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We show that strongly correlated photon transport can be observed in waveguides containing optically
dense ensembles of emitters. Remarkably, this occurs even for weak coupling efficiencies. Specifically, we
compute the photon transport properties through a chirally coupled system of N two-level systems driven
by a weak coherent field, where each emitter can also scatter photons out of the waveguide. The photon
correlations arise due to an interplay of nonlinearity and coupling to a loss reservoir, which creates a strong
effective interaction between transmitted photons. The highly correlated photon states are less susceptible
to losses than uncorrelated photons and have a power-law decay with N. This is described using a simple
universal asymptotic solution governed by a single scaling parameter which describes photon bunching and
power transmission. We show numerically that, for randomly placed emitters, these results hold even in
systems without chirality. The effect can be observed in existing tapered fiber setups with trapped atoms.
DOI: 10.1103/PhysRevLett.121.143601

Describing the dynamics of quantum systems that are far
from equilibrium is currently one of the main challenges
of physics. Considerable effort is put into understanding
these systems, e.g., in quantum many-body physics and
nonlinear dynamics [1,2], as well as developing quantum
simulators to investigate them [3]. In the field of mesoscopic physics such dynamics are especially studied
through quantum transport [4–6]. Recently, quantum transport of photons has emerged as an analogous system to
study nonequilibrium quantum dynamics in optical systems
[7–9]. Most notably this has been investigated in weakly
driven strongly interacting Rydberg gases, where effective
photon-photon interactions at the few-photon level have
been observed [10–15]. This has led to the demonstration
of fascinating new phenomena such as correlated two[16,17] and three-photon [18–20] bound states. Similar
photon-photon interactions are also investigated for quantum emitters strongly coupled to optical waveguides or
cavities. Here the intrinsic nonlinearity of a single emitter
plays the role of a nonlinear medium [21–23]. Significant
effort has therefore been put into creating light-matter
interfaces between an emitter and a single optical mode
with near-unity coupling efficiency β ∼ 1 so that dissipation is minimized [24,25]. Contrary to this, we consider
quantum transport through a strongly dissipative system
consisting of N ≫ 1 quantum emitters coupled to a waveguide. We analytically compute the dynamics of this
system in the case of chiral coupling [26–36], where
0031-9007=18=121(14)=143601(6)

emitters only couple to photons propagating to the
right [Fig. 1(a)]. Surprisingly, we find that the interplay
of weak nonlinearity and strong dissipation leads to the
emergence of highly nonlinear transmission and strongly
correlated photon states at the output. Previously, such
dissipatively induced photon correlations have been studied
for strong optical nonlinearities [12,37,38]. Since these
dynamics can occur even for weakly coupled emitters
β ≪ 1, they are readily observable in a larger range of
(a)

(b)

(c)

FIG. 1. (a) N chirally coupled two-level emitters (red circles)
driven by an external coherent field jαin i with a corresponding
strongly correlated output photon state jouti. Each emitter is
coupled to the waveguide with a decay rate Γ ¼ βΓtot and to
external loss modes with a decay rate Γtot ð1 − βÞ. The output state
is probed by measuring (b) power hâ† âi or (c) the normalized
second-order correlation function gð2Þ .
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systems, e.g., in experiments on atoms coupled to nanofibers [27,39–42].
The phenomena we investigate are based on dissipation
and can thus only be observed in optically dense ensembles.
Specifically, when two resonant photons interact with the
same atom, they can exchange energy, creating correlated
red- and blue-detuned photons (sidebands). Since losses are
strongest on resonance, resonant uncorrelated photons
suffer strong loss (exponential scaling with N), while offresonant correlated photons incur reduced loss. The smallest
detunings are lost first, so that the decay rate constantly
decreases with subsequent atoms since the remaining
photons have larger detunings. This leads to a power-law
decay of the transmission and the output being dominated
by strongly correlated (bunched) photons. Such power-law
decay is ubiquitous in critical [43] or chaotic [44] systems
and is linked to scale invariance and the absence of a
characteristic length scale, so that the microscopic details of
the system become irrelevant. Analogously, we find that in
the limit of large optical depth, the dynamics attains a
universal scaling relation, which becomes independent of
the precise value of the coupling efficiency. In the following
we derive these results analytically, assuming chiral interactions, but we show numerically that these conclusions are
robust and also apply to bidirectional interactions, i.e.,
nonchiral, for weakly coupled randomly placed emitters.
We consider a system of N-chirally coupled two-level
emitters continuously driven by a weak coherent field while
dissipatively coupled to a loss reservoir [Fig. 1(a)]. The
emitters are coupled to the waveguide with a decay rate
Γ ¼ βΓtot and radiate to the reservoir with the decay rate
Γtot ð1 − βÞ, where Γtot is the total decay rate of the emitters.
Solving for the dynamics of this system can be approached
in a variety of ways: it constitutes a cascaded quantum
system [45,46] for which a master equation can be derived
[31,34,46], but it is challenging to obtain general solutions
as the number of emitters increases. Other approaches use a
Green function to treat photon propagation, but generally
require numerical solutions [47,48]. Here we develop an
approach based on scattering matrices. We assume that
the emitters are driven at a level well below saturation such
that the dynamics of the system can be described by the
one- and two-photon Fock states, and we thus compute the
N-emitter scattering matrix for these manifolds. Computing
the single-photon transmission is straightforward [49].
Significant research has been put into developing twophoton scattering matrices for a single emitter [50–55],
and generalizations to N emitters have also been developed
in the absence of loss [56–60]. Here we compute the Nemitter two-photon scattering matrix by projecting the
input two-photon state on the scattering eigenstates, which
can be determined using the Bethe ansatz technique as
described in Ref. [52]. Computing the N-emitter scattering
matrix then simply requires raising the eigenvalues to the
Nth power.

