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Fullerene Surfaces and their Embeddings in Space

Fullerenes
Fullerenes are carbon molecules that form polyhedral cages.
Their bond structures are exactly the planar cubic graphs
that have only pentagon and hexagon faces. These are called
fullerene graphs.
A wealth of information can be derived directly from the
fullerene graphs. This talk will focus on fullerene manifolds
or intrinsic surfaces and how these embed naturally in space.

Fullerenes
A fullerene graph’s dual is the planar graph for which faces
become vertices and vice versa. This representation is easiest
to work with for reasoning about their surface properties.

A fullerene is a special type of carbon molecule that forms a polyhedral
cage. Their bond structures are exactly those cubic polyhedral graphs
that have only pentagon and hexagon faces.
Fullerenes are quite remarkable molecules, because their graph structure
is described by a rich and beautiful mathematics, which allows us to
reason about them and predict many of their properties directly. This
talk will focus on fullerene intrinsic surfaces and how these embed
naturally in space.
For this talk, I will work with fullerenes in their dual representation, in
which every face becomes a vertex and every vertex becomes a face. This
representation is the most convenient one for reasoning about fullerene
surface properties.
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Fullerenes
Fullerenes are carbon molecules that form polyhedral cages.
Their bond structures are exactly the planar cubic graphs
that have only pentagon and hexagon faces. These are called
fullerene graphs.
A wealth of information can be derived directly from the
fullerene graphs. This talk will focus on fullerene manifolds
or intrinsic surfaces and how these embed naturally in space.

A fullerene graph’s dual is the planar graph for which faces
become vertices and vice versa. This representation is easiest
to work with for reasoning about their surface properties.
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Fullerenes come in many shapes and sizes. On N vertices,
there are O(N 9 ) distinct isomers.
Ih -C20

Ih -C60

C1 -C524 menhir

Ih -C960

D3h -C140

Td -C1140

D3 -C440
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Fullerenes come in many shapes and sizes. On N vertices,
there are O(N 9 ) distinct isomers.

D5h -C360

Table: A selection of a few fullerenes

Ih -C20

Ih -C60

Ih -C960

D3h -C140

D3 -C440

Most people know fullerenes from the football shaped Bucky-ball, but
fulleres come in infinitely many shapes and sizes. There are order N 9
fullerene isomers on N atoms, which means that their numbers quickly
reach into the millions. In order to discover the ones that are of interest,
we have to be able to rapidly analyse very large numbers of them.

C1 -C524 menhir

Td -C1140

D5h -C360

Table: A selection of a few fullerenes
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Gaussian curvature
Gaussian curvature K = κ1 κ2 is the product of principal
curvatures and describes how a surface bends.

Gaussian curvature

K =0

K >0
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Gaussian curvature

K <0

It is an intrinsic and local property of the manifold, and is
independent of how it may be embedded.

A crucial element to understanding how fullerene surfaces behave is
Gaussian Curvature. This is the product of the two principal curvatures,
and essentially describes how a surface bends in any point. It’s a property
of the intrinsic surface, and can be found without reference to how the
surface sits in space.

Gaussian curvature K = κ1 κ2 is the product of principal
curvatures and describes how a surface bends.

K =0

K >0

K <0

It is an intrinsic and local property of the manifold, and is
independent of how it may be embedded.
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The Gauss-Bonnet theorem
Integrating the Gaussian curvature over an orientable surface
yields:
Z
ds K (s) = 2π(2 − 2g )
S
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The Gauss-Bonnet theorem

/

The Gauss-Bonnet theorem

Sphere
4π

Plane / Torus
0

Genus 2
−4π

···
···

Fullerene surfaces have spherical topology, i.e. a total of
curvature of 4π.

The total Gaussian curvature decides the topology of the surface. By the
Gauss-Bonnet Theorem, all fullerenes must have a total curvature of
exactly 4π, like the sphere, because they are polyhedral.

Integrating the Gaussian curvature over an orientable surface
yields:
Z
ds K (s) = 2π(2 − 2g )
S

/
Sphere
4π

Plane / Torus
0

Genus 2
−4π

···
···

Fullerene surfaces have spherical topology, i.e. a total of
curvature of 4π.
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Folding and unfolding positive curvature
surfaces
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Folding and unfolding positive curvature
surfaces

Deg. 6 patch

4

5

Deg. 5 vertex
2π
6 cut out.

