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A quantum check of non-supersymmetric AdS/dCFT
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ABSTRACT: Via a challenging field-theory computation, we confirm a supergravity prediction
for the non-supersymmetric D3-D7 probe-brane system with probe geometry AdSy x S? x S2,
stabilized by fluxes. Supergravity predicts, in a certain double-scaling limit, the value
of the one-point functions of chiral primaries of the dual defect version of N' =4 SYM
theory, where the fluxes translate into SO(3) x SO(3)-symmetric, Lie-algebra-valued vacuum
expectation values for all six scalar fields. Using a generalization of the technique based
on fuzzy spherical harmonics developed for the related D3-D5 probe-brane system, we
diagonalize the resulting mass matrix of the field theory. Subsequently, we calculate the
planar one-loop correction to the vacuum expectation values of the scalars in dimensional
reduction and find that it is UV finite and non-vanishing. We then proceed to calculating
the one-loop correction to the planar one-point function of any single-trace scalar operator
and explicitly evaluate this correction for a 1/2-BPS operator of length L at two leading
orders in the double-scaling limit, finding exact agreement with the supergravity prediction.
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1 Introduction and summary

Introducing defects such as boundaries or interfaces in conformal field theories (CFTs)
does not only make these theories more adapt to experimental situations in condensed
matter systems but also constitutes a natural step in exploring the limits of applicability of
modern approaches to quantum field theory such as duality, integrability and the conformal
bootstrap program, see e.g. [1]. From the latter perspective, various defect versions of the
four-dimensional maximally supersymmetric Yang-Mills (N =4 SYM) theory constitute
particularly interesting arenas for investigation.

An example of such a defect CFT is the field theory dual to the D3-D5 probe-brane
setup with & units of background gauge-field flux [2, 3], see [4] for a review. The presence
of the flux translates into the rank of the gauge group of the defect field theory being
different on the two sides of a codimension-one defect placed at 3 = 0 and three of the
scalar fields of N/ =4 SYM theory carrying vacuum expectation values (vevs) given by the
generators of a k-dimensional irreducible representation of su(2) for 3 > 0. This setup
partly breaks conformal symmetry as well as supersymmetry. Conformal symmetry is
reduced from SO(4,2) to SO(3,2) and the supersymmetry is reduced to three-dimensional
N =4[5, 6]. The presence of the defect implies that operators can acquire non-vanishing
one-point functions of the form [7]

(Oa)(z) = —%, (1.1)
T3

with A denoting the conformal dimension, and due to the vevs this can happen already at
tree level for certain scalar operators. Using the language of integrability, it was possible to
express in one compact formula the tree-level one-point functions of all bulk single-trace
scalar operators of the defect CFT [8-11]. Furthermore, by a rather demanding field-theory
calculation involving the diagonalization of the highly non-trivial mass matrix using fuzzy
spherical harmonics, it was possible to extend the compact formula for one-point functions
to one-loop order in the SU(2) sector of the theory [12-14]. What is more, the one-loop
computation allowed for a comparison with a prediction originating from supergravity [15]
and despite the partial breaking of both conformal and supersymmetry a perfect match
was found [12, 13]. More precisely, the supergravity computation involved taking the
double-scaling limit [16]!

A
A— 00, k— o0, 72 fixed, (1.2)
where ) is the 't Hooft coupling, and performing a perturbative expansion in A\/k?. From
the result of this computation, a prediction for the ratio of the one-loop and the tree-level
value of the one-point function of the chiral primary tr Z* in the double-scaling limit could
be inferred [12].

!This double-scaling limit is reminiscent of the Berenstein-Maldacena-Nastase limit [17], which breaks
down at four-loop order [18-20]. While the present double-scaling limit breaks down for non-protected
operators already at one-loop order, it holds for protected operators such as tr Z¥ to at least (L — 1)-loop
order [14].
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Figure 1. Brane configuration in string theory (left) and the dual field-theory picture (right) with
different gauge groups on each side of the defect at x3 = 0.

A similar prediction can be extracted from a supergravity computation performed
in a closely related but completely non-supersymmetric setup, namely that of a D3-D7
probe-brane system [21]. The D3-D7 probe-brane system has two configurations which are
of relevance for us, namely one where the geometry of the D7 brane is AdS; x S? x §?
and one where the geometry is AdS; x S*. In both cases, the configuration has to be
stabilized by adding either fluxes k; and k2 on the two S?’s [22] or a non-trivial instanton
bundle on the S* [23]. These flux-stabilized configurations have interesting applications
from the condensed matter perspective giving rise to strongly coupled Dirac fermions in
241 dimensions, see e.g. [22-29]. The former configuration has a dual defect CF'T where
all six scalar fields of ' = 4 SYM theory are assigned vevs in the form of generators of
the (k1 X ko)-dimensional irreducible representation of su(2) x su(2) on one side of the
defect; see figure 1. In the latter case, only five out of the scalar fields are assigned vevs
and these transform in an irreducible SO(5) representation. For both cases, it is possible to
introduce a double-scaling parameter and to evaluate the one-point function as an expansion
in this parameter [21]. Furthermore, in both cases the system is stable if the double-scaling
parameter is sufficiently small. Reference [21] gives the leading order result of this evaluation
and the higher orders can be extracted by a straightforward extension of this work. For
the AdS,; x S? x S? symmetric configuration, the double-scaling limit is introduced as

follows [21]:
A
A= k1, ko — ———  fixed. 1.3
0, 1,2 00, (k% n k%) Xe ( )
Keeping also the ratio k;/ks finite and assuming (k; — k2) to be of the same order as ky
and ko, the supergravity prediction for the one-point function of the unique SO(3) x SO(3)-

symmetric chiral primary of (even) length L reads

<OL> A 1
B T
<OL>tree 47[-2(1{:% + k%) (L - 1)(]{;% + k%)

)\2
+2(L — 1)(L + 2)k1 ko (k3 — k3) cot[(L + 2)%]) +0 (W)

Q(Mhbf+(ﬁ+ﬁL_2x%+k®
(1.4)



where 19 = arctan(ki/k2). Notice that the prediction carries over to any other chiral
primary with a non-trivial projection on an SO(3) x SO(3)-symmetric one, such as e.g.
tr ZL. For the AdSy x S* configuration, supergravity also gives a prediction for the one-
point function, however, with less structure as only one parameter is involved. In the
remainder of this paper, we shall demonstrate how the rather intricate prediction (1.4) can
be reproduced via a solid field-theory calculation. The major challenge of the computation
is the diagonalization of the mass matrix of the theory, which requires a significant further
development of the technique based on fuzzy spherical harmonics introduced in [12, 13].
The challenge is even bigger in the case of the SO(5)-symmetric vevs. Our refined method
works for that case as well but with considerably more effort. We plan to return to this
case in a future publication [30]. With the present work, we do not only provide a detailed
positive test of AdS/dCFT in a situation where supersymmetry is completely broken; we
also set up a perturbative framework which makes possible the evaluation of numerous
other quantities in the defect CFT in question.

Our paper is structured as follows. In section 2, we diagonalize the highly non-trivial
mass matrix that arises due to the vevs. In section 3, we determine the resulting propagators
of the mass eigenstates, which take the form of AdS, propagators, and subsequently the
propagators of the fields occurring in the action. Having thus set up the framework for
calculating quantum corrections in this defect CF'T, we calculate the first quantum correction
to the classical solution in section 4, which we find to be non-vanishing. We proceed to
calculate the one-loop correction to the one-point function of general single-trace operators,
and in particular to tr Z, in section 5. In section 6, we conclude with an outlook on possible
future directions and interesting problems our perturbative framework can be applied to.
Several appendices contain our conventions (appendix A) as well as details on technical
parts of the calculations (appendices B-D).

2 Mass matrix

In this section, we diagonalize the mass matrix that arises due to the scalar vevs. Following
the strategy of [12, 13], we begin by expanding the action around the classical solution in
section 2.1. We then proceed to diagonalize the mass matrices for the bosons and fermions
in sections 2.2 and 2.3, respectively. We summarize the result in section 2.4.

2.1 Expansion of the action

The defect CFT we study contains two types of fields: the ones of N' =4 SYM theory
transforming in the adjoint of the gauge group and the fundamental fields living on the
three-dimensional defect. However, the fields living on the defect will not contribute to the
one-loop one-point functions of bulk? operators as explained in [13], and we accordingly
neglect the corresponding part of the action. The action for the bulk fields is the one of

2Note that ‘bulk’ refers to four-dimensional Minkowski space without the defect; it should not be confused
with the bulk of the dual AdSs.



standard A/ = 4 SYM theory in four dimensions,

2 1 1 7 -
Syei = —— [ diztr <— (Ew " = SDudiD i+ S0y Dy (2.1)
Iym

1 6
19003][60,05] + ZW% 2; qmw)

We describe in appendix A our field-theory conventions, which follow the ones of [13]. In
particular, we explicitly give the matrices G* (i = 1,...,6), which arise in the reduction
from ten- to four-dimensional SYM theory. The v; for i = 1,...,4 are four-dimensional
Majorana fermions, and all these fields transform in the adjoint of U(N),

D,¢i = 0u¢; —i[Au, ¢i],  Dupi = Ouths — i[Ay, il (2.2)

The classical equations of motion of (2.1) are

V2gd = [¢ [¢§1,¢§1H, i=1,...,6, (2.3)

where we are setting the fermions and gauge fields to zero classically, and are looking for
time-independent solutions for the scalars. A solution to the equations of motion for the six
scalar fields with SO(3) x SO(3) symmetry is [21]?

#a) = ——

T3

1 .
¢ (x) = e (Ml ® tfig) ®ON_pky for i=4,5,6.

(tfl@]le)@oN_klk2 for i=1,23,
(2.4)

Here the matrices t,’f“ constitute the k,-dimensional irreducible representation of su(2);
thus, the solution has su(2) x su(2) symmetry. In the case k1 =1 or ky = 1, the vevs (2.4)
reduce to the ones in the supersymmetric D3-D5 setup [13]; hence, we will always assume
k1, ko > 2. The classical solution (2.4) applies for 3 > 0 and is responsible for breaking
the gauge group from U(N) to U(N — kyksz) for x3 > 0. All other fields vanish classically
in this region. For z3 < 0, all fields have gauge group U(N — k1k2) and the vevs for these
fields vanish.
We expand the action around the classical solution as

di(x) = ¢f (x) + di(). (2.5)

The gauge fixing is implemented by introducing fermionic ghost fields ¢ and ¢ transforming
as Lorentz scalars, following [13, 32]. The terms in the expanded action that are linear in

3The prefactor é ensures scale invariance of the defect field theory and is important for the dual
probe-brane interpretation. A set-up where the classical fields were similar but not carrying the i prefactor
was studied in [31], where in order to stabilize the system extra mass and interaction terms were added to
the N'=4 SYM action.



(ﬁi vanish by the classical equations of motion. All fields have a canonically normalized
(quadratic) kinetic term,

2 1 1~ ~ ;o
Sin = —— | d'z tr <AM8V8“A” + =$:i0,0" ;i + by, + c@,ﬁ“c). (2.6)
Pt 2 2 2

The mass term for the bosons becomes

sm,bzgf d'e tr( 5816 165, 351 - dullos 51,8
M (2.7)

- *A ulof [, A%)) +2i[A“a<5i]3u¢§l>,

while the mass term for the four Majorana fermions ¢; and the ghosts ¢ and ¢ is

9 1 3 1 6 6
Smt=—— [ dz tr (QZM;Z[ el + 3 > DG ] = > el [0 ¢ > (2.8)
=1 1=4 i=1

Iym

The expanded action also contains cubic and quartic interaction vertices between the
different fields. The cubic interactions are given by

2 -~ o~ ~ ~
Scubic = 2/d4$ tr (7'[AM7 Ay]auAl/ + [(bgl’ ¢j”¢l7 (bj] + i[Aua ¢z}a,u¢z + [ wy Vi H a(bz]
Iym

3 6

0 A U]+ 5 S UGB + 5 GG st + (0,0 A, ] — el [, n>.
i=1 =4

(2.9)

The quartic interaction vertices are identical to the quartic vertices present in the action (2.1).
They do not play a role for the one-loop correction to the one-point functions of bulk
operators, starting to contribute only at two-loop order [13].

The mass terms (2.7) and (2.8) are not diagonal, neither in flavor nor in color, and
have to be diagonalized in order to obtain the mass spectrum of the theory and thus
the propagators. Moreover, note that unlike actual mass terms, the terms (2.7) and (2.8)
depend on the inverse distance to the defect via the vevs (2.4). This dependence can be
understood in terms of an effective AdS, space, as was found in [13, 16] and is discussed in
detail in section 3.

In the remainder of the paper, we will use Euclidean signature.

2.2 Boson mass matrix

In this section, we will treat the mass term for the bosons, while the mass term for the
fermions will be treated in section 2.3.