The single frequency input coherent state is expressed
2
up to the two-photon state as jαin i ¼ e−jαj =2 ½1 þ αâ†k0 þ

ðα2 =2Þâ†k0 â†k0 j0i. We linearize and rescale the waveguide
dispersion and set the group velocity vg ¼ 1, such that
wave number and frequency, as well as distance and
time, have the same units. Resonant photons correspond
to k0 ¼ 0, and â†k0 creates a photon with detuning k0 .
Unlike bidirectional systems [61], in a chiral system the
propagation phase between the emitters amounts to an
overall phase in the Markovian limit and does not affect the
dynamics [31,46]. The N-emitter scattering matrix for up to
two photons is ŜN ¼ ½Ŝ11 þ Ŝ22 þ Ŝ12 N . Here, Ŝ11 and Ŝ22
are the one- and two-photon scattering matrices, and Ŝ12
describes scattering of two input photons where one is
transmitted and the other is lost. This term is required when
β < 1. Note that to ensure that different decays add up
incoherently, Ŝ12 contains the state of the photons which are
lost. Using the orthogonality of the one- and two-photon
subspaces, the scattering matrix restricted to one and two
photons is
ŜN ¼ ŜN11 þ ŜN22 þ

N −1
X

ŜN−M−1
Ŝ12 ŜM
22 ;
11

ð1Þ

M¼0

and we define contributions to the output state as ŜN jαin i ≡
jouti1 þ jouti2 þ jouti21 . Here, we only consider the part
of the scattering with outgoing photons. Computing
ŜN11 jαin i is simple: since the scattering matrix must conserve
the photon energy, it simply multiplies the creation operator
by a transmission coefficient: a†k → tNk a†k with tk ¼
1–2β=ð1 − 2ik=Γtot Þ [54]. This is equivalent to scattering
off a single-sided cavity. Consequently, the linear contribution to the output power scales exponentially with N,
ha† ai1 ¼ jtk0 j2N jαj2 =L, where L is a quantization length.
Thus, the linear single-photon response yields the usual
exponential decay with N when jtk0 j < 1.
Computing ŜN22 jαin i is more involved. We do this by
projecting the input state on the orthonormal set of
two-photon scattering eigenstates computed in Ref. [52].
These consist of a set of extended states jW E;Δ i, with position
pﬃﬃﬃ
space representation W E;Δ ðxc ; xÞ ¼ 2eiExc ½2Δ cos Δx −
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ΓsgnðxÞsinΔx=ð2π 4Δ2 þ Γ2 Þ, where for two photon positions, x1 and x2 , the center-of-mass and difference coordinates
are xc ¼ ðx1 þ x2 Þ=2 and x ¼ x1 − x2 [52]. The two indices
of W are a two-photon detuning E ¼ k þ p and a frequency
difference of the two photons Δ ¼ ðk − pÞ=2, where k
and p are the detunings of the two photons. The remaining
eigenstates
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ are a set of bound states jBE i with BE ðxc ; xÞ ¼
Γ=4π eiExc e−Γ=2jxj , which only vary with the two-photon
detuning E.
The two-photon scattering matrix operating on the input
state gives [52]
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FIG. 2. (a) Normalized second-order correlation function
gð2Þ ðxÞ for different numbers of emitters N and coupling
efficiencies β. As the optical depth increases, the correlation
function becomes strongly bunched. (b) Second-order correlation
function G̃ð2Þ ðxÞ scaled by 4πξ2N =β2. The emitter numbers are
chosen so that the linear transmission is ð1 − 2βÞ2N ∼ 10−6 .

