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Received 11 June 2019 masses proximate to the electroweak scale. We report the equations of motion for this theory,
Accepted 16 June 2019 including corrections due to higher dimensional operators up to mass dimension six. We construct the
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Editor: B. Grinstein corresponding symmetry currents, and discuss how the SU(2). x U(1)y symmetry, and global symmetries,

are manifested when Standard Model states are integrated out. Including contributions from higher
dimensional operators to the equations of motion modifies the interpretation of conserved currents. We
discuss the corrections to the electromagnetic current as an example, showing how modifications to the
equation of motion, and corresponding surface terms, have a direct interpretation in terms of multipole
charge distributions that act to source gauge fields.
© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Assuming physics beyond the Standard Model (SM) at scales A > vt =+/2 (HTH), the embedding of the discovered “Higgs-like” scalar
into an SU(2) scalar doublet (H), and the absence of hidden states with couplings to the SM and masses < vr, the SM can be extended
into the Standard Model Effective Field Theory (SMEFT). Current LHC results are consistent with interpreting data in this framework, where
an infinite tower of higher dimensional operators is added to the SM. The lack of any direct discovery of new physics resonances indicating
beyond the SM states with masses ~ v also supports the assumption that vy /A < 1. As a result, the SMEFT expansion in terms of local
contact operators is a useful and predictive formalism to employ studying measurements with characteristic scales ~ vr.

The SMEFT has the same field content as the SM, and reduces to the later by taking A — oo. As the SM is falsified due to the evidence
of neutrino masses from neutrino oscillations, we assume that neutrino masses are generated by the dimension five SMEFT operator.

The LHC is providing large amounts of data measured around the scale vt to search indirectly for physics beyond the SM. These
efforts are important to combine with experimental measurements at scales <« vr, where the Low-Energy Effective Field Theory (LEFT)
is the appropriate EFT description.! The LEFT is built out of the field content of the SM, but as the Higgs, W*, Z, and top have masses
mw . z.nt ~ V1, these states are integrated out in sequence. The gauged and linearly realized symmetries of the LEFT are U(1)em and SU(3)c.
To perform EFT studies that combine data sets at scales ~ vy and <« v, one matches the SMEFT onto the LEFT, and uses renormalization
group evolution to run between the different scales. For recent results to this end, see Refs. [1,2].

When considering matching onto the LEFT at sub-leading order, it is usually necessary to take into account corrections to the equations
of motion (EOM) that occur due to the local contact operators present in this theory. In Ref. [3], such corrections for the SMEFT were
determined. In this paper, we determine these corrections for the LEFT up to operators of mass dimension six.

The pattern of local operator corrections to the EOM encodes a (non-manifest) SU(2)p x U(1)y symmetry, when this symmetry is
assumed to be present in the UV completion of the LEFT. In this paper, we also construct the corresponding symmetry currents and
explain the way that the SM gauge symmetries, and global symmetries such as lepton number, are encoded in the LEFT.

* Corresponding author.
E-mail addresses: ahelset@nbi.ku.dk (A. Helset), michael.trott@cern.ch (M. Trott).
1 The notation ¥t indicates that this expectation value includes the effects of possible higher dimensional operators.
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Modifying the equations of motion of SM fields by higher dimensional operators challenges the standard interpretation of conserved
currents which is appropriate for, and limited to, renormalizable theories. The generalized currents encode symmetry constraints that still
constrain an EFT. We also discuss how higher dimensional operator corrections to the equation of motion have a direct interpretation
in terms of multipole charge distributions that act to source the corresponding gauge fields. We use the electromagnetic current as an
example of this phenomenon, and redefine the source in Gauss’s law.

2. Effective field theory taxonomy

This paper is concerned with the connection between three effective theories: the Standard Model, the SMEFT and the LEFT. Our SM
notation is defined in Ref. [3]. The SMEFT extends the SM with higher dimensional operators Q;d) of mass dimension d,

Lsverr = Lsm + LO 4O 4 M4 (1)
C.
d _ i (d)
c _ZAd_4Qi for d > 4.
1
The operators are suppressed by d — 4 powers of the cut-off scale A and the C; are the Wilson coefficients. The Qfd) are constructed out

of all of the SM fields and the mass dimension label on the operators is suppressed. We use the non-redundant Warsaw basis [4] for £®,
which removed some redundancies in the result reported in Ref. [5]. (See also Refs. [6,7].)
The LEFT is given by

Ligrr = LM + L +L© 41D (2)

C.

d _ i
L = Z W’Pl ford > 4,
i Vr
where
1 fqcp ~ 6QED = —. — . 3
I =—7 [Fuv " + G, 62| + 352 O G o o S FLFAY 4 3 iy + Viivr + Lig. (3)
v

The dual fields are defined with the convention FW = (1/2)€vap F*? with €p123 = +1. The dimension four mass terms are
3 - - -
_L]EE)F'T:Z‘//R[M‘//]rswL +vr Cvl)ivl_ + h.c. (4)
" r s s ¥ s

FHY = gAY — 9V AH is the field strength of U(1)em. Here ¢ = {e, u, d} labels the fermion fields. In the chiral basis for the y; we use,
charge conjugation is given by C = —iy;, yo. This C is not to be confused with a Wilson coefficient C;. As chiral projection and charge
conjugation do not commute, we fix notation y{ = C 1[_/[ Cy has been rescaled by vr and has mass dimension zero.

The Pi<d) are constructed out of the SM fields except the Higgs, W*, Z and the chiral top fields t; . The dimensionfull cut off scale
of the operators has been chosen to be vt in the LEFT. The relative couplings required to transform this scale into the mass of a particle
integrated out (or a numerical factor in the case of A) are absorbed by the Wilson coefficients.