Inserting the classical solution (2.4) into the mass term (2.7) for the bosons, the latter
can be written as

6
2 1 1 ~ ~ 1
b = d4x—2tr -3 Z¢j [(L(l))Q " (L(Z))Q} & — §Au [(L(I)V i (L(Q))ﬂ AP
gYM :E3 j=1
3 - 3 i .-
+i Y Gijkéf)iLg oy +i > 5z’jk¢i+3L§‘ )P
ig k=1 i gk=1
3 i 3 i
+iYy [cﬁiLEl)A:‘s - A3L§1)¢z} +iy [¢i+3L§2)A3 - A3L£2)¢i+3} > (2.10)
i=1 =1

The operators Lgl) and ng) for i = 1,2, 3 are defined as the adjoint of the classical solution,
Lgl) =ad (tif“ ® ]lk2> o ON_klkJ ) LZ@) =ad [(]lkl ® tfz) P ON_kle] , (2.11)
where as usual (adA) B = [A, B]. They satisfy the commutation relations of su(2) x su(2),
0 L0 —ierl, (B2, LP] —ienr?, 20, LP] <o, (2.12)

Furthermore, we write (L(®)? = Zi(Lga) )2 for the quadratic Casimirs corresponding to
the two sectors with a = 1,2. We will use their eigenvalues ¢;(¢1 + 1) and ¢5(¢2 + 1) to
label irreducible representations of su(2) x su(2) by (¢1,¢2). As in [13], we find that we
can distinguish two types of bosons: if their mass term is already diagonal in flavor the
fields are called “easy” bosons, while the ones for which flavor and color mix are called
“complicated”.

We rewrite (2.10) as

2 —1
Sy = —— | d*z (2) tr [ B [(LU))2 + (L@))Q] E (2.13)
Y 23

where we have grouped the fields into vectors of easy and complicated fields F and C

respectively,
4 é1
0 .
Ay b6
As

The seven-dimensional matrices S’i(l) and 5’1-(2) act on the flavor index while the operators
LM and L? act on the color part of the quantum fields. We see from (2.13) that for the

i i

easy fields we only need to diagonalize the operator (L(M1)2 4 (L(®))?2 in color space. The



mass term for the complicated fields mixes different flavors by means of the matrices 5’1-(1)
and 5'1-(2) and we will have to diagonalize the color and flavor part simultaneously. Note that
compared to the solution where only three scalar fields get non-trivial SO(3)-symmetric vevs
studied in [13], all scalars (51 are now complicated bosons and only the three components of
the gauge fields Ag, A1, A2 and the ghost field remain easy. We will denote the eigenvalues
of the matrices inside the trace in (2.13) by m2.

2.2.1 Decomposition of the color matrices and easy fields
In order to proceed with the diagonalization, we decompose the color part of a generic field
® in blocks:

= [‘I)]n,n’Enn’ + [‘I’]n,aEna + [‘I)]a,nEan + [q)}a,a/EaaU (2.15)

with n,n’ =1,...,kike and a,a’ = kiks +1,...,N. Here E™,, are N x N matrices with a
single non-vanishing entry, namely a 1 at position (n,n’). The fields [®], , and [®],, will
often be referred to as fields in the off-diagonal block.

The fields [®], o in the (N — k1k2) X (N — k1k2) block are massless since

LEI) Eaa/ - [(tfl & ]1k2> ©® ON*k‘lk’27 Eaa’ = 07 (216)

@)

a’ are singlets under su(2) x su(2).

and similarly for L;”’. One can think of this result as the statement that the indices a and

The matrices E™, and E%, transform in the (k1 X k2)-dimensional irreducible represen-
tation of su(2) x su(2),
/ 1
Lgl) E"y=E" a[tfl ® 1142]71’,717 Lz(‘ ) Bty = _[tfl ® ]lk2]n,n’Ean’a
LO B = EY [y, @ %), ., L B = —[1y, @52, 0 By

7

(2.17)

Equivalently, each index n transforms in the same representation as t;, namely the one
with spins ¢; = % and ¥y = k22_ L Tt follows that the matrices E™, and E%, already

diagonalize the quadratic Casimir operators,

k¥ —1
4

E",, (LMY B, = E%,, (2.18)

and analogously for (L(®)2. The matrices E™, and E%, transform into each other under
Hermitian conjugation, and this behavior carries over to the fields [®], , and [®],,, in the
off-diagonal block:

t
(E) =B (@], = (10),4) = [l (2.19)
Moreover, they are orthogonal and normalized in the sense that

tr [(E"a)T E”;,} = 0" S, tr [(Ean)TE”;,] — 0,
(2.20)
tr [(E“n)T E“,’l,} = 59§, tr [(E”a)TE“;L/] = 0.



For easy fields [®],, 4 and [®], ., for which (L1))2 4 (L(?))? is the complete mass term, we
thus find the masses
9 k2 -1 k2-1

Measy =~ + T (2.21)

which have multiplicity 2ki k(N — kikso).

Finally, the matrices E™, contain two n indices, and therefore they transform as the
product of two (k1 X kg2)-dimensional irreducible representations of su(2) x su(2). This
product is reducible and decomposes as

k1—1ko—1
ki —1 ks —1 ki —1 ko —1
< > 2 >®< 2 2 >:@@(51752)7 (2:22)

£1=0 ¢2=0

where (£1,02) is the su(2) x su(2) representation with spins ¢; and ¢; and dimension

(261 +1) x (205 + 1). Note that the fields [®], , and [®],, in the off-diagonal block have

spins {1 = k12_ Land ¢y = k22_ L which appears as one of the terms in the decomposition (2.22).

Thus, any results for the masses in the off-diagonal blocks can be obtained from the result
in the k1ko X k1ko block by the simple replacement rule

k1 —1 ko — 1
! and fy — 22 .

51 — (2.23)
This justifies that in the following we will mostly focus on the kiko X kiko block.

In the case of the field theory where only three scalar fields get non-trivial SO(3)-
symmetric vevs, dual to the D3-D5 probe-brane setup, the mass term for the easy bosons is
L?. In [13], it was found that the diagonalization in the corresponding & x k block could be
solved by expressing the fields in a basis of fuzzy spherical harmonics Y[" constituting an
irreducible spin-¢ representation of su(2). In the present case, the mass term for the easy
bosons contains the operator (L™M)? + (L(?)?2, and since (L™M)? and (L®)? commute with
each other, we can diagonalize them simultaneously. The eigenstates of (L(1)% 4+ (L(2))2
are therefore the tensor products Yg“ ® }A/é;m of two fuzzy spherical harmonics. We use this

basis to express the fields in the k1ko X k1ko block as

k1ko k1—1ko—1 /1 12
n o __ Crmy O-mo
Z [cb]n,n’E n' = Z Z Z Z q)fl,ml;fmmzyzl ® YZ2 : (2‘24)
n,n'=1 £1=0 4o=0 mi1=—F1 mo=—F2

The properties of the basis states Yg” ® }A/g;” follow from the properties of the fuzzy
spherical harmonics }A/m, which are reviewed in appendix A.2. An important property
is the behavior under Hermitian conjugation, which carries over to the field components

Doy mysla,mo:
R R t ~_ N
(Ve ve) = (- (=me ™ e v

T — (_ mi1(__ mo
17 ; b 7— ; 7— .
((I)f m1;f2 mz) - ( 1) ( 1) (I)Zl miilo,—msa

(2.25)



m? Multiplicity
00+ 1)+ (b +1) (201 +1)(205 4+ 1)
(k3 —1)/4+ (k3 —1)/4 2k1ko(N — kiks)
0 (N — k1ko)(N — kiks)

Table 1. Masses for the easy bosons Aj, A; and A; (as well as the ghosts ¢), including the
klkg X k1k27 the k‘lk’g X (N— klk’g) and the (N — klkz) X (N — k’lkz) blocks. Here él = 0, .. .,kl -1
and lo =0,...,ky — 1.

(1)

The operators L; ’ and Ll@) act on the basis states as

(LD V™M @ V"2 = 016 +1) V™ @ Y72,
L& Y™ @ V2 = /0 (6 + 1)(6r,ma; 1,006, my) Y™ @ V)2, (2.26)
Ly VM @Y = /20 (0 + 1) (0, my; 1, £1)6,my £1) Y @ V)72,

with the ladder operators L = Lgl) + iLgl) and analogous expressions for (L(?))?2 L:(f)
and Lf). Here and in the following, (¢,m; s, ms|j,m;) denotes the su(2) Clebsch-Gordan
coefficient for coupling the two angular momenta ¢ and s to the total angular momentum j.

For the case s =1 and j = ¢ in (2.26), they are

V1) —m(m =+ 1), m; 1,006,m) = — 2 (2.27)

(¢,m; 1L, £1[6,m+1) = F
2000+ 1) L(L+1)

Furthermore, the basis states are orthogonal and normalized such that
~m! ~m! ‘|' N A
tr |:<Y'€/1 ! &® Y,2 2> Y’Zlnl &® YZLQ = (Sgll’gl (55/2’32 5m1,m’1 5m2,m’2- (228)
Using this basis, we see that the mass eigenvalues of the fields ®¢, ;.05 m, are

mgasy = 61(61 + 1) + 62(62 + 1)7 (229)

where we must take all combinationsof 1 = 0,...,kj—1land ¢ = 0,..., ko—1. The multiplic-
ity is the dimension of the corresponding su(2) x su(2) representation, i.e. (2¢; + 1)(2¢3 + 1).
As discussed before, the masses of the fields in the (N — k1k2) X (N — k1k2) block are zero.
Finally, the masses (2.21) in the k1ky x (N — k1k2) and the (N — kjks) X k1ks blocks are
indeed obtained from (2.29) by the replacement rule (2.23). We summarize the masses of
the easy fields in table 1.

2.2.2 Complicated fields

For the complicated fields the decomposition in terms of su(2) x su(2) representations is not
sufficient, because we also need to solve the problem of flavor mixing. Since (L(M)? 4+ (L(2))?
commutes with S - L = Si(l)LZ(-l) + S*i(Q)LZ(.Q) we can diagonalize the two terms in (2.13)
simultaneously. Thus the masses will have the form ¢1(¢; + 1) + ¢3(f2 + 1) — 2\, where A
are the eigenvalues of the mixing matrix S - L.
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Rewriting the matrices S;. The seven-dimensional matrices S; are given in block

form by
T; 0 R 00 0
S=8M=(o000|, Su=P=|0T R|, i=123 (2.30)
R0 0 0RO

In the previous equation, Rj is a 3 x 1 matrix that has an ¢ in the j-th component and zeros

everywhere else, namely (R;), = i ;5. On the other hand, the three-dimensional matrices
T; are given by

00 0 003 0—i0
Tv=|00-i|, m=|0o00]|, T3=|i00]. (2.31)
04 0 00 000

These matrices form an irreducible representation of the su(2) Lie algebra, so they can be
brought into the usual form for the spin-one representation

L foro L [0-i0 10 0
Tv=—1101], m=—|io0 —i|, Ts3=]00 0 |, (2.32)
V21510 V2o i o 00 -1

using the unitary transformation

1 -1 0 1
U=—|-i 0 —i]. (2.33)
V2 0 V20
Hence, the matrices S; can be rewritten as
T, 0 R;
s s v (S s v= |0 1 Ry | (2.34)
Rl R! 0
with
U0O0
T, =U'TU, Ri=UR;, V=]|0UO0]|. (2.35)
001

The vector of complicated fields has to be transformed accordingly:

cm
c=vic=|c® |, (2.36)
As
where the three-dimensional vectors C1) and C'®) are defined by
N (o1 +id) O\ [(Js(-datids)
cW = C(()l) = [N c? = C(()z) = [ (2.37)
c® %(ﬂbl + ig2) c? %(4‘% +i¢s)
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The subscripts +, —, 0 denote the eigenvalues with respect to 73. One can also check that

(1) (1) (2) 2
L L L L
v ! V2 3 V2 v ' V2 ’ V2 (239

After the flavor transformation (2.33), the seven-dimensional matrix that mixes the
flavors in the mass term for the complicated bosons is

nrY o RLW
S L=5LM+sPP = o 1r?® rL?|. (2.39)
RILY RIL®

In the diagonalization of (2.39), we have to distinguish the cases where one ¢, is 0 and
where both ¢, are bigger than 0.* For simplicity, we begin with the easier case where one £,
is 0. Note that this formally reduces the diagonalization problem to the one where only three
of the scalar fields get non-trivial SO(3)-symmetric vevs that was solved in [12, 13]. We will
now present a different solution to this diagonalization problem that has a straightforward
generalization to the classical solution with SO(3) x SO(3) symmetry considered in this
paper. In the following, we also drop all references to a.