Deg. 5 cone
Gauss. curvature

A zero curvature surface can be directly unfolded onto the plane without
distorting it. If we have a positive-curvature surface, we can cut it out
and unfold it in the following way: A vertex of degree less than 6
corresponds to cutting out an infinite wedge of the plane. If we identify
the edges that were cut out, and then fold the paper, we get a cone with
curvature corresponding to the cut out angle. In the case of fullerenes,
every pentagon yields a cone of angle 60◦ .

2π
6
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Folding and unfolding positive curvature
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Discrete Gauss-Bonnet theorem
N
X

Kv = 2π(2 − 2g )

v =1

For a point v , the Gaussian curvature Kv is the difference
between 2π and the angle of a circle around the point:

θ2

Discrete Gauss-Bonnet theorem
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Discrete version of Gauss-Bonnet:

Kv = 2π −

P

i

θi

θ3

θ1
v

θ5

θ4

Discrete Gauss-Bonnet theorem
Discrete version of Gauss-Bonnet:
N
X

Fullerenes have total curvature 4π like the sphere, i.e. always
exactly 12 pentagons, each contributing 2π
6 .

The discrete version of the Gauss-Bonnet theorem sums over the
Gaussian curvature at each vertex. The curvature is the difference
between 2π and the angle of a circle around the point. So, in order to
reach 4π, every fullerene must consist of some number of hexagons, and
exactly 12 pentagons.

Kv = 2π(2 − 2g )

v =1

For a point v , the Gaussian curvature Kv is the difference
between 2π and the angle of a circle around the point:

θ2

Kv = 2π −

P

i θi

θ3

θ1
v

θ5

θ4

Fullerenes have total curvature 4π like the sphere, i.e. always
exactly 12 pentagons, each contributing 2π
6 .
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Folding and unfolding positive curvature
surfaces
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Folding and unfolding positive curvature
surfaces

Figure: C2v -C102 Eisenstein plane unfolding and 3D-embedding.

The unfolded fullerene dual defines a 22-sided polygon in the Eisenstein
plane whose corners are the pentagon nodes, some repeated, according to
the cuts.
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We have made an algorithm that, given the graph, unfolds it
systematically, such that all the corners are pentagon nodes; and
conversely, given such a polygon, correctly folds it to the corresponding
fullerene dual.

9
4
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7

4

If you print the figure on the left and do this operation with scissors and
glue, you get a very nice embedding of the fullerene that looks like the
figure on the right.
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Figure: C2v -C102 Eisenstein plane unfolding and 3D-embedding.
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Ideal fullerene embedding in space

Given a fullerene dual graph, can we find an isometric
embedding, i.e., one that doesn’t stretch or twist its surface
metric? This is true when all the triangles remain equilateral
in the embedding.

Ideal fullerene embedding in space
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Ideal fullerene embedding in space

This is the natural embedding of the fullerene dual, and
modulo a slight distortion due to physical effects, it closely
resembles the physical fullerene structure.

So, using paper, scissors, and glue, we are able to easily obtain a good
fullerene embedding. Can we now get the computer to do the same?
That is, if we are given the graph of a fullerene dual, can we find a metric
preserving embedding, in other words, one that doesn’t stretch or twist
the surface metric? This is the same as asking whether we can find an
embedding in which all the triangles are equilateral. This is the ”natural”
embedding of the fullerene dual, and except for slight distortions due to
physical effects, it corresponds well to the physical fullerene shape.

Given a fullerene dual graph, can we find an isometric
embedding, i.e., one that doesn’t stretch or twist its surface
metric? This is true when all the triangles remain equilateral
in the embedding.
This is the natural embedding of the fullerene dual, and
modulo a slight distortion due to physical effects, it closely
resembles the physical fullerene structure.
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Does the ideal embedding always exist?

Yes! By Alexandrov’s Theorem:

Theorem

Does the ideal embedding always exist?