3. Equations of motion

The SM, the SMEFT and the LEFT are all consistent field theories defined by actions

5=/.c(x,ax)d4—2€x. (5)

Each theory contains field variables, here generically denoted x. The meaning of the field variables, even those with the same nota-
tional label, differs in these theories. A field is redefined order by order in an EFT power counting expansion to remove redundancies of
description out of the Lagrangian. As a result, the extremum of the action under variations of field configurations,

_so_ [ a2 [ 3L IL
0=s5= [ a X[ax‘”‘ 3‘*<a<aux>>5x]’ ©

is also redefined order by order. The descendent EOM for x then depend on the local contact operators that are present in the EFT
expansion. Asymptotic states can be considered to be free field solutions to the modified EOM. The A corrections to the EOM modify
matching to sub-leading order onto an EFT [2,3,8], and modify the sources of gauge fields. Obviously, one must be careful to include all
effects when dealing with higher orders in the power counting expansion.

For the LEFT the gauge fields have the expanded EOM

. (d)
F
d—4
T

J— QQED ~

VL _ 12 Vi _r

DyF —EE vQy ¢+432n23v1’ +E > , (7
14 d

" B foco A Aé“’(d)

vulA _ M CVI _

[Dv. 6" =g3 YUy Ty + 432 [ Dy, G 2 S (®)
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Here we have used the adjoint derivative with definition

[D, Q]" =% 0 — g5 fEA G4 Qc. (9)
For the fermions, the EOM take the form
00 f;)
. D
Py =[My ], v =3 —5 (10)
p d=5 VT
) AS)d)
iy =-) —r2 (11)
p d=3 V1
iy =M ] - LP 12
Pui=mi] v s (12)

Each AD up to LE?FF is given in the Appendix.
4. Symmetry currents

A continuous transformation of a field,

XX = X' () =x®+aVxE), (13)

under a deformation V y (x), with an associated infinitesimal parameter «, is a symmetry of S if S — S’ is invariant under this transfor-
mation, up to the possible generation of a surface term. The EOM defined by the variations of field configurations in the action -§S- is
unchanged by this transformation. The EOM are defined with surface terms neglected, and the surface terms themselves are defined to be
those of the form

9 oL g (14)
“(awﬂx) X)’

generated by §S. The Lagrangian is then invariant under S — S’, up to a possible total derivative

L— L+ad,LH, (15)
for some KCH. Associated with each symmetry defined in this manner is a conserved current [9]. The definition of the current is

oL
e = vy — KM, (16)
0 ()

The conservation of the current corresponds to

dpJ*=o0. (17)

Due to the presence of an EFT power counting expansion, it is interesting to examine how symmetry currents are defined when non-
renormalizable operators are included, and how these currents encode symmetry constraints.

5. Basis dependence

The symmetry currents are basis dependent in an EFT, but still meaningful. They receive corrections due to the local contact opera-
tors in a particular basis through the modification of the EOM. The basis dependence of the symmetry currents can be made clear by
considering a space-time symmetry. For an infinitesimal translation of this form

Xt — x —at,

XX = xx+a)=x® +aduxx),

L~ L+a"d,L=L+a"d, (85L), (18)
up to O(a?). Comparing to Eqn. (15) identifies K. Four separately conserved currents result, identified as the stress-energy tensor, given
by

oL
TH = ——= 9, — 8. (19)
9 (dux)
The x become basis dependent when redundant operators are removed from the EFT, leading to the chosen basis of operators for £. The
T! constructed from {x, £} is also basis dependent as a result at the same order in the power counting. This should be unsurprising, as
the currents are auxiliary operators, and sources and the related Green’s functions are not invariant under field redefinitions. For more
detailed discussion on this point, see Refs. [10,11]. This basis dependence is similar to scheme dependence. It vanishes in relationships
between a set of physical measured quantities (i.e. S-matrix elements constructed with an LSZ procedure) defined via the same stress-

energy tensor. Symmetry constraints between S-matrix elements are basis independent, even though the symmetry current itself carries
basis dependence.
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6. Non-linear global symmetries

The effect of non-linear representations of the symmetries of the LEFT is straightforward in some cases. As a simple example, consider
transforming the charged lepton fields as

e — el%;, er — el%p, (20)
p p p p
by some global phase «. By inspection of the LEFT operator basis, the AL =0 operators all respect this transformation, except O,¢q,. The
charged lepton current is

]gz] —|—] =e Ly“eL+ERy“eR+... (21)
r r r r r

TT TT

The kinetic terms are taken to a flavour diagonal form
YR = U, L/R)rsrf g (22)
r s

using the flavour space rotation matrix U. In the remainder of the paper, the prime superscript is suppressed. J. descends from the
kinetic terms and is also flavour diagonal after these rotations. J. can receive contributions from higher dimensional operators in a basis,
as indicated by the ellipsis in the above expression. The LEFT basis of Refs. [1,2] removes derivative operators systematically so there are

no contributions of this form due to the LS?FT defined in these works. The divergence of the current including the EOM corrections A® is

ia,LjéfL =i (81L5%> ’}/Melr_ + iééy“ <3M€§> = <—6RM e + A(6)> eL+er (Me eR — Aé?) s (23)
T v

p br p m r p

and similarly for id, jéf g- The mass terms are invariant under Eqn. (20) and cancel when the expressions are summed. We split the

EOM correction and | into lepton number conserving and violating parts, A® = AGD 4+ AGD and i = W 4 (DK First, consider
the lepton number conserving part of Eqn. (23). A significant degree of cancellation occurs in the resulting expression. The only Wilson
coefficient remaining corresponds to P,eqy, an operator which is not individually invariant under the charged lepton field transformation.
The explicit expression is

(6,L) (6 L) (G L) - 6,L) V LL v V LLx )
AE,_ er — + A eRAeR - vedu Jve L]du,L vedu Jev L]ud,L Nuv
. p r r ) prst  pr st rpts pr st
V LR ) V LR S,RRx*
| Credu ]ue L]du,R Coedu ]eu L]ud R Muv + Cvedu Sve,LSdu,L = Cloqy Sev.RSud.R (24)
prst  pr st rpts pr st prst pr st rpts pr st

T,RR T RRx S,RLx
+ Cvedu ve, L7:10Lll L vedu 7:?11 RTL:)cli R | Napfpy + C\)edus‘)e LSdu,R — Cvedu Sev.RSud.L-
prst  pr sf rpts pr st prst Pr st rpts pr st

