt H indicates that the estimator is a simulated maximum likeli-

hood estimator. To make the estimation strategy concrete notice, that one can write

the unobserved heterogeneity, ai ∼ iidN(0, σ2a), as the product of a ξi ∼ iidN(0, 1)

times its standard deviation, σa:

ai = σaξi (13)

Let ξhi , h = 1, ...,H, i = 1, ..., n be nH independent drawings from the standard

normal distribution. The log-likelihood function in (7) may be approximated by
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the simulated log-likelihood function:

ln LH(θ;x) ≡
NX
i=1

log(
1

H

HX
h=1

TY
t=1

Φy

©¡
Vytδ0 + σaξ

h
i

¢
(2yt − 1)

ª
(14)

TY
t=1

Φw

©¡
Vwtβ0 + γσaξ

h
i

¢
(2wt − 1)

ª
)

In simulating the likelihood function it is important to keep the drawings fixed dur-

ing the iteration process to avoid problems with convergence. It is also important

to notice, that for every drawing of each individual the ξi is constant throughout

the sample period. An important question is how to choose the number of sim-

ulations for each individual, H. In general, the SML estimator is consistent if the

sample period, T, and the number of replications, H, tend to infinity and the SML

is inconsistent if H is fixed whereas T tends to infinity. However, in practice, it is

sufficient that the number of replications, H, is of moderate size to get consistency,

see Gouriéroux and Monfort (1994). An important drawback with both methods

is the sensitivity to initial values of the parameter estimates and subsequently con-

vergence.

4.2 Estimation strategy II

In motivation the second estimation strategy it is useful first to explain why we

would often prefer an estimate of the APE compared to just the parameter esti-

mates. In discrete choice models, in which unobserved heterogeneity is present,

simple partial effects are less attractive because it is not clear which values of ci

one should include. As an alternative, some researchers have suggested to calculate

the average partial effects. There are several ways to do that but for our purposes
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it is most convenient to make the estimation on the basis of simple response prob-

abilities, P (yit = b|Vyit, δ) for b = 0, 1. In the application later, we are interested

in knowing the average partial effect of a change in the lagged dependent variable,

yit−1. Now, let Vyit be a vector consisting of all the explanatory variables for y ex-

cept yit−1 and ai and let δ be the vector of the corresponding parameter estimates

except for the coefficient on the lagged dependent variable. In that case, we can

write the expected value of the simple response probability as

E[Φy(δ1yit−1 + Vyitδ + ai)] (15)

Now the expectation is over the distribution of ai, yi0,wi0 and zi since they were

the variables in the conditional distribution of ci. By using the law of iterated

expectations we can write the expression as

E{E[Φy(δ1yit−1 + Vyitδ + ai)]|yi0, wi0, zi]} (16)

The conditional expectation inside E{·} can be written as

Φy (δa1yit−1 + Vyitδa) (17)

see Wooldridge (2002b), where an ”a” subscribt indicates that the coefficient has

been multiplied by (1 + σ2a)
−0.5 . Therefore a consistent estimator of the expected

value of the response probability is obtained by averaging over the population

1

N

NX
n=1

Φy (δa1yit−1 + Vyitδa) (18)

which includes the consistent parameter estimates of the model. Because the lagged

dependent variable is a discrete variable, we need to take the difference of rather

15



than differentiating (18) to get the average partial effects. To calculate the average

partial effect we take difference between (18) in which yit−1 = 1 and (18) in which

yit−1 = 0; that is:

mProbit(VyiT ,bδ) =
1

N

NX
n=1

Φy

³bδa1yit−1 + Vyitbδa´− 1

N

NX
n=1

Φy

³
Vyitbδa´

≡ bµ (19)

which is a non linear function of data as well as consistent parameter estimates.

It is possible to calculate the average partial effects under estimation strategy I by

using the quadrature method or simulated maximum likelihood estimates but it is

not possible to calculate the variance of the average partial effects unless we make

very strong assumptions. We are usually interested in knowing the variance of the

average partial effects since only by that, it is possible to make inference about the

magnitude of a change in one of the underlying variables.