Let M be a convex polyhedral metric on the sphere. Then
there exists a convex polyhedron P ⊂ R3 such that the
boundary of P is isometric to M. Moreover, P is unique up
to a rigid motion.
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Does the ideal embedding always exist?

A fullerene surface defines a convex polyhedral metric, so a
isometric convex embedding exists and is unique.

The first question to ask, is whether such an embedding even exists. By
a theorem by Thomas Mani, we can embed any 3-connected cubic planar
graph as a convex polyhedron, but it does not ensure that the polyhedron
preserves the metric. However, a theorem by Alexandrov ensures the
existence of a convex isometric embedding for fullerene surfaces, because
the metric defining a fullerene surface is both convex and polyhedral. It
even ensures that the embedding is unique! This means that the fullerene
structure is rigid, the shape cannot be changed without stretching or
twisting.

Yes! By Alexandrov’s Theorem:

Theorem
Let M be a convex polyhedral metric on the sphere. Then
there exists a convex polyhedron P ⊂ R3 such that the
boundary of P is isometric to M. Moreover, P is unique up
to a rigid motion.
A fullerene surface defines a convex polyhedral metric, so a
isometric convex embedding exists and is unique.

Slide 10/22 — James Avery (avery@nbi.dk), L. Wirz, P. Schwerdtfeger —

Fullerene Surfaces and their Em

2015-07-06

Fullerene Surfaces and their Embeddings in Space

Can we find it?

Usually, but not always. We have used numerical
force-field optimization, which sometimes breaks down due to
large forces; increasingly often as fullerenes grow in size.

Can we find it?
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Can we find it?

Idea: Degree-5 vertex placement uniquely decides shape.
Thin out, and find ideal twelve-cornered shape using surface
distances.

But can we actually find this ideal embedding? I am not aware of anyone
successfuly constructing the embedding directly, but we have
implementated a specially adapted force-field optimization that
numerically solves for it. This was done by Lukas Wirz, who was
supposed to speak here also, but was sadly prevented from doing so.
However, if the initial guess is not close to the result, these sometimes
break down, and this happens more often for large fullerenes.
Now, for fullerenes, the positions of the pentagons uniquely decide the
fullerene’s shape. The idea explored in the present work is to thin out the
graph in a certain way, and use the surface metric to find the coarse
polyhedron defined by the 12 pentagon vertices.

Usually, but not always. We have used numerical
force-field optimization, which sometimes breaks down due to
large forces; increasingly often as fullerenes grow in size.
Idea: Degree-5 vertex placement uniquely decides shape.
Thin out, and find ideal twelve-cornered shape using surface
distances.
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Problem 1: Triangulation of coarse surface is important,
most triangulations yield garbage.
Solution 1: Delaunay triangulation ensures faces without
Gaussian curvature; surface lengths
approximate spatial lengths. Need to perform
intrinsic Delaunay triangulation, since we don’t
have embedding. Algorithm by Fisher et al.
(2007).
Problem 2: How to obtain full fullerene given coarse
structure?
Solution 2: Unfolding to Eisenstein plane determines which
deg. 6 nodes are inside each triangle. Unfold
and interpolate.

Problem 1: Triangulation of coarse surface is important,
most triangulations yield garbage.
Solution 1: Delaunay triangulation ensures faces without
Gaussian curvature; surface lengths
approximate spatial lengths. Need to perform
intrinsic Delaunay triangulation, since we don’t
have embedding. Algorithm by Fisher et al.
(2007).

Choosing the triangulation of the surface is not trivial. Most triangles
connecting pentagon nodes will not correspond to ”flat” regions of the
surface, and will not yield sensible results. The solution is to successively
remove hexagon nodes, and maintain a Delaunay triangulation of the
coarsened graph at each step. These triangles will all be “flat” regions.
Since we don’t have an embedding - that’s in fact what we’re trying to
find - we need to use an algorithm that works only with *intrinsic*
surface properties. Such an algorithm has been published by Fisher et al.
in 2007.

Problem 2: How to obtain full fullerene given coarse
structure?

Once we have the triangulation, we find the embedding of the
12-cornered polyhedron using a force-field optimization.