Similarly, we can define a neutrino current
H 35 M
Jy=viyfvr+... (25)
m r r
The lepton number conserving contributions to the divergence of the neutrino current are such that

ABDe, & ABD ¢ ACDep —gpa®h 4 ACDY 5 ABD —g, (26)

L r p L eR r P R v r b L
p r p r p

This is as expected, and provides a cross check of the EOM corrections in the Appendix. The total lepton field current is conserved by the

subset of AL =0 operators leading to

L
I =0, (27)

where ¢ is the SU(2); doublet field. Considering the transformation of only part of the lepton multiplet under a phase change also
illustrates how a symmetry can be present in a Lagrangian, but non-linearly realized. The symmetry constraint is only made manifest
when all terms corresponding to the linear symmetry multiplet are simultaneously included in the constructed symmetry current. This
re-emphasizes the requirement to use a consistent LEFT with all operators retained when studying the data. Doing so ensures that the
LEFT represents a consistent IR limit. Conversely, dropping operators can forbid non-linear realizations in the LEFT of UV symmetries,
which can block a consistent IR limit of some UV completions being defined. For this reason (see also Ref. [12]), experimental studies of
constraints on higher dimensional operators done “one at a time” can result in misleading conclusions.
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7. Linear representations of global symmetries

Operator dimension in the SMEFT is even (odd) if (AB — AL)/2 is even (odd) [13,14]. Here AB and AL are respectively the baryon
and lepton number violation of the operator considered. In Lsyv + £©, B — L is an accidentally conserved quantity consistent with this
constraint.

In the LEFT, incomplete SU(2); SM multiplets are used to construct operators, and operators are not constructed to respect hypercharge.
The relationship between operator dimension and global lepton and baryon number in the LEFT is different than in the SMEFT as a result.
When considering arbitrary Wilson coefficients in the LEFT, the classes of AL=2, AB=—AL =1, and AL =4 defined in Refs. [1,2] are
present. These y* operators are not present in £® in the SMEFT, and these operators violate B — L.

The SMEFT relationship between operator dimension and these global symmetries is projected onto the LEFT operator basis when the
matching result of Ref. [1] is imposed. The corresponding Lsverr - Ligrr matchings that violate B — L vanish exactly.

8. Hypercharge

The fermion hypercharge current of the SM is

Toysu= D  ve¥yhy, (28)
lI/ZER,LlR,dR,
Lr.qL

where yy ={-1,2/3,—1/3,—1/2,1/6}. This current is manifestly not conserved in the LEFT

aﬂj’qﬁy’SM #£0. (29)
In the LEFT, a hypercharge current can be defined as

JEy =D yrTyH. (30)

T

Here Y = {y/r, ¥, v, } and the hypercharges are assigned as in the SM. Part of the non-conservation of the current stems from the fermion
mass terms. In addition, the A corrections also lead to the current not being conserved when the Wilson coefficients in the LEFT take
arbitrary values. When the matching conditions on the Wilson coefficients to the SMEFT are imposed [1], many of the EOM corrections
generating a non-vanishing a,, J ﬁy are removed. The terms that remain are

I (Yug = Ydg) [ ~V.LR ;1 V.LR% ;i VLLR i V1,LR% 1t
la”']TV match = R\‘;Z : Cvedu JUe,L-]:i}u,R - Cvedu *]euﬁL-]L]id,R + Cuddu -]ud,L-]t]i)u,R - Cuddu *]du,L]zliju,R Nuv
T prst  pr st pts pr st prst pr st rpts pr st
+ (Yyr — Yy1) (ER [Mw]prllfL -V [MH ‘/fR) +2Vryy, [VLC*V Ve -8 Ch VLj| (31)
p r p prr p prr p prr
+ (y‘//L __ y’//R) Z [WRO.OIﬁ TAwL C:ZG _ WLO.OZﬂ TAWR CgTbGi| G‘;ﬁ
vr i p o rp p T
(y - y ) - * A
4 2 IR Py € — TP YR L | Fap + .
vr p r rp p T

Here we have used the fact that in whole or in part, composite operators forms with )", yy = 0 have a corresponding vanishing contri-
bution to the current. This condition being fulfilled also provides a cross check of the AG=6 EOM corrections in the Appendix.

Enforcing matching constraints to the SMEFT is insufficient to make the hypercharge current manifest. The reason is that SM states are
integrated out in constructing the LEFT, that carry this quantum number. Consider the definition of the full hypercharge current

= Ty +yuH i D RH, (32)
where yy = 1/2 for the Higgs field. Here, and later, we are using the Hermitian derivative defined by

0'i'D ,0=i0"(D,0)—i(D,0)0, (33)

o'iD’! 0=io't!(D,0)~i(D,0) 70, (34)

for a field 0. To make hypercharge conservation manifest, we include the transformation properties of the masses associated with states
integrated out that depended on (HTH). This can be done in a spurion analysis. Rescaled Wilson coefficients and mass terms are promoted
to spurion fields with tilde superscripts

~V,IR _ - ~V,LR ~V1,LR _ - V1,LR

Cuedu - vTCvedu ’ Cuddu - VTCuddu ’
prst prst prst prst
&,/,:My;, Cv =2vrCy,
pr pr pr pr

Cyy=vrCh_, Cyc=v7 Ch (.
Wy b=
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These spurion fields have the hypercharge assignments

~V,IR =V1,R

Ye = VYdr = Yug for Cogy» Cuadu -

Ve =—Yu for Cy,

Ve =VYor — Y for Cyy . Cyc,

Ye =Yy — Yir for Cy.
As the spurions are charged under hypercharge, we need to include them in the current in the LEFT

I _ M I

Jyerr = Jvy t s (35)

where
~y >~
Jys=>_yeCliD"C. (36)
¢

Here the flavour indices are suppressed. When promoting the Wilson coefficients to fields, we need to include kinetic terms,

chin=3" (D“C)T (DuC). (37)

C
The EOM for the spurion fields are D2C = 8Ligrr/8C*. Including these contributions, the hypercharge current is conserved: iaujaLm =0.
This provides a cross check of the EOM corrections in the Appendix and the results in Ref. [1,3].
9. SU(2)L current
The SU(2). current in the SMEFT is defined as
1 1- 1 <>
[ | e Lty
J”_th yﬂq~|—zlr yﬂl+2H1DMH. (38)