Diagonalization of T;L;. After the flavor transformation in the previous section, the
four-dimensional matrix S - L = S;L; has the form

T;L; R;L;
RiL; 0

It is important to realize that if we find an eigenvector of T;L; that is annihilated by RILi
we can obtain an eigenvector of S - L by padding it with a zero to make it four-dimensional.
We will thus first look for states ® such that

TiLi®=Xp ® and RIL; ®=0. (2.41)

This does not yield all eigenstates of .S - L, but we will see that the remaining ones are
obtained by diagonalizing a simple 2 X 2 matrix.
If we define a total “angular momentum” operator J; = L; + T;, then

T 2 _ 72 _ g2 _1 2 _r2_
TiLi=< (JP—L T)_Q(J L?—2). (2.42)

| =

Hence, the diagonalization of the term T;L; reduces to the problem of finding a set of
common eigenstates for J2, J3 and L?. This is the well-known problem of addition of angular
momentum, which can be solved using Clebsch-Gordan coefficients. The matrices T; form
the three-dimensional (spin-one) representation of su(2) and the matrices L; form the spin-¢
representation. Thus, the fields (C,,
and mg for L?, L3 and T3 respectively. The fields with total angular momentum 5, magnetic

)em in (2.37) have well-defined quantum numbers ¢, m

s

4The case where ¢1 = £5 = 0 is trivial as the corresponding fields are massless.
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quantum number m; and angular momentum /¢ are found in terms of Clebsch-Gordan
coefficients (¢, m; s, ms|j, m;) by

+1 l
Bj,mj;f = Z Z 6m+ms,mj <‘€a m; 1a m8|j7 m]> (Cms)fm‘ (243)

ms=—1m=—/

Here the total angular momentum can in general take the three values j = ¢, ¢ + 1. For the
case £ = 0, however, there is only one total angular momentum j = 1; this necessitates the
aforementioned distinction between ¢, = 0 and ¢, # 0. The dependence on ¢ will generally
be dropped, and we will use the notation (Ba)jm; = Bjm;t=j—a- For example, the state
B, has total angular momentum j = ¢+ 1 and mj; = —¢ —1,...,£+ 1. Using this notation
and summing explicitly over m, (2.43) becomes

+1
(Boz>j,m]- = Z (- a, mj —ms; 1, ms|j, mj> (Cms)éfa,mjfms- (2.44)

Mmsg=——

We can write out the basis states corresponding to (2.43) in vector form. Since the 3 x 3
matrices T; are the standard spin-one representation of su(2), cf. (2.32), we have

1

0
T3 éms = Mg éms with é+1 = 0 5 €y — 1 5 €_1 = 0]. (245)
0 1

The basis states that are eigenstates of J2, J3 and L? can thus be written as

+1
", . S —Mm ~
}/j:mj;zz Z <£7m]7m8717m8|.]7mj>}/g / s®€ms
ms=—1

<€a m; — 17 17 +1‘.]> mj> ?'emj_l (246)

= <€7mj;110‘j>mj> }A/gmj
(€, m; + 11, =15, m;) v,

The Clebsch-Gordan coefficients for the case j = ¢ were given in (2.27). For j = ¢ £+ 1,
we have

\/(€+1im)(€+2im)
V200 +1)(20+ 1)
VIl+1T—m)(l+1+m)

(L+1)(20+41)
V{—1Fm)(Fm)
20(20 + 1)
(L —m)(£+m)
(20+1)

(Cm; L, £10+1,m+1) =

I

(¢,m; 1,0/ +1,m) =

I

(2.47)

(,m; 1L, £10—1,m+1) =

bl

(¢,m; 1,0/ —1,m) =
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We find three sets of eigenstates for j = £+ 1 and j = £ with eigenvalues
T;L; Yj:e+1,m]-;e =/ Yj:eﬂ,mj;e,
TiL; ij:@,mj;ﬁ = _ijzé,mj;f, (248)
TiLi Yieptmye = (=0 — 1) Yjmpo 1m0

We will show below that the first and the last states satisfy the second condition in (2.41),
namely

RIL; Vi a1 = 0. (2.49)

The fields By can thus be made into eigenstates of S - L by padding with zeros. The
multiplicity of the corresponding eigenvalue is the dimension of the su(2) representation, i.e.
2j+1=2(0+1)+1.

Diagonalization of the remaining 2 X 2 matrix. We can expand the complicated
scalars in the basis of total angular momentum eigenstates and Ag in the basis of fuzzy
spherical harmonics Y7 ,,, so that the four-dimensional vector of complicated fields is

e (A8)em¥E"

C = (2.50)

We know how T;L; acts on the basis states i/j,mj;g obtained from the Clebsch-Gordan
procedure from (2.48). Now we will calculate how RZTLi, i.e. the last row in S - L as given
in (2.40), acts on Yj;.¢. Using that the ladder operators act as given in (2.26) together
with (2.38) and the completeness relation of the Clebsch-Gordan coefficients, one obtains

RILZ' 1A/J}mj;f =iVl +1) Z(ﬁa m; — ms; 1,mg|j, m;) (€, m; — ms; 1, msll, mj) ?gmj

ms

= —id; Ol +1) Y™, 2.51
75 V4

This vanishes unless j = £. The states ijﬁg with j = ¢ & 1 are thus annihilated by R}LLZ-
and can simply be padded with a zero block to give eigenstates of S - L as we have claimed
before. Using (2.48) and (2.51), we can find the matrix elements of both T;L; and R;L;:

tr (th7m/;g/ T;L; ijz> = 1,0 Opmr 00,0105 1
tr ((YZ;”I)T R;[Li }A/j7m;g> = —i 0 m’ Op0 0j 00 L+1), (2.52)

tr (}A/j?m,;é, R;L; l?em> =+ 5m,m’ (54’4/ (Sg’j/ VI +1).

The matrix elements j;, in the first line are ppy1 0 = ¢, e = —1 and py_1 0 = —£ — 1,
cf. (2.48). The third line follows naturally from complex conjugation of the second line and
L =1L,
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Mass eigenstate Mass m? Multiplicity
B, 06— 1) 201+ 3
B_ (61 +1)(0 +2) 201 — 1
D, 66— 1) 200 +1
D_ (61 +1)(0 +2) 201 +1

Table 2. Masses and eigenstates of the complicated bosons in the k1ks X k1ko block for the case
lo=0and ¢y =1,...,k1 — 1. Thecase /1 =0and ¢ =1,...,k; — 1 is obtained by relabeling. In
the case ¢; = {5 = 0, the masses vanish, while the case ¢; # 0 and /5 # 0 is shown in table 3.

We now insert the vector of complicated fields C' given in (2.50) into the flavor mixing
term in the action, obtaining

k—1 {41 /—1
tr [CTSiLz’ C] = [e > Bl Beam = (C+1) D> (B (B )e1m
=1 L m=—1-1 m=—L+1

1 i ITED) ((Bo)em
+ﬂ;£< n (43); ><+z W+t o )((AZ)W)]'
(2.53)

The fields B diagonalize the full 4 x 4 matrix as we discussed before. What remains to be
diagonalized is the 2 x 2 matrix in the last line of the previous equation. Note in particular
that this matrix does not depend on the magnetic quantum number. The fields that achieve
the diagonalization are

1
Dy——— (—z\/ZB VT IA )
+ ,72 7 0 3
(2.54)
D_ = ( VI+ 1B + VIA )
,72 7 0 3
with eigenvalues Ay = £ and A_ = —¢—1. Notice from this result that the masses are integer

numbers, even though from (2.53) we could have expected square roots in the spectrum.
This is actually an indication that the spectrum can be obtained in a simpler way, namely
only using Clebsch-Gordan coefficients as in [13].

This concludes the diagonalization of the 4 x 4 sub-block of the seven-dimensional flavor
mixing matrix, which is relevant for the case where one ¢, is 0. We summarize the result in
table 2. We have effectively rederived the spectrum of the bosons for the classical solution
considered in [13] where only three of the scalar fields get non-trivial SO(3)-symmetric vevs.
Our method is however different and can be extended to the present classical solution with
SO(3) x SO(3) symmetry. In particular, we will find a natural generalization of the 2 x 2
matrix in (2.53).

Full mixing matrix. Let us now diagonalize the full seven-dimensional matrix (2.39)
in the case where ¢; # 0 and {5 # 0. Following the steps discussed for the 4 x 4 sub-
block relevant for the case where one ¢, = 0, we define fields BV and B® with total
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Mass eigenstate Mass m? Multiplicity
B m2y = (1) + bl +1) (201 4 3)(265 + 1)
pY m?y = (A1) +2) (1) (26— 1)(26+1)
BY miy = Ol +1)+ bl —1) (201 + 1)(205 + 3)

@ mby = LD+ (e+)(B+2) 26 +1)(26-1)
Dy mi= 0101 +1)+lo(la+1)+2 (201 +1)(205 + 1)
Dy mi = li(l+ 1)+ Lol +1) =20y (26 +1) (20 + 1)
D_ m? = L0+ 1)+ Lo(be +1) —2X_ (201 +1)(202 + 1)

Table 3. Masses and eigenstates of the complicated bosons in the kiks X kiks block in the
SO(3) x SO(3)-symmetric case. One must consider all combinations of ¢ = 1,...,k; — 1 and
ly = 1,...,ko — 1. The masses for the fields in the off-diagonal blocks are obtained by the
replacements £1 — k12— L

same replacement followed by a multiplication with 2(N — k1k2).

angular momentum in each sector. As before, they are given in terms of Clebsch-Gordan
coefficients by

+1
(B(l))jl,mhfl;b,mg = Z <€17 mip — ms; 17 ms|j17 m1> (Cgs))éhml;ég,mga (255)
ms=—1
+1
(B(Q))€17m1§j27m27£2 = Z (b2, ma — mg; 1, mslj2, m2) (Cr(r%z)éhml;fz,mz' (2.56)
ms=—1

We can also write out the corresponding basis states explicitly:

(YW) =Y,

Ormeo O (2 _ vmi O
j1,mil1a,me = Limyl ® YEQ ) (Y( ))gl,ml;jmmmb = Y€1 ® Y}%m??b' (2'57)

Now using the natural generalization of the matrix elements in (2.52), one can see that the

four fields Bg ) and Bf ) diagonalize the full 7 x 7 matrix (2.39). It remains to diagonalize
a 3 X 3 matrix, which is a simple generalization of (2.53):

-1 0 —i\/li(f +1) B(()l)
(B (B (49)") 0 0 ieGay |82 ] @)
—i—i\/fl(gl—i-l) —i—’i\/gz(gg—i-l) 0 Asg

Here we have dropped the quantum numbers from the fields to unclutter the notation. This
matrix has eigenvalues

1
A= —1, )\i:—ii\/fl(fl—i—l)—l-fg(EQ—l—l)—l—i, (2.59)

and the corresponding diagonal fields are

1
- (—\/52(52 +1)BY + /a(h + 1)352)) ,
1
Di = (i\/ﬁl(ﬁl +1)BY + i/ 66+ 1B + A¢A3) ,

Dy
(2.60)
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with

Ni=2Az(05 = Az)

1
=2 (1 A0+ 1)+ Ao(y + 1) £ /1 + 41 (0y + 1) + 4ba(ls + 1)) . (2.61)
Ny = —)ur)\f = fl(fl + 1) + 52(42 + 1).

Since A1 contains a square root, it is clear that it is impossible to obtain the spectrum of
masses using only a Clebsch-Gordan decomposition, but a more general procedure like the
one we have presented is required.

2.3 Fermion mass matrix

Inserting the classical solution (2.4) into the mass term for the Majorana fermions (2.8),
we find

3 3

2 —1 _ _

Smf = P d'z (2;53) tr (2 :%(Ggl))jkLgl)wk + :%(GEQ))ML?)(%W)), (2.62)
YM i=1 =1

where Ggl) = G, and G§2) = G,43 for i = 1,2,3. Since [G(l), Gf)] =0 and [Lgl),ng)] =0,

7
we can diagonalize both terms in (2.62) simultaneously. We give the form of the matrices

GEI) and GEQ) in appendix A using the same conventions as [13]. From [13], we also know

that the matrices Ggl) can be transformed into block-diagonal form with

0 —i—-10
U= \2 _01 (1) é (3 = Ul¢Wu=— (‘B (S) =1, ®o0; (2.63)

t 0 0 —1
Here o; are the usual Pauli matrices. Acting with U on the remaining matrices GZ@) gives
U'GPU =io; 1. (2.64)

(2)

The extra factor of 7 is consistent with the fact that the matrices GZ.2 are anti-Hermitian
and it is also required to make the term with 75 in (2.62) Hermitian. On the fermions, the

transformation U yields

Y1 —3 — 14 Ciy
plv2| _ 1 [t | _[Cyn| _
v s | V2 |~ — it Cie | cr (2.65)
Y4 —ith3 — Y4 C__

Here the subscripts on Cmsl7m52 indicate that the field has spin % and magnetic quantum
number mg, with respect to %]lg ® o3, and spin % and magnetic quantum number mg,
with respect to %03 ® 19. The fields also have orbital angular momentum ¢, and magnetic

quantum number m, with respect to L(® for a = 1, 2. This problem is closely related to
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the one studied in [13], with the difference that here we have two copies of the spin-orbit
coupling problem.