jouti2
¼ t̃N2k0 c1 jB2k0 i −
A

Z

dΔtNk0 þΔ tNk0 −Δ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ jW 2k0 ;Δ i;
2
Δ 1 þ 4 ΔΓ2

ð2Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where, henceforth, integrals range over R, c1 ¼ 8π=Γ,
and t̃E ¼ 1–4β=ð1 þ β − iE=Γtot Þ. Additionally, A ¼
2
α2 =Le−jαj =2 ∼ Pin , where the input power is Pin ¼ α2 =L,
and we henceforth take α to be real. Using these eigenstates, we obtain a position representation of the full twophoton output state by performing the integration over Δ in
Eq. (2). The special case of β ¼ 1 has previously been
treated and leads to a parity effect in the output state for a
resonant drive [32,60]. The full two-photon output state is
A
jouti2 ¼
2

Z

dx1 dx2 â† ðx1 Þâ† ðx2 Þj0iψ N ðxc ; xÞ; ð3Þ

2N
with ψ N ðxc ; xÞ ¼ e2ik0 xc ½t2N
k0 − ϕN ðxÞ. The tk0 term corresponds to uncorrelated photons interacting individually
with all N emitters while ϕN ðxÞ contains the photon
correlations induced by the interactions. We calculate
the correlations ϕN ðxÞ analytically, but for brevity, we leave
the exact form to the Supplemental Material (SM) [62] and
show only its asymptotic form below. The correlations
induced by the photon-photon interactions are quantified
by the normalized second-order correlations function
gð2Þ ðxÞ ¼ hâ† ð0Þâ† ðxÞâðxÞâð0Þi=hâ† âi ¼ jψ N ðxc ; xÞj2 =
jtk0 j4N þ OðPin =Psat Þ, where the saturation power is
Psat ¼ Γtot =β. Throughout the remainder of this Letter we
consider a resonant drive k0 ¼ 0, as it generates the most
interesting physics.
Figure 2(a) shows gð2Þ ðxÞ for different β and N. As N
increases, gð2Þ ðxÞ becomes strongly bunched even for
β ≪ 1. This signifies that the output contains strong
photon-photon correlations and happens because the linear
component of the transmitted power ∼jtk0 j2N decays
exponentially with N while ϕN ðxÞ does not. We can

(b)

FIG. 3. (a) The normalized magnitude squared of the Fourier
transform of the correlated part of the two-photon wave packet
ϕN for β ¼ 0.05 with the asymptotic expression plotted for
N ¼ 80 in red. (b) Normalized output intensity hâ† âi=Pin
versus emitter number N. Broken lines show the linear output
intensity ð1 − 2βÞ2N for uncorrelated photon transport while the
solid lines show the asymptotic scaling. For large optical depths
the transmitted power shows a power-law decay N −3=2. The
input power is Pin ¼ 0.1Psat .

understand this by considering the Fourier transform of
the correlated part of the two-photon wave packet ϕN ðΔk Þ,
where Δk ¼ ðk1 − k2 Þ=2, which we show in Fig. 3(a).
Nonlinear interactions generate correlated frequency sidebands with Δk ≠ 0. Meanwhile, the loss of the system is
strongest on resonance and, thus, frequency components
Δk ∼ 0 suffer strong loss. This leads to a two-lobed shape
in Fourier space whose inverse Fourier transform determines the shape of gð2Þ ðxÞ. The detuning of the peaks of
ϕN ðΔk Þ increase with N, and thus loss due to each
subsequent emitter decreases and the scaling of ϕN is
subexponential. We highlight that this occurs for all β < 1
provided the optical depth is large. The slow decay of ϕN
and the resulting large values gð2Þ ð0Þ reveal that the transmission of the system is dominated by events where two
simultaneously incident photons form a correlated state.
For sufficiently large optical depth, photons interacting
individually will be completely blocked and the transmission is therefore dominated by two-photon events
leading to strong photon bunching.
We now derive an asymptotic expression for the nonexponentially decaying parts of ϕN . Since detuned
Fourier components dominate, we expand the second term
in Eq. (2) to second order in Γtot =Δ and get tNΔ tN−Δ ∼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
exp ð−Γ2tot ξ2N =Δ2 Þ, where ξN ¼ Nβð1 − βÞ. This gives us
a compact expression for the output state in Fourier space
(see SM [62]):
jouti2 ∼ −