This definition of the current fixes the embedding of the LEFT states into SU(2). doublets. Here t! are the SU(2), generators (Pauli
matrices) with normalization [t!, 7/]=2i€/jxtX for I = {1,2,3}. The fields q and I are left--handed quark and lepton SU(2);. doublets,
which are absent in the LEFT as linear multiplets. To examine the SU(2); current we need to combine terms in the LEFT into reconstructed
SU(2). multiplets and also introduce spurions to account for the transformation properties of vy. We illustrate the constraints of the
SU(2)L current with an operator from the class (LR)X + h.c. as an example,

Ceyero™egFyy +hc — lLoMVeg FuvChy +he (39)
pr p r p r pr
where
) 0 . VL
C,, = ( > and [ =| PJ|. (40)
:ry Cey pr p elL)

We have promoted the Wilson coefficient to a SU(2). doublet field, and collected the left-handed leptons into a doublet. Analogous
promotions can be made for all the operators in this class. The relevant terms in the equations of motion are

Vripll = —o " egFyuyCly + ... (41)
p r pr
ripll = +CE Fupera™ + ... (42)
p pr r
V2 D2Cl, = Fuera VL, (43)
pr r p
3 D?CYy =ILo™egF . (44)
pr p r

The covariant derivative of | l“ gives

. I 1.
i[Du. JI'] =idy (51511)/“15) _gZEJKIWMJ]llfK (45)

1 - 1-
== <iDMlL> ‘L’I)/MIL + —lL‘L'I)/'M (l'DMlL>
2 p p 2p p
C;ky Cey
pr 5 v I pry I v
=—F, ego™ 'l — ——I T 0" egFyy + ...
2vT my lﬁ 1LJ 2VT;L) If e
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To recover a conserved current, we perform a spurion analysis, similar to the one for hypercharge. We have the EOM for the spurion Cey,
in Eqns. (43) and (44). The spurion current is

Ni 1~ <> ~
Jel = EC,Iyz D “1Cey, (46)
with flavour indices suppressed. The covariant divergence of the spurion current is
. i 11~ ~ = ~ 1 _ -
l[Du, ]/;] =-3 |:Cey*TID2Cey — DZCey*TICey:| === |:Cey*t’FweRa”"lL —ILG“"eRF,wr’Cey:| . (47)
pr pr pr pr T pr r p p r pr

Combining Eqns. (45) and (47), the new current is covariantly conserved for the chosen operator from the class (LR)X,

i[Dy. "] =i[Dy. (Jf + J§)] =0. (48)

The generalization to include quarks is straightforward.

For ¥* operators a similar spurion analysis that also includes the promotion of all of the fermion fields into the corresponding SU(2),
fermion multiplet of the SM is done. The procedure is straightforward. When imposing the Lsmerr - Ligrr matching and performing this
spurion analysis, the SU(2); current is conserved.

10. Contraints due to non-manifest currents

The SU(2); and U(1)y currents are not conserved in the LEFT when the Wilson coefficients of this theory are treated as free param-
eters. Furthermore, the implication of these currents in the LEFT is distinct than in the SM or the SMEFT, as there is no manifest field
corresponding to these currents when they are conserved. There is no direct construction of a Ward identity using a propagating gauge
field as a result.

The conserved currents do constrain the LEFT by fixing relationships between otherwise free parameters of the theory. Matrix elements
of the currents can be directly constructed, as they are composed of the fields of the LEFT. Constructing such a matrix element from the
generalized Heisenberg current field, with a set of initial and final states denoted W; f, and taking a total derivative gives

8“/d4xeip"‘(\llf|ju(x)|\lli) =0. (49)
A series of relationships between the Wilson coefficients then follows

D 0 (W5 Pl W) (p)Cr = 0. (50)

Formally, the measured S-matrix elements must be constructed using an LSZ reduction formula. The constraints that follow for the Wilson
coefficients are trivially satisfied only if the Wilson coefficients are already fixed by a UV matching preserving the corresponding symmetry.

11. U(1)em and the LEFT multipole expansion
The classical limit of L‘Ljs_fr reproduces the well known physics of Maxwell’s equations, and in particular Gauss’s law [15] (see also
Ref. [16]). Gauss’s law relates the time component of the electromagnetic current J* =,y ", to

oo VE (51)

—€phys

Here eppys = 1.6021766208(98) x 10719¢, is the electron charge in the usual SI units [17]. In the LEFT, the electromagnetic current is also
expected to be conserved

d JH =0, (52)

without any of the subtleties of the previous sections as the P; are constructed to manifestly preserve U(1)em.

The U(1)em current is subject to its own set of subtleties. First, the naive understanding that J# being conserved directly leads to
its non-renormalization requires some refinement. This issue was comprehensively addressed for QED in Ref. [18], neglecting higher
dimensional operators and considering a one electron state and the corresponding electron number current. Here we review the result of
Refs. [18,19] and then directly extend this result into the LEFT.

The definition of the electromagnetic current is affected by the presence of a surface term 9" F, [18,20] introducing a renormalization

of this current. We define the LCLiEfF“r CP conserving QED Lagrangian as
o 1 02 1 2 —[- € (0)] Z3 2 1 2
— —(F ——(@-A)"=Z iy-(0+e A)—m — —(F — —(0-A)",
4(,w) 25( ) 20 |1y - (0 +equ”A) 4 4(;w) 25( )
where all ()© superscripted quantities are bare parameters. y is introduced so that the renormalized coupling is dimensionless and q is
the charge of vy. We restrict our attention to ¢ = ¥ for simplicity (even in loops) in the discussion below. Renormalized quantities are
introduced above with a suppressed r superscript, d =4 — 2¢ and we use MS as a subtraction scheme so that

L= (¥ liy - (@ +eqA) —m]y)
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a) b)

Q L

Fig. 1. Figures a)-d) represent the renormalization of the electromagentic current in Lf;ﬁr The later two diagrams illustrate a penguin diagram c) leading to a surface

counter-term in d).