To diagonalize the mass matrix, we define the total angular momentum operators

JV =1 4 %12 o, JPD=L®4 %ai ® 1, (2.66)
so the terms inside the trace in (2.62) take the form
_ 1/1 -~ 1/1
—Cp |(JW)? = (LW)? - 3 <2 + 1>] Cr+Cp [(J(Q))Z — (L®))? - B (2 + 1>] (i75) Cp.

(2.67)

The notation Cr means the following: transpose the four-dimensional vector of fermions
Cr as given in (2.65) and take the Dirac conjugate ¢ = 1)+ of each fermion inside of it.
The explicit formula for the diagonal fields in terms of the Clebsch-Gordan coefficients is

given by
Jij2 _ § : .1 ; ) .1 ; .
Behmjl;zQ,ij - <€17 mi;3,Ms ’]17 m]1><£27 ma; 5, Ms, |.72> mJ2><Cms1,m32 )517m1§52,m2’
Msq,M1
Msq,1M2

(2.68)

where the total angular momentum is j, = ¢, + % In total, there are four combinations
from combining j; = ¢ + % with jo = o £ % in all possible ways, each with a multiplicity
of (2j1 + 1)(2j2 + 1). The eigenvalues of each term in (2.62) are

1/1 ¢ for j=40+31,
JG+1) =0l +1 —<+1>: 2 2.69
( )~ 4 ) 2\2 ——1 for jzé—%. (2.69)

After the diagonalization, the quadratic part of the action for the fermions takes the
schematic form

2 [, i 1 ,
S=——[d x;tr [ §Ba7“8HBa — %Ba (ca +idays) By | - (2.70)

Here the index « is running over all the diagonal fields B. We will now use a chiral rotation
to rewrite this action in a form where the mass term is positive and does not contain the i+
part. Following the procedure described in [33], one finds that the required transformation is

By = cos (%) B, —isin (§) v B, 0 = arg(c + id). (2.71)

Notice that this transformation preserves the Majorana property, namely the fields By, are
also Majorana fermions. Using this transformation, one can check that the resulting action
has the form

_ 2 4 i R AN ! Ma 5z
S = e d :U%:tr [ 5B 0uB;, — 92, BoBa | (2.72)

with mq = |cq + ida| = /2 + d2. We list the values of ¢, d, and m, along with their
multiplicities in table 4.
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Mass eigenstate c d Mass m = |c + id| Multiplicity

1,1

Bhtalty gy b myy= B+ (61 +1)(la + 1)
1, 1

Bhitata—3 -l —lr—1 my_ = f% + (0o + 1)2 (61 4+ 1)l
1, .1

Bh—2bty g1 05 m_y = VL +1)2+2 01(ls + 1)
1, 1

36175’8275 51 +1 —62 -1 m__ = \/(61 + 1)2 + (fg + 1)2 6152

Table 4. Eigenvalues and eigenstates of the fermions in the SO(3) x SO(3)-symmetric case in the
k1ko X k1ks block. One must consider all combinations of ;1 =0,...,ki—1and ¢, =0,...,ks—1. For
the definition of ¢ and d, see (2.70). The values for ¢, d and m for the fields in the off-diagonal blocks
are obtained by the replacements ¢; — ]“; L and ¢y — kQQ L while the corresponding multiplicities

are obtained by the same replacement followed by a multiplication with 2(N — ki k).

2.4 Summary of the spectrum

We have now derived the spectrum for the defect CFT with SO(3) x SO(3)-symmetric vevs.
For the easy bosons (and the ghosts), we had to diagonalize the operator (L(1))? + (L(2))2
which was achieved by expanding the fields in the kiko X k1ko block in fuzzy spherical
harmonics. The fields in the off-diagonal blocks were already eigenstates of this operator.
We list the masses and multiplicities of the easy bosons in table 1.

For the complicated bosons, the mass term reads
(L2 4 (L®)2 —25 . L, (2.73)

where the term S - L is responsible for mixing fields of different flavor. Knowing that
(LM)2 4+ (L@)? is diagonalized by an expansion in fuzzy spherical harmonics, we have
subsequently obtained the eigenstates of S - L in two steps. Since we were coupling the
spin-¢ with the spin-one representation of su(2), we had to distinguish between the case
where either ¢; or 9 were zero and the case where both ¢, were non-zero. The case £, = 0
formally reduced the diagonalization problem to the one solved in [13], which we solved
using a slightly different approach that was also applicable to the second case where both
£1 # 0 and ¢9 # 0. For this case, we first diagonalized the 3 x 3 blocks TiLgl) and TiLZ@
using angular momentum coupling. The eigenstates with j; = ¢1 =1 and jo = 2 £ 1 could
trivially be padded with zeros to give eigenstates of the full matrix and their eigenvalues
are given in (2.48). For the remaining eigenstates, we had to diagonalize the 3 x 3 matrix
in (2.58) and found D4 and Dy in (2.60) with eigenvalues Ay and Ag in (2.59). Adding
the contribution from (L)% 4 (L(?))2, we obtain the masses shown in table 2 for the case
where one of the /¢, is zero and in table 3 for the general case where ¢1 # 0 and ¢ # 0. Note
that we are only listing the masses and multiplicities for the fields [q)]n,n’ in the k1ko X k1ko
block here. To obtain the masses and multiplicities of the fields in the off-diagonal block, we
use the replacement rule (2.23). The multiplicity also receives an extra factor of 2(N — k1 ks)
from the size of the two blocks. Additionally there are (N — k1ka) X (N — k1ks) massless
fields [®@], 4.
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Finally, we found that the spectrum of the fermions could be obtained by simply
employing the angular momentum techniques from [13] for each sector. The only additional
step was the chiral rotation which allowed us to trade the term with 45 in the action for a
standard mass term. The fermion spectrum is shown in table 4.

Let us compare the spectrum for the defect CFT with SO(3) x SO(3)-symmetric vevs
dual to the D3-D7 brane system derived here to the one for the defect CFT dual to the
D3-D5 probe-brane system, where only three scalar fields get non-trivial SO(3)-symmetric
vevs, derived in [13]. In the D3-D5 system, the spectrum can be derived using Clebsch-
Gordan coefficients only, i.e. it is not necessary to employ the two-step process that we
used to rederive it here. In the D3-D7 system however, Clebsch-Gordan coefficients are
not sufficient as can be seen from the appearance of square roots in the mass eigenvalues.
Furthermore, in the D3-D5 system, supersymmetry was visible in the spectrum. Defining
v=4/m2+ i for the bosons and comparing it with the mass |m | of the fermions, one could
see that the steps between these parameters were half-integers. This could be attributed
to supersymmetry in AdSy, where the conformal dimensions are given by A = % + v for
the bosons and A = % + |my| for the fermions. The conformal dimensions within one
supermultiplet however differ by % which implies the observed relation between v and |my|.
In the present case, we can only relate three of the masses that appear in the spectrum of
the bosons; namely, we find the relation

vo=\/mZ +§ =Veasy T 1, vp=1/m2 + 1= Veasy — L. (2.74)

This is consistent with the fact that supersymmetry is broken in the D3-D7 system.

3 Propagators

In this section, we take into account the effect that the z3-dependence of the ‘masses’
has on the propagators of the scalars (subsection 3.1) and the fermions (subsection 3.2),
following [13]. We then derive the propagators of the flavor eigenstates that occur in the
action in terms of the propagators of the mass eigenstates. Thus, this section provides the
framework for doing perturbative calculations in this defect CFT.

3.1 Scalar propagators

The propagator for a generic scalar field with mass term ’;‘—22 is the solution to

3

2 2
(-a“a“ + 7;’;) K™ (z,y) = 9Y2M 5(z —y). (3.1)
3

As noted in [16], the propagator of a scalar with mass %,2 in (d+ 1)-dimensional Minkowski
3

space is related to the propagator of a scalar with constant mass m? in AdSgz, ;. The
relation is explicitly given by
2

2 d—1
2 g _oal oo 5
K™ (2,y) = %(%’3?13) 2 Kjys(,y), m*=m?— 1

(3.2)
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In our case, d is the dimension of the defect, i.e. d = 3. Using that m? = A(A — d) in
AdSgy1, we find that the scaling dimension A is

d
A=—-+v, v=y/m?+

5 1. (3.3)

A closed expression for the scalar propagator in AdSgy1 using Euclidean signature can be
found e.g. in [34]:

I'(A)&(z,y)~
(2A — d)md/2T(A — &)

Kius(z,y) = oA oF1 (2,855 A = § +1;8%(x,y)) (3.4)

with

2x3y3
234+ Y3+ (w0 —yo)? + (w1 —y1)? + (w2 — y2)?

(z,y) = (3.5)
For the Feynman-diagram calculation, we will require the propagator evaluated at x = y.
In this case, the propagator diverges (in the UV) and needs to be regularized. Our
regularization of choice is dimensional regularization (or rather dimensional reduction, as
we discuss below). Moreover, we want to keep the codimension of the defect at 1, such
that its dimension becomes d = 3 — 2¢. The expression (3.4) cannot be used in this case.
Instead,

2
1
K" (z,x) = M

1
2 Ton7a {m2 ( - log(4m) + vg — 2log(z3) + 2V (v + 3) — 1> - 1} ,

(3.6)

which is derived from an integral representation of (3.4), see [13]. Above, vg denotes the
Euler-Mascheroni constant and ¥ denotes the digamma function.
3.2 Fermionic propagators
After the chiral rotation, the action for the Majorana fermions takes the form
2 7 - m -
S=—— [ d*ztr [ — PO — — Y| 3.7
P 2 a 213 (3.7)

where the mass m > 0, cf. (2.72). The fermionic propagator is the solution to

- W m m 932(1\/[
—1y"0,, + ;3 K7 (x,y) = Té(x —9). (3.8)

These propagators were derived in [13, 35],
m ; m v=m—1 v=m-+1
Ki(ey) = |i"0, + | [K =" @, )P+ K" 3@ y)Pe] . (39)
3
with Py = $(1 +i73) and K¥(z,y) being the bosonic propagator.

The fermionic propagator will later be required in the calculation of the one-loop
correction to the classical solution (section 4), where fermions can circulate in a loop. As
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all spinor indices have to be contracted in this case, we will be interested in the spinor trace
of the propagator. Using (3.6), one can show that the trace of the fermionic propagator,
regularized for x =y, is [13]

2
tr Kt (x,z) = 8121\32[3 [m?’ +m?—3m—1 (3.10)
3

1
+m(m? —1) <— —log(4m) + vg — 2log(x3) + 2¥(m) — 2> ]
€

It will later be convenient to have an expression for the propagators between the fermion
fields before the chiral rotation. Before the chiral rotation, the action takes the form (2.70),

2 . 1 -
S=—— [d%tr| —Yy*o — — id . 3.11
o x tr [ 597" v 29{/,3¢(C+Z 75)14 (3.11)
Here 9 could be any of the fields By, either in the kjko X kika, the (N — k1ka) X k1ko or
the ki1ke X (N — k1ky) block. Since the mass m is related to the parameters ¢ and d by
m = |¢ + id|, the propagators between the original fields 1) and chirally rotated fields v’ are

_ - _ letid
($@)d) = Ki'wy), (W@ ) =Kp @ y). (3.12)

Using the transformation (2.71), one can see that the relation between them is
IN(IC,’d = cos? (g) K}CHd' — sin? (g) 75K1‘§+id|'y5 — sin (g) Ccos (g) {7s, Kl‘chrid'}, (3.13)

where 6 = arg(c + id). We will always be interested in the trace of this propagator,
possibly multiplied by iv5. Using the explicit form of the fermionic propagator (3.9) and
trigonometric identities, we find

- s - d — ot
tr K67 = |7:1] tr K}nilcﬂdl, tr <i’y5K;’d> = Tl tr K}nilcﬂdl. (3.14)

3.3 Color and flavor part of the propagators

In sections 2.2 and 2.3 we have found the mass eigenstates of the theory, and the propagators
between them can be obtained as described in sections 3.1 and 3.2. However, it will prove
convenient to also derive the propagators between the fields that originally appeared in
the action of N' =4 SYM theory, namely the six scalars, the gauge field, the Majorana
fermions and the ghosts. The reason is that it would be extremely cumbersome to rewrite
the interaction vertices (2.9) in terms of the diagonal fields. Note that we are still giving
the propagators for the color components [®],, and [®],, defined in (2.15) as well as
Dy, myils,m, defined in (2.24), which partially diagonalize the color part of the mixing
problem.?