First notice, that given the normality assumption of the unobserved heterogene-

ity, it is possible to use the fact that y conditional on the explanatory variables but

marginally on ai also has a probit form; that is, we can write

P (yit = 1|wit, zit, xit−1, ci; δ) = Φy

µ
Vyitδ

(1 + σ2a)
0.5

¶
= Φy (Vyitδa) (20)

and

P (wit = 1|zit, xit−1, ci; δ) = Φw

µ
Vwitβ

(1 + σ2a)
0.5

¶
= Φw(Vwitβa) (21)

where an ”a” subscribt indicates, that the coefficient has be multiplied by (1 +

σ2a)
−0.5. By that we can write the log likelihood function by summing over the

individuals:
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lnL =
NX
i

li(Xit, Zit; θ) ≡
NX
i

ln(
TY
t=1

Φy {(Vytδa) (2yt − 1)} (22)

TY
t=1

Φw {(Vwtβa) (2wt − 1)})

such that we can estimate θa = (δ
0
a, β

0
a) by a pooled probit procedure. It is impor-

tant to notice, that it is only possible to identify θa = (δ0a, β
0
a) and not θa = (δ, β, σa).

However, since it is really the θa estimates we are interested in when estimating the

average partial effects, this is more an advantage rather than a serious problem.

This model can be estimated by the (pooled) probit but rather than doing it by

maximum likelihood one should think of it as a method of moment (GMM) prob-

lem. If we use the score function of the log-likelihood function we should be able

to do as good as maximum likelihood estimation with respect to consistency and

effeiciency, since method of the moment and the maximum likelihood estimation is

the same in that case.

Let q denote a vector consisting of all the explanatory variable in the model

we can write the score function of the first derivatives as s(q;θa) = 0, where we

have stacked all the corresponding moment conditions. We could find a consistent

estimate of the pooled probit model by solving the method of moment problem

given by:

eθa = argmax s(q;θa)0s(q;θa) (23)

In (19) the average partial effects were defined. Notice, however, that we can
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transform this equation into a moment condition

bµ−Ã 1
N

NX
n=1

Φy

³bδa1 + VyiTbδa´− 1

N

NX
n=1

Φy

³
VyiTbδa´! = 0 (24)

which in general can be written as

g(q,µ,θa) ≡ µ− r(q,θa) = 0 (25)

From applying the usual M-estimator theory by first defining ψ = (θa,µ) and then

stacking all the moment conditions in a new vector h:

h(q,θa,µ) =

∙
s(q;θa)
g(q,µ,θa)

¸
(26)

it is possible to get consistent estimate of µ by solving

eψ = argmaxh(q;ψ)0h(q,ψ) (27)

since we already know θa from (23). More importantly, by applying the usual

Method of Moment (GMM) formulas, we can easily obtain estimates of the variance-

covariance matrix D including the variance, µ, of the average partial effect. Plugging

in all the estimates from bψ we can define

bD = h(q;bψ)h(q,bψ)0 = 1

N

NX
i=1

hi(q;bψ)hi(q,bψ)0 (28)

Estimating the variance of the average partial effect consistently has been an im-

portant problem in the literature but this is probably due to the fact, that the

estimation problem has not been considered as a method of moment problem but

as a MLE problem.
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5 Application to the labor market

The econometric strategies developed in the previous sections can be applied to

a number of interesting questions within the fields on psychology, sociology and

economics. In social sciences one often finds empirical evidence for a pattern where

individuals who have experienced an event in the past are more likely to experi-

ence the event in the future than individuals who have never experienced the event.

Following Heckman (1981a) there are two distinct explanations for the regularity.

If preference, prices or constrains relevant to future choices are altered as a conse-

quence of the past experiences, this could give rise to the observed regularity, since

the behaviour of the individuals who have experienced the event will be different

compared to individuals who have never experienced the event. This relationship

is usually termed true state dependence in the literature or simply just state de-

pendence. Another explanation is related to the unmeasured variables among the

individuals and because individuals usually differ in these unmeasured variables.