Solution 2: Unfolding to Eisenstein plane determines which
deg. 6 nodes are inside each triangle. Unfold
and interpolate.
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Distances along fullerene surfaces
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Distances along fullerene surfaces
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The surface metric is only piecewise flat: Multiple straight
lines connect the same two points. Three points do not
define a unique triangle.

1
v

3
4

5
a

2

1

2
v

3
4

b

5
a

√
Figure: Length of red path is 2 3. Length of green path is 3.

Unlike the case of a sphere, there are in general many geodesics
connecting any two points, and three points do not define a unique
triangle. The figure here shows two straight lines of different lengths that
connect the same two points.

Distances along fullerene surfaces

1

The surface metric is only piecewise flat: Multiple straight
lines connect the same two points. Three points do not
define a unique triangle.
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Figure: Length of red path is 2 3. Length of green path is 3.
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It is impossible to equip the surface with a global, isometric
2D-coordinate system.
b

a

c

d
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b

a

e

c

d

e

It is impossible to equip the surface with a global, isometric
2D-coordinate system.

However, any pair of adjacent simplices can share a Cartesian
coordinate system. Inside such a pair, lengths and angles are
“flat”, and we can calculate them in the usual manner.
Outside the pair, the coordinate system is invalid if
neighbouring a cone point. But a region containing only deg.
6 vertices are “flat” and can be equipped with a common
coordinate system.

It isn’t possible to make a single two-dimensional coordinate system for
the whole fullerene surface, but it is possible to make overlapping patches
of flat coordinate systems. In particular, any two adjacent triangles share
a coordinate system, and this can be extended to regions that contain no
Gaussian curvature. Inside such regions, angles and lengths can be
worked out as in Cartesian coordinates, but anything that goes outside of
the “safe” region potentially yields nonsense. The information used in
the Delaunay triangulation algorithm has to, in each step, remain within
the progressively growing flat regions.

b

a

b

c

d

a

e

c

d

e

However, any pair of adjacent simplices can share a Cartesian
coordinate system. Inside such a pair, lengths and angles are
“flat”, and we can calculate them in the usual manner.
Outside the pair, the coordinate system is invalid if
neighbouring a cone point. But a region containing only deg.
6 vertices are “flat” and can be equipped with a common
coordinate system.
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Given fullerene dual graph:
D6d -C480

Procedure
Procedure

Given fullerene dual graph:
D6d -C480

The full procedure for finding a fullerene’s natural embedding is as
follows:
1. First, we compute the coarse Delaunay triangulation.
2. Then, we unfold the triangles to Eisenstein plane in order to
associate every hexagon node to a triangle. This is done
using, essentially, a classical scan-line conversion algorithm,
taken from computer graphics.
3. From the Delaunay triangulation and the surface distances,
we then compute the 12-cornered polyhedron.
4. The hexagon node positions in space are found by
interpolating them on the triangles.
5. Lastly, if we want the ideal deltahedron, we relax the positions
using a deltahedron force-field optimization.
6. If instead we’re looking for the structure of the physical
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Given fullerene dual graph:
1 Compute coarse intrinsic Delaunay
triangulation of surface.

Procedure

The full procedure for finding a fullerene’s natural embedding is as
follows:

D6d -C480

Procedure
Given fullerene dual graph:
1 Compute coarse intrinsic Delaunay
triangulation of surface.

D6d -C480

1. First, we compute the coarse Delaunay triangulation.
2. Then, we unfold the triangles to Eisenstein plane in order to
associate every hexagon node to a triangle. This is done
using, essentially, a classical scan-line conversion algorithm,
taken from computer graphics.
3. From the Delaunay triangulation and the surface distances,
we then compute the 12-cornered polyhedron.
4. The hexagon node positions in space are found by
interpolating them on the triangles.
5. Lastly, if we want the ideal deltahedron, we relax the positions
using a deltahedron force-field optimization.
6. If instead we’re looking for the structure of the physical
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Given fullerene dual graph:
1 Compute coarse intrinsic Delaunay
triangulation of surface.

Procedure

6

2 Unfold triangles to Eisenstein plane.
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Given fullerene dual graph:

2

The full procedure for finding a fullerene’s natural embedding is as
follows:
1. First, we compute the coarse Delaunay triangulation.