5Recall that the massless fields [(I)Lz,a’ have ordinary propagators. The massless fields from the ki k2 X k1 k2
block can only propagate for x3 > 0 and appropriate boundary conditions have to be imposed at the defect
for these fields. In the D3-D5 case, supersymmetry puts constraints on the possible choices of boundary
conditions, cf. [36, 37], but in the present case we have no such guidelines. The choice of boundary conditions
for these fields, however, will not affect the results in the large-N limit.
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To find these propagators, we express the original fields in terms of the diagonal fields.
For example, for the bosons we have to undo the three steps of the diagonalization: the
flavor transformation (2.36), the Clebsch-Gordan procedure (2.55) and the diagonalization
of the final 3 x 3 matrix (2.60). The details of this calculation are shown in appendix B.

The mass term of the complicated bosons is diagonalized in terms of the fields B(il ), Bf ),
Dy and D4. Thus the propagators between these fields are simply the scalar propagators
K™ (z,y) from section 3.1 with the corresponding mass eigenvalue from table 3. The
eigenvalues A+ and normalization constants Ny and Ny were given in (2.59) and (2.61),

but we repeat them here for convenience:

1
Ay = ~5 + \/fl(ﬁl + 1)+ 0+ 1)+ %, Ni=X:(A\x—As), No=-A A (3.15)

For the matrix elements of the su(2) generators t;, we use the shorthand notation

Y4 201+1 V4 20541
st = 2 i o1s 1 Ty, = 22ty i1ty 1. (3.16)

Explicit expressions for the generators ¢; are given in appendix A.2. The propagators
involving easy fields are diagonal in flavor, and we find
2=f1 (b141)+L2(L2+1
<(A0)€1m1;€2m2 <A0);gm’1,e’2m’2> = 5218’16822’25m1,m’15m2,m’2 K" HatDHa (bt )7 (317)

= easy

where one could replace Ay with any of the other easy fields Ay, As or ¢. For the propagators
involving Az and scalars of different sectors, we find

2 2 2
(1) 7(2)\t _ (€1) (t2) K™ K™ KT
<(¢i )Eﬂnl;ézmz((bj )Zimi;lémé> = 5Z11?'15€zé’2 [ti ' ]ml,m’l [tj ’ ]mmm; ( N_ + N, - No |’

EKgbpp
(3.18)
<((/31('1)>E1m1;62mz (Ag);,lm,l;%mQ = _<(A3)£1m1:,€2m2 (égl))zama;%m;) (3.19)
. V4 A_;'_ m?2 /\_ m?2
= —i0p,0 00,0, ! 1)]m1m’15m2m’2 <NK -+ N7+K +>,
=K®A
T )\3‘ m2 )\2— m2
<(A3)€1m1;€2m2 (A3)Z’1m/1;l’2m/2> = 6Z1Z'15€2€’25m1m’15m2m; KK -+ N7+K ], (3-20)
=KAA

with qu(l) = &Z and &EQ) = (51-4_3. For the propagator between scalars from the same sector,

we find
71 ()N
<(¢£ ))e1m1;£2m2 ((Z5§ ))}ﬁmi;%m/2> = 5515115g25125m2m/2 (3.21)
850 1 pemt 4 B pemto ) Jieat™)] Krtoe K-
1gYmaimi 2£1 ) ) 2[1 1 ) €ijk|lg mi,mj 241 +1 2£1 1
=K =K1
m? m2 2 m2 m2
_ [t(fl)t(fl)] ( K™m+ i K"o- ly(le + 1) K™o K™ K +>}
om0 41)(0+1) T 26+ 10 LG +1) No N- Ny )|

=&

sym
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From (3.19) and (3.21), the propagators for the other sector are obtained by a simple
relabeling, e.g.

(B ermustama (B s grms) = (B tamastims BVl s rme)s (3:22)

where the (implicit) dependence of the masses on ¢; and ¢ must be taken into account as
well. In the following, we will often use the combination of spacetime propagators K,
Koop, K4, K44, KSO | K2 and K4 defined in (3.17)-(3.21).°

Before the chiral rotation, the quadratic part of the action for the fermions is diagonalized

by the fields Beﬁ%’gﬁ%, BZﬁ%’ZT%, Bgl_%7£2+% and Bel_%’ér%. Written in terms of
these fields, the action still contains 5. Therefore, the propagators between them are of the
form f(;id in (3.13), where the eigenvalues ¢ and d are given in table 4. In the calculations
in this paper, the propagators always appear inside a spinor trace, possibly multiplied by ~s,
and they can be transformed to the propagators K} by means of (3.14) which relates them
to the propagators after the chiral rotation. Undoing the diagonalization of the fermion
mass matrix, we find

— Or,0, 00,0,
<(¢i)€1m1;€2m2(l/)j)@’lm’l;Z’QmQ = (201 + 1)(20, + 1)

(3.23)

{ o OByt Oy | 102 KT by (0 1) KT

(O + 1)l K727 (0 + 1) (6 + 1) f(;el,eg}
— (GG I oy S | (02 1) (B2 = R
N el

] (R P N—y -, [(61 +1) (K;flv@ _ f(;fh—@—l)

s (K?Jrl,fz _ f(?ﬂ,—ez—l)]

1 n2

. Sl 1, —ly— S0y +1,0 S ly,—ly— 0,0
+ Z[G%I)G%)]ij[t%l)]mlm’l [t(&)]mzmg [KFl+1 =l KFlJrl P - Kp vt + Kp ' 2] }

The propagators given so far are valid for fields in the k1ko x k1ko block, not the fields
in the (VN — k1ke) X k1kg and k1ky x (N — k1k2) blocks. As we argued in section 2.2.1, we
can simply replace

k1 —1 ko — 1

61 — and 52 — 5

(3.24)

everywhere to obtain the masses for the fields in the off-diagonal blocks. For the fields
themselves, we replace (®)7,m,:69ms — [®P]n,q. To obtain the corresponding mass eigenstates,

5The cases where either ¢ =0 or £5 =0 required special treatment in the diagonalization of the boson
mass matrix, see the discussion in section 2.2.2. In these cases, the spectrum reduces to the one in table 2,
which was originally found in [13]. While the boson masses in table 3 do not have the correct limit for 1 =0
or {2 = 0, the propagators presented in this section indeed reduce to the ones found in [13].
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we have to replace the matrices Yglnl ® 174?2 by E™,, resulting in a replacements of the
orthonormality condition (2.28) with (2.20) and similar changes in the non-diagonal matrix
part. We find for the propagators between the easy fields,

<[A0]N7G[AO]L/7Q/> = 5a,a’6n,n’Keasya (325)

where as above Ag could be any of the easy fields Ay, A1, A and c¢. For the remaining
propagators, we find

(0 nal 1, ) = aw [tF @ £52], 0 KS,, (3.26)
(0l A3]]y o) = —([Aslaldl 1]y ) = 00,005 @ Ty KO, (3.27)
<[A3]n,a[A3]L/,a/> = 5a,a’5n,n’KA’A (328)

and
<[¢;§1)]n,a[¢;§1)]21’a/> == 5a,a/ |:57,j5n,n/K§;;l(g1) — Zﬁmk[tzl ® ]le]n7n/K;i’lﬁ)

- [tflt;:l ® ]lkz]n,n’K¢’(1):| .

sym

(3.29)

As above, we can simply obtain the expressions for the scalars from the other sectors
from (3.27) and (3.29), e.g.

(6P nalAslly o) = 000 (L, @ 82 KO, (3.30)

Note that it is understood that the replacement rule (3.24) is applied everywhere, in particu-
lar also in K, Kg)pp, K®A K44, Kji);l(gl), Kfﬁg)v and Kg;r(&) defined in (3.17)-(3.21). No
new complications arise for the fermions in the off-diagonal block and it is straightforward

to obtain the propagators between them from (3.23).

4 One-loop corrections to the classical solution

With the propagators at hand, we are now able to study many different quantities perturba-
tively. In this section, we start by calculating the first quantum correction to the classical
solution, i.e. to the vevs of the scalars. While it is not observable itself, it occurs as a
part of the calculation of many observables, including the one-loop corrections to one-point
functions of scalar single-trace operators considered in the subsequent section. We find
that the first quantum correction to the scalar vevs is non-vanishing, unlike in the D3-D5
system, where the vevs of the scalars were not corrected at one-loop order [13].
The one-loop vacuum expectation value of the scalars is [13]

<¢i>1—loop(x) = &Z(x> /d4y Z ‘/3((1)1(3/), CI)Q(y)a @3(3/)) (41)

$1,92,93

Here, the sum of all the contractions of cubic interactions occurs where one of the fields,
which we call ®1, remains uncontracted. The field ®; is then contracted with ¢; and the
position of the interaction is integrated over to obtain <<z5i>1_100p.7

"The only conceivable contribution of the defect fields at one-loop order is through a cubic defect vertex
V3. However, the defect fields ®2 and ®3 are massless in this case, resulting in a massless tadpole integral
that vanishes due to conformal symmetry.
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The calculation of (4.1) requires the evaluation of propagators at the same spacetime
points, i.e. K”(y,y) and tr K7 (y,y). This introduces divergences which we regularize
using dimensional regularization, cf. (3.6) and (3.10). Dimensional regularization in 4 — 2¢
dimensions changes the number of components of the gauge field to ng = 4 — 2¢ while
keeping the number of scalars and fermions fixed. This breaks supersymmetry and is
therefore not a convenient regularization scheme for standard N' = 4 theory; for instance,
non-renormalization theorems due to supersymmetry are only applicable if supersymmetry is
preserved by the regulator. Usually, supersymmetry can be restored in dimensional reduction
by introducing additional 2¢ scalars in the action [38, 39], which has been successfully
applied in V' = 4 theory (see e.g. [40, 41] and references therein).® In the defect theory,
the regularization procedure must be chosen in a way that is compatible with the theory
without the defect, i.e. with A/ =4 SYM theory. The reason is that the entire UV behavior
of the theory with defect is governed by the theory without the defect. One can see this
by considering the scalar propagator (3.2) in the limit © — y, where it reduces to the
propagator for a scalar in A/ = 4 SYM theory in four dimensions. In the following, we will
therefore work in a version of dimensional reduction where we introduce 2¢ scalars behaving
as the easy components of the gauge fields. We also note that dimensional reduction has
been applied successfully in [13] for the D3-D5 system, where it was crucial for the one-loop
correction to the vevs to vanish.

We will work in the planar limit, where N — oo and gyy — 0, such that the 't Hooft
coupling A = Ng%,; remains fixed. The computation of (¢;)1.100p is technically involved, so
we present it in detail in appendix C, while here we will focus on the results. We find that
the one-loop correction to the scalar vevs is

(A)(@) = (67 ) - (B17), () + O0N?)

A a
_ (1 WOk k) + 0<A2>) (35 e @)

(4.2)

for @ = 1,2. This result is valid for arbitrary ki, ks > 2, and the functions W(l)(kl, k2) and
W (ky, ky) are

1 16
W k) == <3m —t k:+k:—2> U (Veasy + 3)
1 2
(k1 —2) (k1 +3) (ks —2)
_ 2k (lﬁ _ 1) m%l)ﬁ\ll(l/(l),f + %) — Wmé%_\y@@)ﬁ i %)

(k1 +2) (k1 —3) ,
T ) MYt s) -

k2 -1
_(1 4 (2 )>m(2)\1’(1/0+5)+1 8

3T R 2R 1) 2 Bt -2
k14 1)(ke —1
L (k1) (ke —1)

| (T

8For sufficiently high loop orders, dimensional reduction is known to become inconsistent though [42-45].

ko + 2
(Q,Q)W%z),#l’(”@)# +3)
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(k1 +1) (k2 + 1)

) (m?, — 1) (‘P (m—) + 2ml_+>
o)

U“l‘fo* Y (m2++_1)(\p(m++)+ ! ) (4.3)

and
W (ky, ko) = WO ko, ky). (4.4)

The masses and v = /m? +i are functions of k1 and ko that are explicitly given in

tables 1, 3 and 4, where in the latter two the replacement ¢, — ka; L is understood. While
we have suppressed this dependence in (4.3), it is understood to be taken into account
in (4.4). Note that we have used (2.74) to write ¥ (v_ + 3) and ¥ (v4 + 3) in terms of
¥ (v + ).

On top of the planar limit, we can employ the double-scaling limit introduced in (1.3).
We find

) ) 2k3 )
(O oo ® = ~ g G A e s
A 2k} '

(2) -~ (2)
<¢z >1—100p(m) - 47T2(k‘% + k%) (k% —i—k%)Q <¢z >tree’

where ~ signifies that we are only keeping the leading powers in k1 and ko. Notice that the

expansion yields a result that has the desired expansion in the double-scaling parameter
A
(k¥+k3)"

Finally, let us note that the one-loop corrections to the vevs of all other fields are
vanishing.