Suppose no true state dependence is present but the unobserved variables are cor-

related over time. Then previous experience will serve as a proxy for the unmeasured

variables and may, in consequence of that, appear as a determinant for the future

experience, if the unmeasured variables are not properly controlled for. Since the

state dependence only appears to be true, it is termed spurious state dependence

in the literature or heterogeneity to emphasize its relation to the individual hetero-

geneity.

In this section the insight is related to the long standing discussion in labor eco-
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nomics of whether there is state dependence in unemployment incidences. Heckman

(1981b) has a very general discussion of the underlying assumptions in a general

discrete choice framework where the object is to estimate and test the existence of

state dependence in the presence of unobserved heterogeneity. In the subsequest

literature the focus has been on two possible sources of misspecification in order

to avoid inconsistent estimates of the state dependence: A too simple error struc-

ture and an incorrectly specified model for the unobserved heterogeneity. In this

paper we contribute to this discussion by observing, that a third possible source of

misspecification could be present. Motivated by the previous sections, we suspect

that the estimate of the state dependence (the coefficient on the lagged dependent

variable) can be inconsistently estimated in the presence of feedback effects. We

estimate a dynamic random probit model, in which we have allowed an explanatory

variable, marital status, to violate the strict exogeneity assumption, and see whether

relaxing the strict exogeneity assumption seems to be empirically important. Before

we estimate the models, we briefly discuss the data set.

5.1 Data

The data used in this paper is Danish Labor market data collected by Denmark

Statistics. The register is containing information on the entire population in Den-

mark over the years from 1981 to 2000. The sample used here is a 33 per cent

sample of the entire register. In addition to being a large and representative data

set, with no attrition (except for death) and low measurement errors, it contains a

real measure of the labor market experience. Labor market experience is calculated

20



as the number of years actually employed rather than just age minus the years of

schooling. From this sample, a sub-sample of male skilled blue collar worker born

in 1955 is selected. This is done to avoid any cohort effect. All of the individuals in

the sample have Danish citizenship. To avoid any problems related to individuals

outside the labor force and self-employment, only individuals, who have been either

employed or unemployed continuously in the whole period, are selected. However,

we do not select on being married or cohabiting with the same spouse for the whole

period. On the contrary, it is an essential part of the analysis to allow for transition

between the marital states.

In this paper, the variable “marital status” is equal to one, if an observed man is

married to or cohabiting with a spouse and zero otherwise. Similarly, the observed

dependent variable of employment status is one, if the individual is employed. Oth-

erwise, it is zero. Moreover, an individual is defined to be unemployed if he was

unemployed in the 48th week of the year. The final sample consists of 1798 workers,

which we observe for twenty years.

Table 1 gives a complete list of all the variables used in the paper.

Table 1 about here

5.2 Estimating the models using strategy I

In this section we estimate the model using estimation strategy I; that is, our object

of primary interest is to estimate the parameters of the model and only secondary to

estimate the average partial effects. As we discussed in section 3.1 there are at least
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two possible ways of integrating out the unobserved heterogeneity. The quadrature

method or simulated maximum likelihood, which, given our assumptions, should be

equivalent w.r.t. consistency. We choose to estimate the dynamic random probit

model by the quadrature method using four approximation points, see Abramowitz

and Stegun(1964). The results are presented in Table 2.