1 Compute coarse intrinsic Delaunay
triangulation of surface.
6

2 Unfold triangles to Eisenstein plane.

0
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2. Then, we unfold the triangles to Eisenstein plane in order to
associate every hexagon node to a triangle. This is done
using, essentially, a classical scan-line conversion algorithm,
taken from computer graphics.
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3. From the Delaunay triangulation and the surface distances,
we then compute the 12-cornered polyhedron.
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8
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4. The hexagon node positions in space are found by
interpolating them on the triangles.

0

2

5. Lastly, if we want the ideal deltahedron, we relax the positions
using a deltahedron force-field optimization.
6. If instead we’re looking for the structure of the physical
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Given fullerene dual graph:
1 Compute coarse intrinsic Delaunay
triangulation of surface.

Procedure

6

2 Unfold triangles to Eisenstein plane.

0
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3 “Rasterize” triangles to find degree-6
nodes in each triangle.
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Given fullerene dual graph:

2

The full procedure for finding a fullerene’s natural embedding is as
follows:
1. First, we compute the coarse Delaunay triangulation.
2. Then, we unfold the triangles to Eisenstein plane in order to
associate every hexagon node to a triangle. This is done
using, essentially, a classical scan-line conversion algorithm,
taken from computer graphics.

1 Compute coarse intrinsic Delaunay
triangulation of surface.
6

2 Unfold triangles to Eisenstein plane.
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3 “Rasterize” triangles to find degree-6
nodes in each triangle.
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3. From the Delaunay triangulation and the surface distances,
we then compute the 12-cornered polyhedron.

2

6

8

10

2

4. The hexagon node positions in space are found by
interpolating them on the triangles.

0

2

5. Lastly, if we want the ideal deltahedron, we relax the positions
using a deltahedron force-field optimization.
6. If instead we’re looking for the structure of the physical
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2 Unfold triangles to Eisenstein plane.
3 “Rasterize” triangles to find degree-6
nodes in each triangle.

Procedure
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Given fullerene dual graph:
1 Compute coarse intrinsic Delaunay
triangulation of surface.

4 Compute coarse polyhedron from
Delaunay triangulation and surface
distances.

The full procedure for finding a fullerene’s natural embedding is as
follows:
1. First, we compute the coarse Delaunay triangulation.
2. Then, we unfold the triangles to Eisenstein plane in order to
associate every hexagon node to a triangle. This is done
using, essentially, a classical scan-line conversion algorithm,
taken from computer graphics.
3. From the Delaunay triangulation and the surface distances,
we then compute the 12-cornered polyhedron.

Procedure
Given fullerene dual graph:
1 Compute coarse intrinsic Delaunay
triangulation of surface.
2 Unfold triangles to Eisenstein plane.
3 “Rasterize” triangles to find degree-6
nodes in each triangle.
4 Compute coarse polyhedron from
Delaunay triangulation and surface
distances.

4. The hexagon node positions in space are found by
interpolating them on the triangles.
5. Lastly, if we want the ideal deltahedron, we relax the positions
using a deltahedron force-field optimization.
6. If instead we’re looking for the structure of the physical
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2 Unfold triangles to Eisenstein plane.
3 “Rasterize” triangles to find degree-6
nodes in each triangle.

Procedure
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Given fullerene dual graph:
1 Compute coarse intrinsic Delaunay
triangulation of surface.

4 Compute coarse polyhedron from
Delaunay triangulation and surface
distances.
5 Interpolate degree-6 node positions.

The full procedure for finding a fullerene’s natural embedding is as
follows:
1. First, we compute the coarse Delaunay triangulation.
2. Then, we unfold the triangles to Eisenstein plane in order to
associate every hexagon node to a triangle. This is done
using, essentially, a classical scan-line conversion algorithm,
taken from computer graphics.
3. From the Delaunay triangulation and the surface distances,
we then compute the 12-cornered polyhedron.