5 Omne-loop corrections to single-trace operators

In this section, we consider planar one-point functions of gauge-invariant bulk operators of
the defect CFT. We start with general single-trace operators (subsection 5.1) following [13]
and then specialize to the 1/2-BPS operator tr A (subsection 5.2). In particular, we
consider operators with well-defined scaling dimensions A, normalized such that in the

theory without the defect the two-point functions are”
5ab
(Oa(2)0p(y)) = o=y (5.1)

9The latter requirement is necessary for the one-point functions to be observable. In general, only
(0)/]10]] is observable, where the norm ||O|| is given by the two-point function far away from the defect.
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.

(a) Tree level (b) Tadpole (c) Lollipop

Figure 2. Diagrams that contribute at tree level (a) and one-loop order (b)-(c¢) to a single-trace
operator such as (tr ZF)p_g (in the planar limit). The black dot denotes the operator and the
crosses signify the insertion of the classical solution.

On the grounds of conformal symmetry, we know that the one-loop one-point function of
these operator in the defect CFT will be of the form
c c
T3 x3

where Ag is the bare and + the anomalous conformal dimension of the operator.

5.1 General single-trace operators

We will consider a general single-trace operator built out of the scalars,

O(l‘) = Qnizi tr(¢i1¢i2 s ¢1L)(x)7 (53)

which is required to have a well-defined scaling dimension. At leading order, this requires
the operator O to be an eigenstate of the one-loop dilatation operator and hence the wave
function 0% to be a solution of the one-loop Bethe ansatz [46].

We can evaluate the one-point function of this operator at tree level by inserting the
classical solution (2.4) for the fields ¢;:

(Ohtree(w) = O"2L tr(¢5 65, . .. 5 ) (). (5-4)

At one-loop level, there are two diagrams that contribute to the one-point function, see
figure 2. Following [12, 13|, we will call them lollipop and tadpole diagram.

The lollipop diagram is one-particle reducible and describes the one-loop correction
to the classical solution. Its contribution is obtained by considering all fields ¢; at their
classical value qbfl, except for the one at position ¢;, which is replaced by its one-loop
correction. We then sum for all possible values of j =1,... L,

L
(ONoi() = 0213 " (] . (i) 1100p - - - 5 ) (). (5.5)
s
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For a particular O, this diagram can be evaluated using the correction to the vevs (4.2)
which we have calculated in the previous section.

The tadpole diagram is obtained by expanding the fields around the classical solution
as ¢; = qb;?l + QEZ-, and keeping only the quadratic terms in the quantum part (;31 The two
quantum fields in a particular term of this sum must be Wick contracted, and one obtains

L . - . . ~ ~
(O)taa(x) = Y OFtinin b gr(gf G iy, ... 65 )(x)
J1,j2=1

; (5.6)
= Z Oil“.ijiﬂ—l“.n tI‘( ﬁ cee EnaEan/ tee gi)([qgij]nya[éij+1]a,n/>'
j=1

In the second line, we have used that in the large- N limit only contractions from neighboring
fields contribute. Moreover, propagators between fields in the off-diagonal block scale like
N — k1ky >~ N, whereas propagators from the k1ko X k1ks block would scale like k1ko < N,
so we are only keeping the former. One can a priori calculate this diagram for any particular
operator O by using the propagators in (3.26) and (3.29).

The one-point function of a general operator O can receive two additional corrections
at one-loop order. If the contribution from the tadpole diagram in (5.6) is UV-divergent,
the divergence has to be canceled by the renormalization constant Z = 1+ Zy_joop + O(\?).
At one-loop order, the corresponding correction to (O) is

<O>1-loop,2<x) = <Zl-100p0>tree($)- (57)

The second additional correction to (O) arises from the first quantum correction to the
wave function O"1%2L of the operator. Since we are considering operators with well-defined
conformal dimension at one-loop level, O"1%2-L is already a one-loop eigenstate found by
diagonalizing the one-loop dilatation operator. The first quantum correction therefore

comes from the two-loop eigenstate (’);{fg(-)-bu’
(O)1:100p,0(2) = Oél_llgopu tr(¢5 o5k - - o1 ) (). (5.8)

Thus, the one-loop one-point function of a generic single-trace operator is

<O> 1—loop(x) = <O>lol(x) + <O>tad(33) + <O>1-loop,2(m) + <O>1—loop,(9(x)- (5'9)

Finally, we note that the planar one-point function of a multi-trace operator is given by the
product of the one-point functions of its single-trace factors.

5.2 One-loop one-point function of tr Z%

We will now particularize the results from the previous subsection for the 1/2-BPS operator
O =tr Z*, where Z = ¢3 + i¢s. The tree-level one-point function of tr Z% is obtained by
replacing all fields by their classical value:

(—i)"(kF + k3) >+ sin [(L + 2)]

(tr Z" )ppee = tr [(ZCI)L} = 2baf (L +1)(L +2)

(5.10)
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This and other color traces have been collected in appendix D. In the above equation, we
have defined the angle 1)y = arctan(k/k2). Moreover, the symbol ~ is used here and in
what follows to indicate that we are only keeping the leading-order term in the limit where
k1 and ko are large. The result vanishes unless L is even, so this will be implicitly assumed
in the following discussion.

Now we proceed to study the one-point function of tr Z beyond tree level. Since
the operator tr Z* is 1/2-BPS, in the theory without the defect it is protected from
quantum corrections; therefore, (O)1100p.z(x) = 0 and (O)1.100p,0(x) = 0. However, for
the latter statement to be true, we must use a renormalization scheme that preserves the
supersymmetry of the theory without the defect, and therefore it is required that we use
dimensional reduction in our calculation. We conclude that if we use dimensional reduction,
only the lollipop and tadpole diagrams contribute at one-loop order,

(tr ZF Yoy = L tr [(Zd)L’l(Z)l_loop] (2= L [(Z)P222). (5.1

In the remainder of this section, we will evaluate these two diagrams.
To calculate the lollipop diagram, we use (5.11) and the one-loop correction to the
vevs (4.5):

AL
27['21'3(]{% + ]{2%)
L AR R

T 2L Hn2(L + 1)(L + 2)ak
N kg)Lcos(szo)). (5.12)

(tr 2% )11 . (kg tr [(Zd)L—lt’gl ® n,m] ikt tr [(Zd)L—1 1y, ®t’§2} )

(063 = k) (ki + K3 + Unka)(L + 2)) sin( L)

In the second line, we have used (D.7) in appendix D to compute the color traces.
Finally, the contribution from the tadpole diagram (5.11) is

2 2
(tr Z" )iaa = NI (tr [(ZCI)L_Q]lkl ® (157) ] KS@ — tr [(Zd)L—2 (4) e nkg] KM

(22 (KGY) — KG) + 20 [(2) 24 @ 7] Kfpp>,
(5.13)

where we have used the propagators (3.18) and (3.21). We can expand this expression in the
limit where k; and kg are large, which combined with the color traces in appendix D gives

AL(=i) (k3 + k3) %1
2L+272(L — 1) (L 4 2)z%

(tr Z5) o = [kalkg cos(Lapo) — (k2 — k2)sin(Lu)|.  (5.14)
Notice that the tadpole diagram does not depend on the regulator e from dimensional
regularization. In fact, even though (5.14) is applicable only in the double-scaling limit, the
regulator drops from the tadpole diagram even for finite k1 and k. This is an important
consistency check; since tr Z% is a 1 /2-BPS operator, it should not be renormalized, so we
should not find any UV-divergences and the terms proportional to % should cancel.
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We can combine the tree-level result (5.10), the lollipop diagram (5.12) and the tadpole
diagram (5.14) to obtain

Rt + ! A(kiko)? + (L2 +3L —2) (ki + k3)  (5.15)
(tr Z% ) tree 472(L — 1) (kf + k%)?’ 1 2

2
+2(L — 1)(L + 2)k1ks (K — k3) cot[(L + 2)1/10]) +0 (W) :

Note that the result has indeed an expansion in the parameter m as suggested by the
1 2
string-theory dual of the defect CFT. Moreover, the result (5.15) precisely agrees with the

supergravity prediction (1.4) quoted in the introduction!'’

6 Outlook

While the main result of the present paper is a highly non-trivial positive test of AdS/dCFT
for a configuration where supersymmetry is completely broken, an important accompanying
achievement is the establishment of a perturbative framework for the SO(3) x SO(3)-
symmetric defect CFT involved. A crucial step of this achievement was of course the
determination of the exact mass spectrum of the theory using fuzzy spherical harmonics,
but an equally essential step was the rewriting of the resulting propagators of the theory in
terms of generators of su(2) x su(2). Worth stressing is also the recognition that dimensional
reduction constitutes an appropriate regularization scheme being compatible with the
supersymmetry of the underlying bulk CFT which governs the UV behavior of the defect
CFT. We have used our perturbative framework to calculate the one-loop correction to
the classical solution in the planar limit and obtained an explicit result for the one-point
function of tr Z in the double-scaling limit; in the future, it would be interesting to go to
finite N (following [13, 47]), to obtain explicit results at finite k; and ko for tr Z* and to
go to higher loop orders. With the perturbative framework in place, the scene is also set
for the calculation of quantum corrections to other quantities of interest in the defect CFT,
such as other types of correlation functions or Wilson loops. In the case of the simpler
D3-D5 probe-brane setup, the calculation of a simple Wilson line to one-loop order [48]
confirmed the prediction of a classical string-theory calculation [16] consisting of evaluating
the area of a minimal surface in the double-scaling limit (1.2). The circular Wilson loop of
the D3-D5 defect CFT was analyzed in [49] and the case of two anti-parallel Wilson lines
was considered in a search for a Gross-Ooguri transition in [50]. Finally, the calculation of
two-point functions of the defect CFT allowed for data mining in N/ =4 SYM theory by
means of the boundary conformal bootstrap equations [37]. A special class of two-point
functions was considered in [51].

In the case of the defect CFT based on the D3-D5 probe-brane setup, where only three
scalar fields get non-trivial SO(3) symmetric vevs, the one-point function problem showed

10To be precise, the supergravity prediction is for the unique SO(3) x SO(3)-symmetric chiral primary
operator built from L scalar fields [21]; while this operator is not equal to tr Z~, tr ZL has a non-vanishing
projection on it (induced by the norm from the two-point function far away from the defect), such that the
ratio of the one-point function and the tree-level one-point function of both operators coincide.
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very strong signs of integrability. Hence, it was possible to express the tree-level one-point
function of any scalar operator in a closed formula valid for any value of the representation
label k [11]. The formula could be extended to one-loop order in the SU(2) sub-sector and a
conjecture for an all-loop asymptotic formula for this sub-sector was put forward as well [14],
which extends the match with the supergravity prediction [15] for (tr ZX) in the double-
scaling limit to all loop-orders smaller than L. The calculation of a tree-level one-point
function can be formulated as the evaluation of the overlap between a Bethe state describing
the operator in question and a so-called matrix product state [8], and the apparent integra-
bility of the one-point function problem in the D3-D5 probe-brane set-up was suggested to
be a consequence of the matrix product state being annihilated by all the odd charges of the
integrable spin chain underlying the spectrum of N' =4 SYM theory [52]. One can explicitly
check that the matrix product state of relevance for the computation of one-point functions of
the SO(3) x SO(3)-symmetric defect CFT is not annihilated by the odd charges of the N = 4
SYM spin chain [53]. In accordance with this, it has only been possible to derive results
for tree-level one-point functions of non-protected operators on a case by case basis [53].