Table 2 about here

As argued for previously, it is possible to calculate the average partial effects

by inserting the parameter estimates, obtained from the quadrature procedure or

alternatively the SML estimates, into equation (19):

mProbit(VyiT ,bδ) = 1

N

NX
n=1

Φy

³bδa1yit−1 + Vyitbδa´− 1

N

NX
n=1

Φy

³
Vyitbδa´

This will give an estimate of the magnitude of the state dependence in the labor

market in a given year. In this paper, we have chosen to calculate the APE for

1999 and the estimate is reported in Table 2 to 0.11, which seems to be a very

small magnitude of state dependence in the unemployment incidences. We suspect,

that this could be due to a poorly performing quadrature method. There is no

variance of the APE associated with the APE estimate since it is not possible to

calculate the variance of the APE using estimation strategy I unless we are willing

to make some additional and strong assumptions on the dependence between data

and the parameter estimates or simulating the variance by a bootstrap method

subsequently.

All the coefficient of interest are significant and in particular we see, that the

coefficient of the lagged dependent variable in the equation of interest is 0.93. This
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implies that there is evidence for the existence of state dependence when we relax

the strict exogeneity assumption. It is also seen from Table 2, that the coefficient

on current marital status is having a negative effect on current employment status

which is somewhat counter intuitive. Again, we suspect that this could be due to

the quadrature method.

In this paper almost nothing has been said about testing for strictly exogenous

variables. In general, there is no test of strict exogeneity available for nonlinear

model so the only possible way of testing for the lack of strict exogeneity is by

testing whether the coefficient of the lagged dependent variable in the distribution

of the variable in question, w, is significant. In Table 2 we see, that the coefficient

of the lagged dependent variable in the distribution of w is -0.39 (and significant)

which we will interpret as evidence of lack of strict exogeneity in marital status.

5.3 Estimating the model using strategy II

Suppose we are not interested in the parameter estimates themselves but rather

the average partial effects and in particular the variance of these. As discussed in

section 3.2 it is useful to consider the estimation problem as a method of moment

problem. To estimate the dynamic random probit model we find all the moment

conditions corresponding to the parameters and include the extra moment condition

for the APE. There is a number of possibilities for choosing the moment conditions

but this paper chooses to estimate the models using the first derivative of the log-

likelihood function as moment conditions in an attempt to be as efficient as MLE
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estimation. The results are presented in Table 3.

Table 3 about here

From Table 3 we see that the coefficient on the lagged dependent variable af-

fecting the distribution of y is 1.21 and significant implying that there is state

dependence in the unemployment incidences. Moreover, we also see that lagged

employment status has a significant effect, 0.043, on the distribution of the current

marital status. We interpret that as evidence of feedback effects. The rest of the

variables are all significant and have the expected signs. The estimate of the average

partial effect of a change in the lagged dependent variable is calculated to 0.259 and

a corresponding standard deviation of 0.04 which implies the APE is significantly

different from zero.

5.4 Persistency in raw data

It is informative to calculate from raw data the matrix of transition probabilities

between the employment and unemployment. This is done in Table 5 for 1999.

Table 4 about here

The persistency in Table 5 can be compared to the implied average partial effects

from the two estimation strategies. We see, that using estimation strategy II, it is

possible to expain most of the persistentcy on the labor market by true state de-

pendence whereas persistency due to unobserved heterogeneity among individuals

seems to play a less important role. This is not the case if the average partial effect

24



from estimation strategy I is compared. Here the unobserved heterogeneity seems

to play the most important role in explaining the persistency in unemployment inci-

dences. However, as discussed previously, causion must be taken with the estimates

from the quadrature method since we suspect it to be a poor approximation.

It is often relevant to distinguish the two sources of persistency when one is

interested in addressing different policy issues. Evidence of true state dependence

could indicate that employers are stigmatizing unemployed, such that unemployed

will have a lower probability of being employed compared to individuals who are

already employed. From a policy point of view, it is also of some interest to disen-

tangle the explanations for the persistency in the unemployment incidences, since

the performance of the labor market policy depends on how the exact source of the

persistency. Whereas policy may have a role to play if the observed persistency is

due to true state dependence it is much more questionable which kinds of policy

one should launch if the observed persistency is due to heterogeneity among agents.

The overall conclusion is, that we find evidence for the existence of true state

dependence and find the magnitude of the true state dependence to explain an

important part of the observed persistency in the unemployment incidences.