Procedure
Given fullerene dual graph:
1 Compute coarse intrinsic Delaunay
triangulation of surface.
2 Unfold triangles to Eisenstein plane.
3 “Rasterize” triangles to find degree-6
nodes in each triangle.
4 Compute coarse polyhedron from
Delaunay triangulation and surface
distances.
5 Interpolate degree-6 node positions.

4. The hexagon node positions in space are found by
interpolating them on the triangles.
5. Lastly, if we want the ideal deltahedron, we relax the positions
using a deltahedron force-field optimization.
6. If instead we’re looking for the structure of the physical
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2 Unfold triangles to Eisenstein plane.
3 “Rasterize” triangles to find degree-6
nodes in each triangle.

Procedure
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Given fullerene dual graph:
1 Compute coarse intrinsic Delaunay
triangulation of surface.

4 Compute coarse polyhedron from
Delaunay triangulation and surface
distances.
5 Interpolate degree-6 node positions.

Procedure
Given fullerene dual graph:

6a For ideal deltahedron: relax using
force-field optimization.

The full procedure for finding a fullerene’s natural embedding is as
follows:
1. First, we compute the coarse Delaunay triangulation.
2. Then, we unfold the triangles to Eisenstein plane in order to
associate every hexagon node to a triangle. This is done
using, essentially, a classical scan-line conversion algorithm,
taken from computer graphics.
3. From the Delaunay triangulation and the surface distances,
we then compute the 12-cornered polyhedron.
4. The hexagon node positions in space are found by
interpolating them on the triangles.

1 Compute coarse intrinsic Delaunay
triangulation of surface.
2 Unfold triangles to Eisenstein plane.
3 “Rasterize” triangles to find degree-6
nodes in each triangle.
4 Compute coarse polyhedron from
Delaunay triangulation and surface
distances.
5 Interpolate degree-6 node positions.
6a For ideal deltahedron: relax using
force-field optimization.

5. Lastly, if we want the ideal deltahedron, we relax the positions
using a deltahedron force-field optimization.
6. If instead we’re looking for the structure of the physical
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Procedure

2 Unfold triangles to Eisenstein plane.
3 “Rasterize” triangles to find degree-6
nodes in each triangle.

Procedure
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Given fullerene dual graph:
1 Compute coarse intrinsic Delaunay
triangulation of surface.

4 Compute coarse polyhedron from
Delaunay triangulation and surface
distances.
5 Interpolate degree-6 node positions.

Procedure
Given fullerene dual graph:

6a For ideal deltahedron: relax using
force-field optimization.
6b For physical fullerene structure:
dualize and optimize.

The full procedure for finding a fullerene’s natural embedding is as
follows:
1. First, we compute the coarse Delaunay triangulation.
2. Then, we unfold the triangles to Eisenstein plane in order to
associate every hexagon node to a triangle. This is done
using, essentially, a classical scan-line conversion algorithm,
taken from computer graphics.
3. From the Delaunay triangulation and the surface distances,
we then compute the 12-cornered polyhedron.
4. The hexagon node positions in space are found by
interpolating them on the triangles.
5. Lastly, if we want the ideal deltahedron, we relax the positions
using a deltahedron force-field optimization.
6. If instead we’re looking for the structure of the physical

1 Compute coarse intrinsic Delaunay
triangulation of surface.
2 Unfold triangles to Eisenstein plane.
3 “Rasterize” triangles to find degree-6
nodes in each triangle.
4 Compute coarse polyhedron from
Delaunay triangulation and surface
distances.
5 Interpolate degree-6 node positions.
6a For ideal deltahedron: relax using
force-field optimization.
6b For physical fullerene structure:
dualize and optimize.
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Results

Coarse
polyhedron

Interpolated
deltahedron

5
5
6

5
8

Results

3

3

4

Optimized
fullerene

Results

2

9

3

10

9

7

11

9

2

1

0

0

3

Unfolding
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0

Table: Result for Td -C100 .

Here we see the result of our algorithm for a small tetrahedral
C100-fullerene. Notice that the coarse and interpolated polyhedra very
closely approximate the ”physical” fullerene shape.