Fig. 2. Figure a) shows the insertion of a dipole operator in a one loop diagram (black square) with the d <4 LEFT electromagnetic current as a circled cross. Figure b) shows
the insertion of a dipole contribution to the current as a circled cross box.

0 0
A = /734D, y O =2y, m® =z,mD, e =Zouce®.

Here m [Me]“[M 111. The renormalization constants in QED are given by

e2S, e2S, 3e%S,

Z3=1——"5 Z,=1—-—>5, =
3 1272¢ 2 m 1672¢

1672¢
and Z. = 1/+/Z3 at one loop. Here S¢ = (4we~VE)€, following the notation of Ref. [18]. Hereon we define our subtractions in MS and
suppress the corresponding constant terms, setting S¢ = 1.

Standard arguments advanced to establish the non-renormalization of JV are concerned with Fig. 1 a)-b). Fig. 1 a) represents wave-
function renormalization, while the insertion of the current is represented with a circled cross in Fig. 1 b)-c). The divergence and finite
terms of diagrams a)-b) cancel at zero momentum transfer for an on-shell state. For a one electron state, the Noether current corresponds
to the electron number current, which we label as J}; consistent with Ref. [18]. The usual textbook argument then concludes

da ,
u—JnN=0 53
du In ’ (53)

consistent with the current being conserved. However, the penguin diagram in Fig. 1 c) is divergent. This divergence is cancelled by a
counter-term of the form 9V F,, shown in Fig. 1 d). This operator has a four divergence that identically vanishes (i.e. corresponds to a
surface term). The EOM of the A* field is given by

_ OSiEFT
TSAL)

The EOM relates terms in a non-intuitive fashion when an extremum of the action is taken. | IPVL receives a multiplicative renormalization
generated from the nonzero anomalous dimension of the second term as a result. The current can be subsequently redefined to remove
this effect and cancel the running, as shown in Ref. [18].

Fig. 2 shows the need to further refine this argument in the presence of higher dimensional operators. These diagrams are the di-
rect analogy to the arguments of Ref. [18] leading to a redefinition of the current due to the mixing of the dipole operator with the
counter-term multiplying 9, F'#. Inserting the dipole operator (indicated with a black box) with the electromagnetic current, indicated
with a circled cross in Fig. 2a), gives mixing proportional to M./vr. Including the effect of the dipole operator in the current insertion
is indicated by a “circled cross box” in Fig. 2b). Calculating the diagrams directly for an electron in the loop gives a contribution to the
photon two point function of the form

1
e//f]ﬁ—i—ZgavF”“—i-Ea“&A. (54)

—AZ3=——— (Cey[Me]n +Cey[Me]11) (55)

27T 2

This divergence is cancelled by a counter-term [2] which leads to a modification of Z3 of the form AZs3. (The generalization to other
charged leptons in the loop is trivial.) This is as expected as a corresponding divergence is present in the LEFT in Fig. 3 a)-b) and the
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@w@w
S

Fig. 3. One loop diagrams generating the divergences of the LEFT that are removed with the renormalization reported in Ref. [2].

external photon does not play a role that distinguishes the divergence obtained once the current is redefined. We have calculated the
diagrams in Fig. 3 and agree with the corresponding dipole operator results in Ref. [2].
The interpretation of this mixing effect is subtle in the LEFT. Varying Sigrr with respect to Ag) gives

5S 1
0= =euJy +Zsd F' + 010 A+VZa2a (zccey (eLo VM er) + ZLCF, (ERaWeL)) +.. (56)
w

The tree level contributions to the electron number operator of terms o Cey, C;,, vanish at infinity by Stokes’ theorem.> We define a

ey
MS-renormalized current

V4 vz

L BVF”“ e van, (zccey (eLoter) + Z¢Coy (eRo”“eL)) +... (57)

The MS-renormalized current expressed in terms of bare quantities is
-1
—(0 1-Z 1 0) (50 0 0) (50 0

Ts =P VO 4 = B FON g (€& (200 e) + 5 (200 el)) + .. (58)

The renormalization group flow of the current is
1
u—J;;S =2ya 70 W FOVH, (59)

The MS-renormalized current depends on the renormalization scale 1 as in the SM case. The LEFT dipole corrections to the current fall
off at infinity when considering the electron number operator. They also vanish from Eqn. (59) as separate terms, which is consistent with
this fact. The dipole operators mix into 3" Fy, proportional to M./vr, a correction with a natural interpretation of an electron dipole
charge distribution in the LEFT. In order to extract a conserved electron number which is independent of the renormalization scale, we
redefine the current, including the effect of dipole operators in direct analogy to Ref. [18]. We define

I1(0)
eus
where TI(0) is the electron vacuum polarization in the LEFT, including the effects of operators of mass dimension greater than four. The

electron vacuum polarization is still defined in the standard manner, and the current is modified by a redefinition at g2 = 0. It follows
that

_ K
]LEFl'phys S — dwF, (60)

FLter phys = (14 THO) Y2 FY, (61)
eLrT phys = [1+ T1(0)] "/ e, (62)
In the MS scheme
2 2
e de * T me
I1(0) = 10g*+ 272 CorMelin + Coy[Mehin)log =5 + .. (63)
12m2 7 2 1 11 iz

2 We thank Mark Wise for discussions on this point.
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From these results one directly defines the time component of the physical current as

V. l‘:LEFT,phys

0
JLEFTphys = (64)

—E€LEFT, phys '
which is the appropriate generalization of the source in Gauss’s law into the LEFT. This is a numerically small effect, as the electromagentic
dipole operator is constrained [21].

To summarize, higher dimensional operators in the LEFT act to change the relationship between the Lagrangian parameter e and
experimental measurements in a manner that corresponds to dipole operators being present in the LEFT. This occurs through a modified
source term in Gauss's law that reflects the presence of a multipole expansion in the EFT. The tree level dipole contributions to the
electron number operator vanish at infinity by Stokes’ theorem, but quantum effects necessitates a redefinition of the current.