AΓ
2

Z

2

dkâ† ðkÞâ† ð−kÞj0i

2

2

e−ξN Γtot =k
:
k2

ð4Þ

The detuned Fourier components thus dominate when
ξ2N ≫ 1. The functional form of this result determines
the shape of the curves in Fig. 3(a) and its inverse
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Fourier transform gives the shape of gð2Þ ðxÞ shown in
Fig. 2(b). Importantly, it also reveals that the dynamics of
two-photon transport is governed universally by ξN. This is
closely related to the optical depth for a resonant drive,
which is log ½ð1 − 2βÞ2N  ∼ 4ξ2N when β ∼ 0 or β ∼ 1. We
highlight this in Fig. 2(b), which shows the correlation
function G̃ð2Þ ðxÞ ¼ hâ† ð0Þâ† ðxÞâðxÞâð0Þi=P2in . This is
given by
G̃ð2Þ ðxÞ ∼

β2
½G̃ðξN Γtot xÞ2 ;
4π 2 ξ2N

ð5Þ

R
2
where G̃ðxÞ ¼ dk cos ðkxÞe−1=k =k2 . The correlation
function G̃ð2Þ ðxÞ then has the same form for all values
of β and N as long as the optical depth is large. The value
G̃ð2Þ ð0Þ ¼ β2 =4πξ2N and the width of G̃ð2Þ ðxÞ scales
pﬃﬃﬃﬃ
∝ 1= N . The correlations arising from the complex interplay between nonlinear photon interactions and dissipation
can therefore be expressed in a compact universal form
with a simple scaling parameter.
We now turn to the output power. This requires us to
compute the contribution due to the last term in Eq. (1).
Here we construct Ŝ12 by transforming from our picture of a
chiral scattering process to one that contains transmission
and reflection, where the coupling to the backward mode is
given by our decay rate to the loss reservoir Γtot ð1 − βÞ. In
this picture we simply compute the scattering amplitude for
one photon transmitted and one reflected. This is done by
adapting standard two-photon scattering matrices for a
single emitter (see SM [62]) [54]. We do this independently
for each emitter such that there are no collective effects
through the loss reservoir, which is a good approximation
for randomly positioned nonsubwavelength emitter separations [63]. Using this scattering matrix we obtain a state
which can be compactly written as
jouti21 ¼

N −1
AX
2 M¼0

Z

†ðMþ1Þ

dkâ†R ðkÞâL

ðkÞj0itN−M−1
bM ðkÞ;
k
ð6Þ

†ðMþ1Þ

ðkÞ create right- and left-going
where â†R ðkÞ and âL
photons and the superscript M þ 1 ensures there are no
collective effects. The function bM ðk1 Þ depends on ψ M , and
for brevity we leave its exact form for the SM [62].
Importantly, with the state jouti21 at hand we can compute
the power hâ† âi. Using our exact expressions for ψ N ðxc ; xÞ
and bM ðkÞ, we obtain an expression for hâ† âi containing
integrals which we evaluate numerically. These results are
shown in Fig. 3(b) for different β and N. Here, uncorrelated
photon transport suffers exponential decay with N.
Interestingly, we observe that the transmitted power deviates from exponential decay and for large N follows a
power law. The nonlinear power transmission therefore
dominates for large optical depths.

We use Eqs. (4) and (6) to compute a simple asymptotic
expression for the transmitted power (see SM for details
[62]),
hâ† âi
P
β 3 − 2βð1 − βÞ
;
∼ ð1 − 2βÞ2N þ in pﬃﬃﬃ 3
Pin
Psat 4 π ξN 1 − 2βð1 − βÞ