Coarse
polyhedron

Interpolated
deltahedron

Optimized
fullerene

5
5
5

6

4
3
3
0

2

9

3

10

9

7

11

9

8

1

0

0

3

Unfolding

2
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Table: Result for Td -C100 .
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Results

Coarse
polyhedron

Interpolated
deltahedron

5

5
6

5

Results

3

4
7

3

9

3

10
9

2

Results

Optimized
fullerene

8
11

9

2

1

0

0

3

Unfolding
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0

Table: Result for Td -C2500 .

It is not much more expensive to compute the shape for large fullerenes.
Here is a tetrahedral C2500. The coarse and interpolated shapes were
obtained in miliseconds; the final force-field relaxation took around 20
seconds.

Interpolated
deltahedron

Optimized
fullerene

5

3

4
3
0

2

9

3

10

9

7

11

9

8

6

5

5

3
0
0

1

I want to make a note here, that the result obtained by the specialized
force-field optimization is nearly identical to what one obtains from
large-scale quantum chemistry calculations using DFT.

Coarse
polyhedron

Unfolding

2
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Table: Result for Td -C2500 .
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Results

Coarse
polyhedron

Interpolated
deltahedron

Optimized
fullerene

Results

Results

7

6
5

4

4

0

3

0

2

0

8

11

10

1

0

8

9

9

8

5

6

Unfolding
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0

Table: Result for C2v -C714 .

Similarly, here is the result for a less symmetric C2v -symmetry 714 atom
fullerene.

Coarse
polyhedron

Interpolated
deltahedron

Optimized
fullerene

6
0

5

4

4

7

3

0

2

0

8

11

10

1

0

8

9

9

8

5

6

Unfolding

0
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Table: Result for C2v -C714 .
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Results
Coarse
polyhedron
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Optimized
fullerene

6

Results

6

8

11
9

8

7

10

6

Interpolated
deltahedron

6

7

Unfolding

1

5

6

1

4

3

2

5

0

0

0

1

0

0

7

Optimized
fullerene

6

11

8

Interpolated
deltahedron

6

9

8

7

6

One class of fullerenes that tends to cause trouble for unassisted
force-field optimization are long, thin nanotubes. If the initial guess is far
from the result, the large forces cause numerical instability. Here we see
that the coarse polyhedron is a good approximation to the physical
shape, although it overestimates the elongation slightly.

Coarse
polyhedron

Unfolding

Table: Result for D5d -C1680 .

10

3

4

0

0

0

2

0

1

Results
0
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Table: Result for D5d -C1680 .
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Results

Coarse
polyhedron

Interpolated
deltahedron

6

8
4

2

9

7

Results

10

Optimized
fullerene
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2
0

6

11

5

0

1

3

3

Results

10

9

7

2

0

Unfolding

1

Table: Result for D6d -C3000 .

Finally, another example of capturing the shape of a large fullerene, here
a D6d-symmetry C3000.

Coarse
polyhedron

Interpolated
deltahedron

Optimized
fullerene

6

8

2

10
4

2
0

10
5
1

9

11
3

3

7

1

6

9

7

2

0

Unfolding

0
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Table: Result for D6d -C3000 .
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Software

Fullerene: A software package for constructing and
analyzing structures of fullerenes.
Schwerdtfeger, Wirz, and Avery

Software

nbi, copenhagen university

Software

http://ctcp.massey.ac.nz/index.php?page=fullerenes
Or: http://tinyurl.com/fullerenes
Implements a huge variety of tools for geometric, topological,
physical, and chemical analysis of fullerenes.

My implementation of this method is still in the development stage, but
we will include it soon in our fullerene software, which is a versatile
general software package for fullerene construction and analysis. It can
be downloaded from the Centre for Theoretical Chemistry and Physics at
Massey University, and it includes a large variety of tools for both
mathematical, chemical, and physical analysis of fullerenes and fulleroids.

Fullerene: A software package for constructing and
analyzing structures of fullerenes.
Schwerdtfeger, Wirz, and Avery
http://ctcp.massey.ac.nz/index.php?page=fullerenes
Or: http://tinyurl.com/fullerenes
Implements a huge variety of tools for geometric, topological,
physical, and chemical analysis of fullerenes.
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Gracias por su atención!

Gracias por su atención!
And with that, I thank you for your attention.
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