12. Conclusions

We have reported the equations of motion for the LEFT including corrections due to dimension six operators. These results are listed
in the Appendix. These corrections lead directly to questions on the meaning of conserved currents in the LEFT. We have examined how
the conserved currents of the LEFT encode symmetry constraints that are manifest or non-linearly realized. We have also generalized
and embedded the source in Gauss’s law into the LEFT, incorporating the effects of electrically charged particles having dipole operator
sources.

Acknowledgements
The authors acknowledge support from the Villum Fonden and the Danish National Research Foundation (DNRF91) through the Discov-

ery center. MT thanks Caltech, San Diego and Perimeter Institute for hospitality when part of this work was completed. We thank Ilaria
Brivio, Andy Jackson, Aneesh Manohar, Peter Stoffer, Anagha Vasudevan and Mark Wise for helpful discussions.

Appendix A
Our operator label notation for the LEFT is largely consistent with Refs. [1,2]. We use a different sign convention on the charge
conjugation operator, here C = —iy? y9, where as in Refs. [1,2] C is defined with opposite sign. We further introduce the current notation
_ _ b .
Syrya.L/R = (WLL/R‘//Z,R/L> . S@lt/fz,L/R = (1//1.L/RTA1//2,R/L> , Slaﬁmﬁz,L/R = <1p1,L/R1//g,R/L> , (65)
st S t st s t st § t
_ A _
J%lwssz/R = (%,LS/R)/alﬁz,Lt/R) . ];lwzt,L/R = (%,LS/R)/aTAWZ,Lt/R) , (66)
S
_ A _
Tx/(f)tl[f//z,L/R = (‘ﬁl,Ls/RGaﬁWZ,IE/L) ; 7_1/(f)t1[i//z,L/R = (Wl,LS/RG“ﬁTAlﬁz,}E/L) , (67)
st st

where 131#, R= ]%q r €tc. We also define the currents where one of the fields is charge conjugated
st st

c — sa.b —a b
51//11//2£L/R = (Ilfl,LS/Rllfz,Lt/R) , 81‘211//2,L/R = <¢1,L/R1/f2,L/R) ,
S st t

N
]ilwsz/R = (Wl,Ls/Ryawz,}g/L> . mflfz,L/R = (Wl,LS/RO“ﬂlﬂz,Lt/R> . (68)
N St

and similarly for jg;fh < etc.
st

Using these notational conventions, the EOM for the gauge fields from L®:® are

AH5) i
E— =3 CyydT) +Coyd T | +he, (69)
2 IIJ#V pr p’r pr pr’
AAH5) B A
GT =2ch |:DV,I/IIL70'UP“T x/f,rq] +h., (70)
pr
A, (6) - ~
GZ =3CGfABC I:Ba (Glgﬁccﬁa) + ngEchﬂGEﬂMG%:I + C(;fABC [a“ (Glgﬂcgﬁa> + ngEBGgaGEMﬁGg]
5 5 C- 5 5
+Co 47 [0 (G4 Geap) + efoenGRaCHGE | + =L APl [0y (€4°Gam ) + 8foesCE, GP*GE].  (71)

The AL, AB =0, contributions to the EOM from L®-® are as follows

5,B,L
ASED :Cg;go"‘ﬁeﬁFa,g, (72)



616 A. Helset, M. Trott / Physics Letters B 795 (2019) 606-619

MY =iy P Fup + Cloo P TGy,

(5.B,L) Ay ~A
Ay =C§ya°‘ﬂd£Faﬁ +CiooPTdLG L.
p p r
5,B,L
AS)]_ p ) _Oa
AGB.D)

er.p C%J/UaﬂeRFaﬂ,

AI(JSL%L) —Cuyo’ ﬁuRFaﬂ—i—Cu(;J ﬂTAuRGaﬂ,

AP =C4 4o ﬁdRFa,g—i—C%(r;a PTdrGag

(6,B,L) V.RR jux V.RR ja v, RR V,LR
Aepp” =Valr |2Ce  Jor+Cen Jyur+Co ]dR+ZC J,/,L
r prst st prst st prst st Y,V stpr st

S,RRx S,RRx S,RRx S,RLx S,RLx
+er|2Ce " Ser+Ceu  Sur +Ced Sa.r+Coey Su,L+Ced Sd,L
r rpts st rpts st rpts st rpts st rpts st

vedu vedu vedu

T RR T, RR S.RL S.RR T,RR
+ ouper TR+ CORR TR ) o [ CO R Sug 1 + CoRM* Sy g | + CLER* o Pu T
r TPfS st rpts st r pts st rpts st pts T st

6.B,L V.RR V.RR V1,RR VLR VLR V1,LR V1,LR
Az(uep)_yaulr? 2Cuy Jur+Cei Jer+Cuq Jar+Coi Jo1+Cen Jor +Cq " Jap+Cud " Ju g
st

prst st SfPT st prst st s PT st s PT st stpr st SfPT

+ aTAU V8 RR] V8 LR ]a,A V8 LR] + TAUL ZCSS,RR*SA + CSS,RR*S
,L R d,R
r prst st S| P” st stpr st r pts st rpts st

+up [ CERR*S, g+ 2050 Sk + Csuld‘RR*S dr+CoRs, )+ CTeuRR*cra,suLﬁ‘ﬂf
st

r tsrp st rpts st rpts st stpr st tsrp
V,LR% cV1LLRx ja V8,LR* yeTA
+ Yadr | Cooqy Jev.t +Cugdu Jaur | + Cuddu T"dR Jdu L
r tsrp st tsrp st tsrp st

S,RRx S1,RR* S8,RR* 1A A T,RRx*
+di ( Cougy " Sev.R + Cogan Sau.r | + Coga T4dLShy g +C aaﬁdLT‘ﬁR,

vedu vedu
r tsrp st tsrp st tsrp r st tsrp
(6,B,L) V,RR V,RR V1,RR V.,LR V.,LR V1,LR V1,LR ;«
Agry” =Valdr | 2Cs  Jar +Cof Jer +Cog Jur+tCoi 01+ Cof Jor+Cq Ju+Cag T JG
prst st stpr st stpr st stpr st stpr st stpr st stpr st