On the other hand, one can prove that the matrix product state of relevance for the
computation of the one-point functions of the earlier mentioned SO(5)-symmetric defect
CFT based on the non-supersymmetric D3-D7 probe-brane system with probe geometry
AdS, x S* is indeed annihilated by the odd charges of the N' = 4 SYM spin chain [11].
Although only a few exact tree-level results and in particular no closed formula exist
so far [54], this observation indicates that setting up the perturbative program for the
SO(5)-symmetric defect CFT could potentially be very rewarding. We have already taken
the first step in this direction by explicitly determining the mass spectrum of the theory
via a further generalization of the method of fuzzy spherical harmonics [30], and we hope
to be able to report on the completion of the program in the near future.
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A Conventions

In this appendix, we summarize our conventions for field-theory calculations (appendix A.1)
and fuzzy spherical harmonics (appendix A.2).
A.1 Field-theory conventions

Throughout the paper, we choose the metric of Minkowski space to have mostly positive
signature, i.e. n* = diag(—1,+1,...,+1). We will work in (341) dimensions, and we will
denote by d = 3 the dimension of the codimension-one defect. For the fermionic fields, we
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take the four-dimensional y-matrices to be

0 ot , ~1, 0
P = (w 0) , P =iyl = ( 0 112) : (A1)

with o# = (1,0%), 7" = (12, —0c*) and {y#,7*} = —2nH*.
For the four-dimensional matrices G* that appear in the reduction of the spinors in ten
dimensions to four dimensions, we use the same conventions as in [13]:

cl=cV=i(" "), a=cP =i " ") @=cP=(""),
o3 0 —o01 0 0 o9

ct=cP =i " ") =c?= (0] ez =i V)
—o9 0 1, 0 0 —o2

The matrices in the first line are Hermitian, (Gz(»l))T = Ggl), while those in the second line

are anti-Hermitian, (Gz@))Jr = —Gl@). Their (anti-)commutation relations are
{660} =20, |G, 6] = —2iec), s
{Gz@)? G§2)} = _25ij7 [G§2)7 G§2):| = _QEijka )

A.2 Lie algebra su(2) and fuzzy spherical harmonics

For the vevs with SO(3) x SO(3) symmetry, we will need explicit expressions for the
generators t; of the corresponding Lie algebra as well as for the fuzzy spherical harmonics
ng that serve as a basis for the fields in color space. Those are given here using the same
conventions as [13].

The basis matrices Eij are defined to have a 1 at position (i, j), i.e. [Eij]m’n = 0imdjn-
We use the same form of the k-dimensional matrices t; of su(2) that was used in [8], namely

k—1 k—1 k
ty = chynEnn+1, t_ = ch’nEnJrln, t3 = Z dk’nEnn, (A4)
n=1 n=1 n=1
with the coefficients

1
Ckn = V n(k —n), dk,n = 5(1{: —2n+1). (A.5)

Defining also ¢; = 3(t; +¢_) and t5 = - (¢4 — t_), these matrices satisfy the commutation
relations of su(2),

[ti, tj] = i€k lk. (A.G)
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The k-dimensional matrices ¢; can be used to construct su(2) representations Y}Zm of
spin ¢, for £ =0,1,...,k — 1, cf. [55, 56]. The k x k matrices ng are essentially given by a
symmetric and traceless polynomial of degree ¢ in the generators ¢;,

S [
R T TR G

/2
) SO s dy, £=1,. k=1, (A7)
1,00

where the su(2) generators have been rescaled to

R | 4 s

and the coefficients fﬁm implement the symmetry and tracelessness conditions. Note

1
that the last equation d;ﬁnes the fuzzy two-sphere with coordinates Z; and that the
construction (A.7) stems from the observation that on a normal two-sphere a basis of
functions can be constructed as a homogeneous polynomial in the Cartesian coordinates z;,
i = 1,2,3. These functions are the well-known spherical harmonics Y;™.

We now give some properties of ng that are important for our purposes. With the

normalization as above, they satisfy

(f@m)T = (-1)™Y;™ and tr [(YZ’”)T an] S I - (A.9)
We also make use of the relation between the generators ¢; and ng for £ = 1, namely
ti=c <Y1_1 - Yf) , ty=ic (Yfl + Yf) oty = V2P (A.10)
with
c= (-1 k(R — D) (A.11)

B Color and flavor part of the propagators

In this appendix, we derive the propagators between the fields that originally appeared in the
action of A" =4 SYM theory. We focus on the propagators involving the six scalars and the
gauge field; the propagators involving the Majorana fermions can be obtained in a similar
way. To obtain the propagators, we will express the original fields in terms of the fields
in which the mass term of the action becomes diagonal. For example, for the complicated
bosons with £1, 5 # 0, we have to undo the three steps of the diagonalization: the flavor
transformation (2.36), the Clebsch-Gordan procedure (2.55) and the diagonalization of the
final 3 x 3 matrix (2.60).

After the flavor transformation, S - L is in the form (2.39) and the transformed vector
of complicated fields is

o
vic=|c® |, (B.1)
Az
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where C( and C® were given in (2.37). In the 3 x 3 blocks TZ-LZO) and TiLz(?), we
diagonalize using Clebsch-Gordan coefficients and obtain the eigenstates (B™M);, 1 1:05.mo
and (B®)y, i .j».ma.to- The relation to the fields C(ia) and C’(()a) with a = 1,2 is

(Yo = D (6mi1, £1j,m £ V(B mattr (CS)om = > (m;1, 017, m) (B mse.
J J
(B.2)
For j; = ¢1 £ 1 and jo = 5 + 1, these fields diagonalize S - L and it only remains to
diagonalize the 3 x 3 matrix in (2.58). The fields Dy and Dg in which the mass term is
diagonal were given in (2.60). Inverting this relation, we find

Bél):—m;%_im<;%+\/’%>,

B = A D —iEG AT (e ). ()

VN N_
Ao At
A3 =—=D1 +
VN VIN_
We begin with the propagators between scalars from different sectors and those involving
Az using the notation described in section 3.3. They contain at most one su(2) Clebsch-
Gordan coefficient from each sector, which we can express as the matrix element of an su(2)

D_.

generator t;. In particular, we do not yet encounter products of su(2) generators unlike in
the propagators for scalars from the same sector. For convenience, we define

[rﬁ]mm/ =L+ 1)C,m;1,s/0,m + 8)0p! mets, (B.4)
for s = —1,0,1. One can check that r+ = :thF/\/Q, ro = t3, rl = r_, and finally
[(rﬁ)T]m,m/ =L+ 1), m — 551,80, m)0p1 —s- (B.5)

Using this notation, it will be easier to keep track of factors +1/ V2. The propagators
involving As are

A 2 A 2

. V4 +

<(C§1))51m1;52m2 (A3)z/1m’17£’2m’2> = _15513’16324'267712771'2 [rsl]mhm'l (]V_Km + MKm+> 9
. )\+ 2 )\_ 2

<(A3)f1m1;f2m2 (C‘gl));[/lm’lyggmy = 25Z1€’15£2€’25m2m’2[(rﬁl)”mhm’l (N_ K™= + MKm+> s

A2 2 A2 2
T — + 2 -
((A3)f1m1;€2m2 (A3)g/1m/1;g/2m/2> = 5Z12’1552£’25m1m’15m2m’2 <N_Km + N—&—Ker> .

(B.6)
)

To obtain the same propagators for C§2 , we simply relabel as in (3.22). For the propagators

that mix the two blocks, we need

1 2
((B(() ))€1m1;€2m2 (B(() ))Z’lm’l;éém’2> = 5£1£35£26’25m1m35m2m’2

K™ K™ K™
No TNy N )7

X\/£1(€1+1)\/€2(€2—|—1)< + —
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and we obtain

2 ¢
(Ctrmastams (CEVY vt 1 s = B8ty [T iyt () Ty
X + — .
N_ N, Ny

Converting to the fields ¢; is a matter of undoing the flavor transformation,

2 2 2
(1 ~(2 ¢ ¢ K" K™ K™
(A ermastams (B Vb ) = 00065005, T8 oy s 8] 2>]m2,m/2( - ) :

NoTND TN

11
<(¢z('1))€1m1;€2m2 (A3)Z’1m/1;12’2m/2> - _<(A3)51m1;f2m2(¢z(' ))Zﬁmi;€§m§>

) ¢ A m2 Al o2
= — 80,0, 00, [t Vg g Somams <N+K et +> ’
(B.10)

with qu(l) = d;z and 9?%(2) = q§i+3. We obtain the analogue of the last equation for the second
sector by relabeling as in (3.22).

As anticipated, the propagators between scalars from the same sector contain products
of Clebsch-Gordan coefficients and are therefore more involved. For simplicity let us focus

on one sector, say the first one for concreteness. We define the combination K ?1) as

1 1
<(B(() ))hml;fzmz (B((J ))Z’lm’l;K’QmQ = 5Z1€’15€2€'26m1m’15m2m’2

52(62—}-1) m2 Km2— Km?&-
X[iNo K™ +/01(41+1) <N_ + N, }

— RO
=K{,,

(B.11)

The propagators with C’(()l) are

(£1)
1 1 [ F ]m ,m/
<(C:(t))f1m1;f2m2 (C(g )lem,1§€l2m/2> = 5515'1 5525'2 \/51 : 5m2m’2

bhFmy —1 2 0y £my +2 m2 Fmi—1 _
=T K™ 4 Ht+ 4+ = " K ,
(201 + 1)6 (201 + 1)(€1 + 1) G +1)7 W

1 1
<(C(() ))€1m1;€2m2 (Cé ))Zimi;fém') = 5@15/15528’25m1m/15m2m’2

(L —mr+ 1)l +my +1) 2 (b —my)(lr +m1) m2 m3 0
X K .+ 4+ K"o-4+ 1 K
( (201 + 1)(61 + 1) (201 + 1)y G +1)" W

(B.12)
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The propagators between C’S_Ll ) are

(1) (1) 1 (]
(Cx ) evmastoms (O )eymtsemy ) = 50,6 9t Omsmy [

(61 + ml)(fl Fmyp — 1) m2 (fl + my + 1)(61 +mq + 2) m2
1) / KW, K+
- m1m1< 6+ )i LY T ’

1 1 1 0),(
(C) evmsstama (CL) et tgms) = 5906,000, (A R -,

K’”?lw Km?l),o N Km?1>,+
(2@1 + 1)51 51@1 + 1) (261 + 1)(@1 + 1) '

(B.13)

Undoing the flavor transformation and inserting K ?1) from (B.11), we find that the propa-
gator between two scalars from the same sector is

7(1 7(1
(A ermastams (85 ms) = 00060036, Oism

2 2
0 +1 l K™+ KM
[5z‘j5m1m’1 < L+ K™ 4 Km{é%) - Z'Gijk[tl(fl)]ml,m’l < )

2041 26 +1 2 +1 20 +1
EACINCH ( K0 N K. b+ KT K™ Kmiﬂ
i Y5 Imim] (2£1 + 1)(51 + 1) (251 + 1)51 Zl(ﬁl + 1) Ny N_ N, )
(B.14)

with an analogous expression for the other sector obtained by relabeling as in (3.22). We
note that the terms with d;; and €;;, are the same as in [13] and that the last one would
vanish in the setup of that reference.

C One-loop correction to the scalar vacuum expectation values

In this appendix, we present in detail the calculation of the correction to the scalar vevs
summarized in section 4. We split the calculation in three parts: we obtain the effective
vertex Vyg in section C.1, the contraction of the vertex with the external field is computed
in section C.2 and finally the remaining spacetime integral is performed in section C.3.

C.1 Calculation of the effective vertex

To compute the one-loop correction to the vevs of the scalars, we will need to know the
effective one-particle vertex defined by

Ver(y) = Y Va(®1(y), Pa(y), 23(v)), (C.1)

$1,92,P3

where the sum is carried over all inequivalent contractions of cubic vertices in (2.9). We
will start by calculating all the contractions assuming the limit N — oo, but keeping k;
and ko finite. We will continue to use equal signs in equations where the large- N limit has
been used. Then we will collect all contributions, and show that the regulator € drops out.
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The calculation of the contractions proceeds identically to [13], but the propagators are
different in the two setups. In this section, capital Latin indices I, J, K will run from 1 to 6,
whereas lowercase Latin indices 4, j, k will run from 1 to 3. We will perform dimensional
reduction at the end of the calculation, so in the intermediate results we will explicitly keep
the dependence on the number of fields of each species. All contractions come with a factor
ﬁ, which we will include at the end when we add all the contributions.

Since we are working in the large-N limit, all propagators will involve only fields in the
off-diagonal block. When we write a general propagator K, it will be the one defined in

section 3.3, but with the replacement ¢; — (k; — 1)/2 implicitly understood.