6 Limitations

The first important limitation is the measure of the dependent variable. As dis-

cribed in section 5.1, an individual is unemployed in a year t if the individual was

unemployed in the 48th week of the year. Even though this is only an approximation

to the true unemployment process it is not the impression that this assumption is
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driving any of the results. Another important limitation of this paper is the choice

of a fully parametric approach. Some of the distributional assumptions can almost

surely be relaxed by taking a more semi- or nonparametric approach. This includes

the solution to the initial condition problem. Finally, as discussed previously, the

variable "children" may also violate the strict exogeneity assumption. It could be

interesting to relax this assumption by modelling "children" similarly to "marital

status" in another process.

7 Conclusion

In this paper we have relaxed the strict exogeneity assumption in a dynamic random

probit model and allowed for feedback effects. This was motivated by the fact,

that recent work on linear model has shown, that ignoring feedback could lead to

inconsistent estimates. An important contribution of this paper is to realize that

unlike the linear model, the object of interest for the estimation process is less

clear in nonlinear models where the best estimation strategy depends on what we

are really interested in estimating. In addition to that, we showed that there can

sometimes be a considerbly less computional burden by first realizing what the

object of interest is and then subsequently choose the estimation strategy. In our

example it turned out, that given our assumptions the models could be estimated

without integration out the unobserved heterogeneity.

In the first estimation strategy the object of primary interest was the parameters

of the model and to a much less extend the average partial effects. The APE’s could

be estimated subsequently by plugging in the MLE estimates but it was argued,
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that this strategy is less attractive because it is not possible to calculate the variance

of the APE and therefore making any kinds of statistical inference impossible.

In the second approach the object of interest for estimation was the average

partial effects which included an estimate of the associated variance. The impor-

tant difference between strategy I and II was to realize, that when the estimation

problem is considered as a method of moment problem rather than a maximum

likelihood problem, estimation of the average partial effects (and other effects that

are functions of data and the parameter estimates) are considerbly easier to ob-

tain. Moreover, in the method of moment approach it is possible to use standard

MoM/GMM formulars to obtain the variance of the average partial effects. This

paper contributes by suggesting a possible way of calculating the variance of the

average partial effects, which has not been calculated in the literature so far.

This paper also contributed to the state dependence literature by re-considering

the problem of estimating/testing for true state dependence in the unemployment

incidences. In addition to show how these models are actually estimated on a data

set we made the following points: The literature on state dependence has usually

not considered the possibility of not strictly exogenous explanatory variables as a

possible source to inconsistent estimates. This paper contributes by relating the

insight of inconsistency in nonlinear models as a consequence of feedback to the

state dependence literature. Almost all the applied papers on estimating the state

dependence in some variable have relied on the presumption of strictly exogenous

variables but as shown in empirical part of this paper, the results from these papers
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may be misleading if the strict exogeneity assumption is violated.

References

[1] Abramowitz M. and I. Stegun (1964): Handbook of Mathematical Functions.

[2] Butler, J. S. and Robert Moffitt (1982): A computational Efficient Quadrature

Procedure for the One Factor Multinomial probit model, Econometrica, 761-

764.

[3] Chamberlain, G. (1980): Analysis of the Covariance with Qualitative Data,

Review of Economic Studies 47, 225-238.

[4] Chamberlain, G. (1982): The General Equivalence of Granger and Sims

Causality, Econometrica, volume 50, 569-581.

[5] Chamberlain, G. (1984): Panel data, in Z. Griliches and M.D. Intriligator

(eds.), Handbook of Econometrics, volume 2, Amsterdam: North Holland,

1247-1318.

[6] Geweke, J., Keane, M. and Runkle, D.: Alternative Computational Approaches

to the inference in the multinomial probit model, Review of Economics and

Statistics 76, 1994, 609-632.

[7] Geweke, J., Keane, M. and Runkle, D.: Statistical inference in the Multinomial

multiperiod probit model, Journal of Econometrics 81, 1, 1997, 125-166.