CL‘,/dS RR_] + CVS LRjg’,A VS LRJd i + TAdL C,fg,RR*SA R+ ZCSS RR*Sg‘,R
r

A
+ ya T d R
r stpr St stpr st stpr st tsrp st rpts st

S,RRx* S1,RRx S1,RR* S,RL T,RR* B
+di | Cop Se R+ Cog T Sur+2C " Sa R+ Cop Se | +Cof Ga,gdﬂ’:f
Si

r tsrp Sf tsrp St rpts Sf stpr St tsrp
V LR V1,LR ;& V8,LR A o, A S1,RRx S.,RL
+ Yalr vedu jve L + Cuddu Jud,L + Cuddu VO‘T uRJud,L +uL Cuddu Sud,R + Cvedus"e’L
stpr st stpr st stpr Tt rpts st stpr St

S8,RRx—rA A
+ Chdan T uLSud,R’
rpts T st

(6,B,L) _ V.LL ya V,LL ja V,LR ja V,LL ja V,LR
Ay =vavn [ 2608 IS+ Y ORI L D ot TGk | Vel | Cogu S + Coedu Jau,
r prst st Wy prst st Y£y  prst st r prst st prst st

S,RR
Cvedu

T,RR
+ e’f Sdu,L + Cvedu Sdu.r | + Cvedu UwﬁeRmi’

prst St prst st prst st

prst st stpr st prst st prst st prst st

S,RR S,RL
20578 Se. 1 + C5RRSu L+ C RS + CoR Sur + € Sar
prgt st prst St prst st prst st prst st

+eR

r

6,B,L
A((fLP )_VaeL( CV LL]eL CV LL +CV LL VLLJdL+ZCV LRJ%,R

(79)

(82)
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T,RR 4B T,RR+af V.LLx V.LR% ;&
+ ouper | Cey Ta + C TO,lL + V“VL Cvedu ]ud Lt Cvedu -]ud,R ’
T\ prst st prst st rpts st rpts st
(6.B,L) v LL V.LL o V.LL VLLL ja V.LR ;o V1,LR V1,LR ;&
AULP =VYolUL C ]uL Cvu ]v,L+Ceu ]eL+Cud Jd,L+Cue ]e,R+Cuu ]uR+Cud ]d,R
r prst st stpr st stpr st prst st prst st prst st prst st

“I‘VaTAuL V8 LL]dL +CV8 LRjaA+CV8 LR]gl,I;\ +CZLZRRO'01}9UR
. r

prst st prst st prst st stpr st

+ug ngRRseL+2C51 RRg | +C51 RRS +C5 RL*Se,R 4 TAug chs RRSAL+C58 Rng\’L

T\ stpr st prst St prst Sf tsrp st r prst st prst st
V,LLx j« V1,LR V8,LR A
+ VadL Cvedu jEU,L + Cuddu -,clu R]T Cuddu YaT dr Jdu R
r tsrp st prst st prst
S1,RR S8,RR A A
+dg Cuddu Sau,L + Cvedu Sev.R | + Cuddu T dRSdu,L’
prst st tsrp st prst st

(6,B,L) V,LL V,LL V,LL V1,LL V.LR V1,LR V1,IR ju
Adlp —)/O[dl_ 2Cdd ]dL+C ]UL+C ]€L+C ]uL+C ]eR+C ]uR+C ]d,R
r prst st stpr st stpr st stpr st prst st prst st prst st

+ VaTAdL CL“/dS LL] + C;/u8 LR] + C‘\j/dS LR .’2{’}? + CZdRRO_aﬂannitLﬁ
st

r

r stpr st prst st prst st stpr
tdp [ €S + €Oy R Su L +2C50 "R Sq L + O Se p | + TAdR [ 5 FRSA | + 20557k sh,
r stpr St stpr st prst st tsrp st T stpr st prst st
V JLL V1,LRx ;o V8,LRx A
+ Yol vedu ]ve Lt Cuddu -]ud,R + Cuddu YaT uL]ud R
stpr st rpts st rpts st
S,RR S1,RR SS,RR A
+Uur Cvedu Sve,L + Cuddu Sud,L | + Cvedu UaﬁuRT\j):? tt uddu T"uRSud,L-
T\ stpr st stpr st stpr stpr roost

The AL #0, AB =0 contributions to the EOM from L® are

(6.B.1) SLLE S.LR*x g V.RLx V.RR* jo
AeR p =€L Cve Sv UL+C ch L +CV€ O“’ﬂeLﬁvL—FVaUL Cvedu JudL+Cuedu ]ud,R ’
r\ stpr st tsrp st stpr r pts st pts st
(6.B,) S,LLE S,LR* g S LRx V.RRx ~a
Augp =UL| Chy Svepr +Cyu Svver |+ ch vu UotﬁuLTva Coodu dLSev Lt Cledu Yadr JevC,R’
r\ stpr st tsrp st stpr tsp T st tsrp r
(6,B,[) S,LLE s, LR* SLL.
AdR P =dp | C g Svevt +C g Swer | + c’ vd O“/SdLTau Lt ChequttLSvce.L
r stpr st tsrp st’ stpr stpr T st
T,LL ~af V RR o
+ Cueduo-aﬂuLTﬁe,L vedu VauRJvce,L’
stpr r stpr Tt

6.B.f) _ ¢ S, LLs# & S, LL# & s LL* S,LLx S,LRx S,LRx
Avlp" =y | 265 Svcv,L+2va Sy L+Z R+C SllfL"'C L+C Sy.R
r prst st Tpts st prst Sf rpts st prst Sf rpts st

+ Uaﬁ\)i CT LL*TOtﬁ* + CT LL*TOlﬂ + CT LL*TaB* + CT LL*Taﬂ + CT LL*,Ta;S* + CT LL*Taﬁ

r PrSt st rpts st PrSt st rpts st prst st rpts st
c S,LLx ox S,LR* % LLx c B c V,RLx V,RRx*
+ er Cvedu Sdu,R + Cuedu Sdu,L + Cvedu O-“ﬁelm,R + YaCR Cvedu Jdu L + Cvedu Jdu R
r prst st prst st prst roost r prst st prst st