ð7Þ

implying a nonlinear power scaling of 1=N 3=2 . Figure 3(b)
shows excellent agreement between the full calculation
and the asymptotic scaling. Finally, we note that the
nonlinear power has contributions from Ŝ22 and Ŝ12 ,
i.e., photon pairs and single photons; the nonlinear
power contribution of ppairs
ﬃﬃﬃ relative
pﬃﬃﬃ to single photons is
hâ† âi2 =hâ† âi21 ∼ 1=f2 2 − 1 þ 4 2=½1 − 2βð1 − βÞg (see
SM [62]), which is largest for β ∼ 0 and β ∼ 1 giving
∼0.13, and smallest for β ¼ 1=2 giving ∼0.08.
The physics presented here can be observed experimentally by measuring gð2Þ and hâ† âi of the transmitted light.
The nonlinear scaling of the output power and strong photon
bunching are clear signals of nonlinear dynamics. State-ofthe-art experimental systems that exhibit chiral light-matter
interaction include quantum dots and atoms coupled to
photonic nanostructures [27,28,64]. In quantum dot systems
the emission can be close to unidirectional and β ∼ 1
[28,64–66]; however, it is difficult to tune several quantum
dots into resonance. On the other hand, hundreds of atoms
can be trapped in the evanescent field of a nanofiber and
exhibit chiral light-matter interaction [27,39–42], albeit
with β ≪ 1. These have a directionality of ∼90% and thus
couple residually to the backward propagating mode, which
has not been taken into account in the analytics here.
We numerically model a system with parameters similar
to a nanofiber with coupling to the forward propagating
mode β ¼ 0.05 and coupling to the backward mode
βL ¼ 0.005, where the total emission rate to the waveguide
is Γtot ðβ þ βL Þ. We additionally model a fully bidirectional
system with βL ¼ β. We use a wave function formalism
where we restrict to two excitations in the system [67,68],
and consider N ¼ 20, 30, 50, 100 emitters. The emitters are
positioned randomly such that backscattering does not add
up coherently. For each parameter set we consider 100
realizations. Figure 4(a) shows the mean hgð2Þ ðxÞi for N ¼
30 when considering the ensemble. The mean agrees
quantitatively with the exact unidirectional theory, while
the standard deviation for βL ¼ β shows minor discrepanð2Þ
cies near x ∼ 0 with standard deviation Δg1∶1 ð0Þ ¼ 15.
For βL ¼ 0.005, the standard deviation is negligible and is
not shown. The asymptotic theory has a slight discrepancy
because the parameters do not fall in this limit since
ξ2N ¼ 1.425. Figure 4(b) shows the mean output power,
which is also in excellent agreement with the unidirectional theory. The standard deviation of the power is
insignificant on this scale and is not shown. The effects of
backscattering can thus be ignored provided the number
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(a)
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FIG. 4. (a) Normalized second-order correlation function for
ð2Þ
β ¼ 0.05 and N ¼ 30. Curves show asymptotic theory gAsymp ðxÞ,
exact theory gð2Þ ðxÞ, and mean of numerical simulation with βL ¼
ð2Þ
ð2Þ
0.005 and βL ¼ 0.05, hg10∶1 ðxÞi and hg1∶1 ðxÞi, respectively. All
curves, but the asymptotic theory, lie on top of one another.
ð2Þ
Shading shows the standard deviation Δg1∶1 ðxÞ for βL ¼ β.
(b) Normalized output power versus emitter number for
β ¼ 0.05 and Pin =Psat ¼ 0.02 showing the analytic theory
hâ† âi, asymptotic theory hâ† âiAsymp, and exponential damping
hâ† âilinear . Mean of the numerical results with βL ¼ β=10 and
βL ¼ β are hhâ† âi10∶1 i and hhâ† âi1∶1 i, respectively.

of emitters is sufficiently large and the emitters are
positioned randomly.
In order to observe the physics here, Pin and N should be
chosen such that the optical depth is sufficiently large,
while the output power should be sufficiently bright to
measure experimentally. We find that for β ¼ 0.05 and
N ¼ 30, one ideally expects a value of gð2Þ ð0Þ ¼ 47. If we
consider an optical transition with Γtot ¼ 2π × 5 MHz
driven with Pin =Psat ¼ 0.05, we compute an output power
of hâ† âi ¼ 105 kHz, with the linear part of the power
being 1.2 times larger than the nonlinear part. We also
compute a coincidence rate of 1.7 kHz, where we define a
coincidence as two photons separated by less than 3=Γtot .
These outputs are sufficiently bright for detection by singlephoton detectors. Including the nonlinear power contribution to estimate the second-order correlation for this input
power gives gð2Þ ð0Þ ∼ 25. This result can be rescaled for
other β and N using Eqs. (5) and (7).
In conclusion, we have analyzed the dynamics of
photon-photon interactions mediated by an optically deep
ensemble of emitters coupled to a waveguide. The system
exhibits rich out-of-equilibrium physics due to a combination of highly nonlinear driven systems and dissipation.
The emitter-induced photon-photon correlation reveals
itself through the formation of bunched states of light
and a universal power-law scaling of the transmission for
large optical depths. As a consequence, for a sufficiently
large optical depth the transmission becomes completely
dominated by correlated photons. Remarkably, the formation of the strongly correlated photon states happens even
for emitters weakly coupled to a waveguide and can thus be
directly observed, e.g., with atoms near optical nanofibers.
The present results thus open up a new avenue for studying
such phenomena.
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