[8] Gouriéroux, C and Monford, A.: Simulation based econometric Methods, The

Core Lecture Series, 1994.

28



[9] Granger, C. W. J (1969): "Investigating Causal Relations by Econometric

Models and Cross-Spectral Methods", Econometrica 37, 424-438.

[10] Green, W.: Econometric Analysis, fourth edition, Prentice-Hall, 2000.

[11] Heckman, James J (1981a): "State dependence and Heterogeneity", in Studies

in the Labor Markets by S. Rosen (eds.), The University of Chicago Press.

[12] Heckman, James J (1981b): Statistical Models for Discrete Panel Data" in C.F

Manski and D. MaFadden (eds.): Structural Analysis of Discrete Data with

Econometric Applications, The MIT Press.

[13] Heckman, James J (1981c): "The Incidental Parameters Problem and the

Problem of Initial Conditions in Estimating a Discrete Data Stochastic

Process" in C.F Manski and D. MaFadden (eds.), Structural Analysis of Dis-

crete Data with Econometric Applications, The MIT Press.

[14] Keane, M (1997): " Modelling Heterogeneity and State Dependence in Con-

sumer Choice Behavior", Journal of Business & Economics Statistics, vol 15,

no 3.

[15] Sims, C. A. (1972): "Money, Income and Causality" The American Economic

Review, 62, 540-552.

[16] Wooldridge, Jeffery M. (1997): Multiplicative panel data models without the

strict exogeneity assumption. Econometric Theory 13, 667-678

29



[17] Wooldridge, Jeffery M. (2000): A framework for estimating dynamic unob-

served effects panel data models with possible feedback to future explanatory

variables. Economics Letters 68, p. 245-250.

[18] Wooldridge, Jeffery M. (2002a): Simple Solutions to the initial condition prob-

lem in dynamic, nonlinear panel data models with unobserved heterogeneitry,

cemmap working paper CWP 18/02.

[19] Wooldridge, Jeffery M. (2002b): Econometric analysis of cross section and

panel data, MIT Press: Cambridge, MA.

30



 
Table 1: 

Danish Register Panel Data from 1981 to 2000 
Variables used in the Econometric Analysis 

 
 
Variables 

 
Comments 
 

 
Type of variable 

 
Employment status 

 
1 if employed 

 
Binary 

 
Employment status last year 

 
1 if employed 

 
Binary 

 
Marital status 

 
1 if married or cohabiting 

 
Binary 

 
Marital status last year 

 
1 if married or cohabiting 

 
Binary 

 
Employment status in 1981 

1 if the individual is observed to work in 
1981 and the individual will have this 
value in all subsequent periods 

 
Binary 

 
Marital status in 1981 

1 if the individual is married or 
cohabiting in 1981 and the individual 
will have this value in all subsequent 
periods. 

 
Binary 

 
Children  

Can take any positive integer and 0 
depending on how many children (below 
18 years) that is living with the man in a 
particular year. 

 
Discrete 

 
Year dummies 

19 year dummies  are sometimes 
included 

 
Binary 

 
Sample size  

 
1798 

 
- 

 
Number of transitions  

 
35960 

 
- 

 
Compared to related studies of state dependence in the labor market, this paper has a relatively 
small number of variables. This is, however, due to the selection of the data set. Whereas most 
papers have included variables to control for education, race and cohort effects etc., this paper has 
selected the sample to be very homogenous. All individuals have the same year of birth, education 
level and citizenship and only people within the labor force all the years are considered. 
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Table 2 – Strategy I: 

Estimates from a dynamic random probit allowing for not strictly 
exogenous variables using Danish Register data from 1981-2000 

 
 
 

Variables 

 
(1) 

Coefficients for 
variables only 

affecting y 
δ  

 
(2) 

Coefficients for 
variables only 

affecting w 
β  

 
(3) 