Simple contractions. All the contractions in this paragraph can be immediately obtained
from [13] by adapting the notation. The ghost contractions are

Vo= —tr (aw, 61, c]]) - —nf;:Keasy tr (gsm) , (C.2)
tr (i(0,c)[AH, c]]) = 0. (C.3)

All the contributions from the vertex that couples three gauge fields vanish due to the
symmetry of the propagator,

1 1 1
tr (i[A*, A")0,A,) = tr (i[ A, A]9,A,) = tr (i[A*, AY)9,A,) = 0. (C.4)

Finally, we consider the vertex tr (z [AF] dh]@qu[). The first two contractions give

I
tr (i[A*, ¢7]0,01) =0, (C.5)
and
Vi=tr (Z'[Am[]aungj) = +2N (63KA"7’> tr <¢~)[ t[) . (C.6)

Note that in the last equation we have carried out an integration by parts to move the
derivative from the field to the propagator. This is allowed because the effective vertex
will always be contracted with a scalar ¢; and then integrated, as in (4.1). For the last

contraction, note that we can use (D.21) from [13], because as in that case, we have
K4 oc K¥~1 — K¥*1. Thus, we find

Vo = tr (i[A*, $1]0,01) = +N (63K¢»A) tr (gﬁm) . (C.7)

Interaction of three scalars. We can rewrite the interaction vertex involving three
scalars as

tr ([05, ¢4][¢1, 04]) = tr (d1[ds, (65, 0.4]])- (C.8)
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There are three inequivalent contractions:

T - o.1) ki z
=t (@afon o ,1) = 2 (o K98~ L RGD Y e (Gt) + 1 60 2)
(C.9)
-~ ~ 2N n
‘/4 =tr (¢][¢J7 [¢(}17 ¢JH) Vs [ Ks(zin(g) - % (K:fngzl) + K:i/r(r})> (Cl())
k2 k ~
+ - Mo Lgom Kfpp] r(60) + (10 2),
and
1
I - N -
Vs =t ($1ds, 67, 6511) = =m0y = 1) (2G5 + K40 v (971) + (1 052)
(C.11)

Interaction of one scalar with two gauge fields. Next we rewrite the interaction
between one scalar and two gauge fields as

tr ([A", ¢51][Ay, o1]) = tr ($1[A%, [¢5, AL]). (C.12)

For 4 =0,1,2 = ¢, there is only one possible contraction:

2

= tr ($1[A", [¢5, A,])) = nA,easy;:KeaSy tr (&m) . (C.13)

In this contraction the chosen regularization procedure becomes relevant, because in
d = 3 — 2¢ space dimensions 14 casy = 3 — 2¢. We are working in dimensional reduction [38,
39] and should therefore add 2e scalars to the action that behave exactly as the easy
components of the gauge field. Thus, we should also consider the contraction

1
Ve = tr ($1[A%, [65, Asd]) = QGQyN K tr (i) (C.14)

Adding the previous two equations, we find n easy + 2€ = 3 as a prefactor. Since na easy
only appears in this vertex, we can effectively say that in dimensional reduction 14 casy = 3
exactly.

For u = 3, there are three possible contractions. The first one gives

1
= tr (¢1[A43, [¢, As))) = QyJZKAvA fr (gspff), (C.15)

while the other two do not contribute to the effective vertex:

1

tr (pr[A%, (65, As]]) = tr (o1[A®, [8F, As]]) = 0. (C.16)
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Fermions in the loop. The action contains three cubic vertices including fermions. The

first one is
3 —
1 T i i 17 ~(1
Via = 3 Dt (G0 vil) = Ny tr (10600) er K30, (C.17)
i=1
the second vertex gives a similar result,
6 —
]. - z ~ ~ . g
Vio = 3 Z tr (ijjk[gbi, 751%]) = —Nny tr (th)qbZ@)) tr <175K§;2)> , (C.18)
i=4
and the last contraction vanishes,
1 i
3t (07" [Au, ¥]) = 0. (C.19)

It is important to remember that when the fermion propagators are being regulated one
has to use (3.14) and (3.10). The combinations of propagators (C.17) and (C.18) are

~(1) _ 1 r-—401,02 7, l1+1,42 -—01,—4a—1 o 41 +1,—4o—1
Kp'= (201 +1)(205+1) [(62 + 1)<KF Kr ) b (KF Kr H
y (2) o 1 I 7@1,@2 _ I 751,7@271 ~£1+1,52 _ ~£1+1,7€271
Kp'= (20, +1)(205+1) Wl * 1)<KF Kr ) +h (KF Kr )}
(C.20)

and the replacement (2.23) is understood.

Summing up all vertices. The full effective vertex is the sum of all the contractions
calculated in the previous subsection. We also have to remember to restore the overall

prefactor of QQL of the action, i.e.
YM

2
Ve = 25— (Ve Vit Vot Va b Vit Va o+ Vo - Ve 4 Voo Ve + Vi) (C.21)
YM
Inserting the expressions from the previous paragraphs, we see that the vertex contains a
part that depends on the regulator terms f.(y) = —% —log(4m) +vg — 2log(ys) — 1 and a
part that is finite as € — 0,

Vet = Vet,e + Vet fin- (C.22)
The e-dependent part is
Vett,e (Y3 k1, k2) = ?)Q:T]jygfe(y) (KT + K3) (ne + 21y — 11,(1) = Mg, (2) — N casy)
— 2 + 20y + 5y (1) — g2 — P casy — 18)| tr (V) + (15 2).
(C.23)

This is zero for na easy = 3,nc = 1,nyp = 4 and ny (1) = ny (2) = 3. Note that here we are
using that we can keep na casy = 3 in dimensional reduction, cf. the discussion after (C.13).
The finite part is

_N . .
Vett,fin (Y3 k1, k2) = 228 (W(l)(lﬁ,]@)tr (52551)151(1)) + W (ky, ko) tr (@(2)1&52))) ; (C.24)
3

where the functions W (ky, ko) and W) (ky, k) are given in (4.3) and (4.4) in the main
text. This result is exact, i.e. we have not expanded for large k; and ko.
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C.2 Contraction of the stick

Now we proceed to contract the external field with the effective vertex. The traces tr(g?)g.b)tg.b))

with b = 1,2 coming from the effective vertex will be contracted with an external field (;;l(a).
For simplicity, let us consider the case where we are contracting fields from the first sector,
i.e. the case a = b = 1. Notice that t§1) is a matrix in the ki1ko X k1ks block padded with
zeros. Thus, when we multiply it with qgg-l) only the kiko X k1ko block survives when taking
the trace. Expanding <Z>§1) and <Z~>§-1) in this block in terms of fuzzy spherical harmonics and

their Hermitian conjugates, we obtain
—

QBZ(-I) tr(&gl)tgl)) = <(¢~5§1))€1,m1;£2,m2 (ngl))zll,mfl;z/27m/2>

T (C.25)
Yzlnl ® Y'Z’;"Q tr |:(YZL1 ®Y7,2n2> (t;?l ® ]1k2>:| .

In the previous expression, the trace can be simplified further. We start by expanding the
matrices t; and 1 in terms of the fuzzy spherical harmonics ng as

= (@)m Y Lk = ()P Y200 (C.26)
mi=+1,0
The explicit coefficients (¢;)m, can be obtained from (A.10) and (A.11) in appendix A.2.

Using that the ng are traceless for ¢ > 0 and proportional to the identity for ¢/ = 0, we
obtain

] A\ T A\ T A\ T
ml m2 kl _ ml kl m2
tr[(YK,l 27, ) (¢ ®11k2)} — tr [(Ye,1 ) t! ]tr[(Y% )] com
= (_1)k2+1 \Y ) 5@’1,1 5(’270 6m’2,0 (Cj)m’l'

Inserting this into (C.25), we find that the propagator between the scalars has to be evaluated
for 5 = 0, = my =mf, =0 and ¢, = ¢{ = 1. The explicit form of the propagator is

~ ~ m2— m2=
(B3 (3] ) = Gy g (B0 + LE0)

i k1=3 m?=0 m2=6 (C.28)
—3€ik[ty' " J2—my 2-m] (K KT T )

Combining this propagator with the explicit form of ¢j" and the 3 x 3 matrices t;“:s,
we obtain
r— —

o (@) = (1 @ 1) K0, 6 (@) = (1, @)K (C.29)
The contractions where the external field and the one inside the trace are from different
sectors vanish,

P 1

oM tr(3P1D) = 6P r(3VD) = 0. (C.30)
The contraction of the easy components Ag, A; and As of the gauge field with the vertex
vanishes because the propagator between them and the scalars is zero. Furthermore, we find

7(1),(1) 1(2),(2)
Az tr(@ V1)) = A3 tr(6P4) = 0. (C.31)

This shows that only the vevs of the scalars receive one-loop corrections.
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C.3 Spacetime integral

In order to evaluate the correction to the scalar vevs (4.1), we are only missing the calculation
of the integral over y. The propagator in the integral has mass m? = 6, or equivalently

v = 2, and it can be expressed in terms of elementary functions,

27

2
K”Z%(m,y) _ g Syt 21 (2,35 5:6(2,9)°)

2 10772x3y3 2 (C 32)
_ @y 1 262 -3 ~ 3arctanh(¢) .
2 dm?rzys \ €2 -1 3 '

In the second equality, we have dropped the explicit dependence of £ on x and y to simplify
the notation. In the integral, this propagator will be multiplied by a factor of 1/(y3)? that
comes from the effective vertex. Thus, the integral is

v=3 gYM ! / / / r? (262 -3  3arctanh(¢)

d4 K 2 d d a0 _

/ Y3 (z,y) 2 4An2 Y3 r zayd \ €2 -1 ¢

gYM 1 / dys (z3)72 for 0 < y3 < x3 gYM 1
2 5 (23)3(y3) > for 0 < a3 < y3 2 das’

(C.33)

where we have used spherical coordinates defined by 72 = (20 —y0)? + (21 —y1)? + (22 — 12)?
and we are working in Euclidean signature as anticipated when we discussed the spacetime
part of the scalar propagator.

One can combine the effective vertex (C.24), the contractions (C.29) and the spacetime
integral (C.33) to obtain the correction to the vevs given in (4.2) of the main text.

D Color traces

For the calculation of (tr Z¥) to one-loop order in section 5.2, we need expressions for the
color traces. More precisely, we need to calculate traces where (Z)” is multiplied with a
number of su(2) generators ¢; from each sector.

It was shown in [13] that

2 kL+1

[0)"] = VM g B (5 = grp gy H O, (D.1)

for L even while tr [(t’g)L] =0 for L odd. Here Br11(k) denotes the Bernoulli polynomial
of degree L + 1. In this paper, the most general trace that we will evaluate is

e [(Z0E ()" @ (8)"] = (;1L)L ni) (i) L g [(téfl)nm} tr {(t?)ﬁn%n] .

3
(D.2)

A particular term in this sum will not vanish if n + n; is even and L + ng — n is even. In
order for the entire sum not to vanish we need that n; and L + no have the same parity, or
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equivalently, we need that n; and L + no are both even or both odd. In either case, only
half of the terms in the sum will contribute to the result.

When n, is even and L + no is even, only the terms with n even contribute. Thus, we
must sum over a new variable m such that n =2m and m =0,..., L%J If we expand for

large k1 and ko, we obtain
L
CVa-

Ltni+ng+1
m

2m—+ni1+1 L+4+no—2m+1
< L )Z'L—Qm kl k2

2m 2m+n1+1) (L +ny —2m+1)

=0

Here O(k?) stands for terms where the combined powers of k; and ks are less than or equal
to £.

When n; is odd and L + n9 is odd, only the terms with n odd contribute. Thus, we
must sum over a new variable m such that n =2m+1and m =0,..., L%J If we expand
for large k1 and ko, we obtain
L L%J 2m+ni+2 L+4no—2m
(_1) Z < L >Z~L2m1 kl ! k2 § + O(kL+n1+n2+2)
2L+n1+n2x§f — 2m+1 (2m +ny +2) (L 4 ng —2m) .

(D.4)

The above sums can be carried out explicitly for particular values of n; and ne. In all
cases of interest for us, the traces will vanish for L odd, so we will assume that L is even in
the rest of this section. It will also be convenient to express the results in terms of the angle

1y = arctan (;?) : (D.5)

2

In the following results, the symbol ~ means that the right-hand side only contains the
leading-order term in k; and ky. The trace for ny =0 and no =0 is

o\ L (i) H (k3 + K3) 5 L sin [(L + 2)¢]
o [(Z ) } = 21Lx§(2L T +2) ‘ (D-6)
When (n1,n2) = (1,0) or (n1,n2) = (0,1), we find
A\ Ltk o (=)M(K + K
+ [k + K3(L + 1)) sin (Lao) } ,

L
2

[— k1ko L cos (L)

L—1 ( ')Lfl(k2+k2>£ (D.7)
tr| (2 1y, @ th2| ~ ! 1 2)* + k1koL cos (L
[( ) k1 3] 2LZE§1L(L+1)(L+2)|: 1~h2 ( %)
+ [B3 + K2(L + 1)) sin (L) } .
For the case n; = ng = 1, the trace gives
L—2 (—i)L+1(k2 —|—k2)%
tr| (29 th @ h2| ~ 1 2 + kikoL cos (L
[( > 3 3 } 2l L+ 2)(L—1) [ 1k2 (Lpo) 08)

+ (k‘l — kQ)(k‘l + /62) sin (Lwo) i| .
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Finally, for the cases (n1,n2) = (2,0) and (n1,n2) = (0,2) the traces evaluate to

t

tr

()7 () o] =i L

L
2

(L —1)L(L+1)(L +2) {‘F 2k1 koL cos (Labg)

+ (—2k2 + K2L(L + 1)) sin (L) } ,
o\ L2 )2 . (—i)E (k3 + K3)%
[(Z) e (i) ] = T 1)2(Lj DT [+ 2k1ks L cos (L)
+ (2k2 — K3L(L + 1)) sin (Ltbo) } .

(D.9)
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