6.B,
Aglpl) =eg | CSH*S e |+ CERS eyt +CgéLL*O'aﬁeR7—a

vv L
r tsrp st stpr st tsrp
c S,LLx S,LRx* LLx
F VL | Coea Sud.L +Cgy Sud R | + Cvedu Oup ULTO; L’
r rpts st rpts st rpts r

(6.B.1) S, LL* T,LL% B S.LL¥ ;
Auyp” =up | Coitt*Syper + Coit RS ey | + €l CfaﬁuRT‘f: 1+ Coogu drSer 1
r tsrp st stpr st tsrp tsrp r st

617

(83)

(84)

(85)

(88)
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T,LLx ~ap V,RL% Ta
+ Cueclu GaﬁdRT:)C,L + Cvedu y“dLJevE,R’ (91)
tsrp Tt tsrp Tt
(6.B.}) S.LLx g S,LR¢ T,LL* ~ap S.LR. & V,RL ~o
AdL,p =dg Cvd SWC»L + Cvd SVCUJ- + Cvd UaﬁdRTvO\l)C,L + CveduuRsvce,L + Cvedu y"‘uL]vfe,L' (92)
r tsrp st stpr st tsrp Tt stpr T st stpr st
AL, AB 0, contributions to the EOM from L® are
(6.B.1) _ ~S.LRx yc gB.ac ve [ ~S.LRx gB.ac S,RR% gB.ac v [ ~S.LL goc,B S,RL gac,f
Aep” =Chua €apydr Syt +€apylUp | Chuy Sudr +Camu Sudr | T €apydr | Caaa Sar” +Caaa Sar |- (93)
tST’p r st r fSrp st tSTp st r Stpr st Stpr st
68D _ ¢ [ ~S.LRx gBc,y* SRR+ gC,y* gc [ ~S.RLx gve, * S.RL% & ,y¢C
Auglp " =€pyalp Cduu Sdu,L + Cduu Sdu,R + €apyly Cuud Sde,L - Cuud Sed,L
r stpr st stpr st r prst st rpts st
Bc [ ~S.RLx & ,yc S.RR% & ,¥¢ S,RLx & ,y¢C S,RR% o »V* S,LR* sy.Bc
+€paydr | Chuy Seur T Cam Seur +Caua Svar — Cudd Svar | T Caqu €BraViSqp (94)
r pts st rpts st rpts st prst st tsrp rost
6.ED gc [ ~S.RLx gyc, * S.RLx & .y¢C S.RLx o V% S.RLx oV\ S.RRx o V% S.RRx oV
AdR,p _eaﬂydR Cdclu SuU,L - Cddu SUU,L + Cddd Sed,R - Cddd Sde,L + Cddd Sed,L - Cddd de,R
r prst st rpts st prst st rpts st prst st rpts st
Be [ ~S.RLx gyc, * S,RR% ZYC, * S,RL* &Y€, * S,RR% s S,LR+ c aBcyx
+ €apy Uy Cduu Sue,L + Cduu Sue,R + Cdud Sclu,L - Cudd Sclu,R + Cuud 6ﬂV“eR8u,L
r prst st prst st prst st rpts st stpr roost
S,LRx gV .Bc S,RRx 3V.BcC S,LRx gY.Bc S,RRx gV.BcC
+épyali | Coaq Sap TCaaa Sar | T €vaVi| Cuaa Saur T Cudd Saur |- (95)
tsrp st tsrp st r tsrp st tsrp st
680 _ ve [ ~S.LLx gB.ac | ~S.RLx B,ac v [ ~S.LR gac.B S.RR gac,B
Avp" =€apydp | Cuga Squr +Caud Sudr | T €epydr \ Cuga Suar T Cudd Sudk
r tsrp st tsrp st r stpr st stpr st
S,RLx yc ap.ac S,LR Yy aac,f
+Cagu €apyliyp Sgr + Chqy €apyUpSy (96)
tsrp r st stpr r st
6.ED ve [ ~S.LLx gB.ac S,RLx af.ac S,RLx yc aB.ac v [ ~S.LR gac,p S,RR gac,B
Aepp” =€apyly |\ Couu Sudr T Camu Sudr | T Cuna €opydy Sy +€apydr | Caaa Sai +Cada Sar |- (97)
r tsrp st tsrp st tsrp r st r stpr st stpr st
6.0 _ pe [ ~S.LLx gyc, * | ~S,LR% o .¥* _ ~S,LLx&.YC _ ~S,LRx & .Y¢C S,RL c aBe.y*
Aup” =€apyd; | Cuag Savt +Cuaa Svar ~ Caun Seur — Cam Seu.r | T Caau €reViSyr
r prst st prst st rpts st rpts st stpr roost
c S,LLx gBc,y* S,RLx gBc,y* Bc S,LRx gY¢C, * S,LRx & ,YC
t€payey Cduu Sdu,L +Cduu Sdu,R + €apylly Cuud Sde,R _Cuud ‘Sed,R > (98)
r stpr st stpr st r prst st rpts st
6.8.0 _ Be [ ~S.LLx g .yc S.LR% oV S,LLx 3yc, * S,LRx 3yc, * S,RLsx ¢ aBe.yx
AdL,p =€Bay Uy Cudd Sud,L + Cudd de,R - Cduu ue, L Cduu Sue,R + Cuud 6/53’0‘eLSu,R
r rpts st rpts st prst st prst st stpr roost
S,LLx gV.pBc S,RLx gY.Bc c S,LLx gBc,y* S,RLx gBC,y*
+€pyalr | Cogg Sgr TCaaa Sar | T €pvaVi| Cuga Suai T Cand Saur
r tsrp st tsrp st r stpr st stpr st
pc S,LLx o ,V* S,LLx oV, S,LRx o ,V* S,LRx oV, S,LRx o ,¥* S,LRx oV,
+€apyd; | Chag Sear —Cada Sder T Cagu Svul — Caau Suv.k T Cada Sedr — Cada Sder |- (99)
r prst st rpts st prst st rpts st prst st rpts st
Finally, the dimension 3 and 5 LEFT operators contributing to the neutrino EOM give
AP =205, (100)
p pr r
A =25 0P VEFap. (101)
p pr r
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