Coefficients from 
variables affecting 

both y and w 
,α γ  

Employment (t-1) 0.9307*  (0.0843) -0.3935*  (0.1008)  
Marital Status -0.1849*  (0.0626)   
Marital Status (t-1)   2.1898*  (0.0599)  
Employment (1981)   -2.9724* (0.4149) 
Marital Status (1981)   0.6565* (0.0734) 
Constant 0.2429* (0.0791) -1.0747*  (0.1180)  

Level (γ )   1.1300*  (0.2072) 

aσ    0.2174*  (0.0393)  
ρ    0.0902*  (0.0312) 
Children  - 1.7427*   (0.0752)  
Year dummies  Yes No No 
Log likelihood -5214.39 
 
* Indicates that the coefficient is significant on a 1% level and ** indicates that the coefficient is significant on a 5% 
level. The sample consists of 1798 individuals over 19 years. aσ  is the standard deviation of the distribution of the 
unobserved heterogeneity. ρ  is the  ratio of the variance of the unobserved heterogeneity to the total variance of the 
error term. The model has been estimated by the quadrature method using four approximation points. 
 
 
 

32



 
Table 3 – Strategy II: 

Estimates from a pooled dynamic random probit allowing for not 
strictly exogenous variables using Danish Register data from 

1981-2000 
 

 
 

Variables 

 
(1) 

Coefficients for variables 
affecting y 

,δ α  

 
(2) 

Coefficients for variables 
only affecting w 

,β α  
 
Employment (t-1) 

 
1.2128*  (0.0132) 

 
0.0434*  (0.0029) 

 
Marital Status 

 
0.0494*  (0.0024) 

 

 
Marital Status (t-1) 

 
0.1727*  (0.0024) 

 
2.4532*  (0.0006) 

 
Employment (1981) 

 
0.2242*  (0.0006) 

 
Marital Status (1981) 

 
0.1500*  (0.0004) 

 
Constant 

 
0.2849* (0.0131) 

 
-1.5733*  (0.0029) 

 
Children  

 
- 

 
1.3591*   (0.0007) 

 
Year dummies  

 
Yes 

 
No 

 
Average Partial effects 
for  
Employment (t-1) 
 

 
 

0.2586* (0.040) 

 
* Indicates that the coefficient is significant on a 1% level and ** indicates that the coefficient is significant on a 5% 
level. The sample consists of 1798 individuals over 19 years.  All the coefficients are scaled by 2 0.5(1 )aσ −+  
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Table 4:  

Persistency in the labor market. 
Transition probabilities in the Danish labor market using Danish Register Data  in 

1999. 
 

  
Employed in t 

 
Unemployed in t 

 
Employed in t-1 

 
0.986 

 
0.014 

 
Unemployed in t-1 

 
0.667 

 
0.333 

 
State dependence 

 
0.319 

(0.041) 

 
-0.319 
(0.041) 

 
Table 4 is only calculated on the basis of 1999. The probabilities are calculated on the basis of the 
number of individuals in each cell in 1999 satisfying the conditions. From that, the four conditional 
probabilities 1 1( | ), ( | ),t t t tP e e P e u− − 1 1( | ) and ( | )t t t tP u u P u e− − are calculated. The state dependence is 
defined as 

1 1( | ) ( | )employment t t t tSD P e e P e u− −= −  and 1 1( | ) ( | )unemployment t t t tSD P u u P u e− −= − .  
The standard errors of the state dependences are shown in the brackets. They are calculated as the 
square root of the empirical variance of the state dependence measure.  
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Summary

This paper is relaxing the strict exogeneity assumption in a dynamic random

probit model by allowing for the possibility of feedback effects. Two estimation

strategies are proposed depending on the parameters of interest. An MLE ap-

proach is preferable if we are only interested in the parameters themselves whereas

a method of moment approach seems to be more convenient if we more interested

in calculating the (average) partial effects. The estimator is applied to a Danish

sample where we suspect that violations of the strict exogeneity assumption can

influence the magnitude of true state dependence in unemployment transitions.
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